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The effects of a pulse actuation on the Lagrangian Coherent Structures (LCS) in the
separated flow over a NACA 65(1)-412 airfoil at low Reynolds number is investigated. A
computational parametric study is performed on the effect of location over the suction
side of the airfoil. An increased local separation angle leads to flow reattachment of the
Lagrangian material line. Reattachment is accompanied by an increase in the lift and
reduction in drag. The optimal pulse actuation is near the Lagrangian separation point.

INTRODUCTION

The efficiency and the performance of turbomachinery is largely influenced by the lift and drag polars of
a compressor or turbine blade. At high angles of attack flow separation yields a sharp decrease in lift and
an increase in drag. The accompanying total pressure losses deteriorate the performance of the machine.

Much effort has gone towards control of the airfoil aerodynamics to prevent this performance loss (See
textbooks like 1,2 for discussion on blowing, suction and other control techniques). Recent control strategies
have focused on synthetic jets,3,4 plasma actuators,5 and acoustic streaming.6 These control methods have
in common that they attempt to obtain significant performance improvement without complex mechanical
actuation, use of external pumps or changes in the airfoil geometry. Synthetic jets, for example, can be
integrated into the airfoil and do not require an external air supply, i.e. a synthetic jet has zero-net mass flux.
The placement of control devices depends strongly on parameters such as the location of the separation point,
airfoil geometry, free-stream conditions, etc. Most studies performed place the controller at an intuitively
optimal location. In 3 and 7, for example, the effects of the synthetic jet placed near the trailing edge was
investigated to emulate a Gurney flap. While intuitively, it makes sense to place the controller near the
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separation point and/or to manipulate the Kutta condition, Chen8 shows that the optimal placement of a
controller in general is not trivial.

Optimal placement, for example, requires a detailed understanding of non-linear flow phenomena like flow
separation and non-linear flow feedback of the wake. Commonly, in two dimensions, seperation locations
are identified by the location of zero skin friction on the airfoil surface. In Haller,9 however, it was shown
that an unsteady flow separation is better analyzed in the Lagrangian frame. The separation line combined
with the so-called Lagrangian Coherent Structures (LCS)10 form a set of material lines that determine the
dynamics and hence lift and drag of the airfoil.

In this paper, we investigate the sensitivity of the Lagrangian separation and connected separation line
subject to pulse actuation in the boundary layer. The lessons learned from pulse actuation provide the
basis for the determination of the optimal placement of actuators11 and associated development of an active
feedback control. The location of the pulse and its flow response are used to investigate the sensivity of LCS
to a flow control device.

A NACA 65(1)-412 airfoil (Fig. 1) is considered because it is representative for a compressor blade airfoil,
our focus application. Two-dimensional Direct Numerical Simulations (DNS) are performed at moderate
Reynolds numbers and at design angles of attack. It is shown that pulse actuation near the separation point,
can increase the instantaneous lift coefficient up to 40%. This increase is accompanied by significant flow
reattachment.

In the next section, we summarize the numerical method, followed by a summary of the Lagrangian
theory. Subsequently, results of the effects of pulsed actuation on the separated flow over the airfoil are
discussed. Conclusions are reserved for the last section.

Figure 1. NACA 65(1)-412 AIRFOIL

METHODOLOGY

Governing Equations

We consider the Navier-Stokes equations for two-dimensional flows in conservation form

∂ρ

∂t
+∇ · (ρu) = 0,

∂ (ρu)

∂t
+∇ · (ρu⊗ u + pI− τ) = M, (1)

∂ (ρE)

∂t
+∇ · (ρEu + pu− τ · u− k∇T ) = u ·M,

where ρ is the density, u and v the velocity in x- and y-direction resspectibely, p the pressure, T the
temperature, and E is the total energy. k is the conductivity of the fluid and τ is the viscous stress tensor.
M represents the momentum source that later in the paper models the pulse. A zero-net mass flux source
is considered and hence the source term in the continuity equation is absent. An in-house DNS solver based
on a Discontinuous Galerkin-Spectral Element Method that was extensively tested for numerical simulation
of the flow around the airfoil12 is used to numerically solve the governing equations.
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Figure 2. DEFORMATION OF A SPHERICAL FLUID ELEMENT, THE FTLE IS DETERMINED BY THE
LARGEST EIGENVALUE OF THE DEFORMATION GRADIENT10

Lagrangian Coherent Structures

We investigate the effect of a pulse on the Lagrangian dynamics of the flow as described by LCS theory.10

LCS may be visualized using the Finite-Time Lyapunov Exponent (FTLE), which determines the maximum
stretching of a finite blob of fluid as it is advected over a finite time (Fig. 2). The FTLE is computed
numerically according to the algorithm presented in 13 and is based on the determination of a finite time
flow map as follows:

φt1t0(x0) = x (x0, t0, t1) = x0 +

∫ t1

t0

u (x(s), s) ds, (2)

The deformation gradient of the flow map is related to the strain field through the Cauchy-Green strain
tensor, which is defined as

Ct1
t0(x0) =

(
φt1t0(x0)

)T
φt1t0(x0). (3)

The FTLE is the maximum eigenvalue of the Cauchy-Green tensor and represents the maximum deformation
of the fluid element over a time interval. FTLEs can either be repelling or attracting depending on whether
the flow map is traced forward or backward in time. Maxima in the FTLE field identify material lines that
separate fluid. Along attracting (stable) material lines, fluid particles are stretched tangentially whereas for
repelling (unstable) material lines, the fluid is stretched normal to the material line (Fig. 3). The attractor
is closely related to separation while the repeller is closely connected to reattachment.14

Figure 3. ILLUSTRATION OF REPELLING LCS (LEFT), GIVEN BY FORWARD-TIME FTLE, AND
ATTRACTING LCS (RIGHT), GIVEN BY BACKWARD-TIME FTLE13
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Flow Separation in the Lagrangian Frame

A separated material line has characteristics that are very similar to an attracting LCS.10 Both lines collect
and stretch fluid along their path. However, since the velocity at a no-slip wall is equal to zero, the line close
to a surface cannot be a repeller or an attractor (no material is attracted or repelled at the zero velocity
wall location). Hence the maximum FTLE line can not be an identifier of the separation line near the wall
and a different approach is required.

Using a non-linear dynamical systems approach, Haller9 derived a formula for to the separation line based
on the continuity equation and the no-slip condition. He found that for flows with an asymptotic mean, the
separation point γ is located at the location of zero time-averaged skin friction

1

t1 − t0

∫ t1

t0

cf (γ, t) dt = 0. (4)

The separation angle as a function of time is determined from the pressure and skin-friction at the separation
location as

tan(θ(t0)) =
limT→−∞−3 1

T

∫ T
t0
τx(γ, t)dt

limT→−∞
1
T

∫ T
t0

[
px(γ, yw, t) + 3τx(γ, t)

∫ t
t0

1
µτ(γ, s)ds

]
dt
. (5)

From the separation angle θ(t0) and the separation location γ, a linear approximation of the separation line
can be constructed. Since this separation line divides fluid material, just like an LCS, eventually it can be
expected to coincide with a stable manifold. To the best of our knowledge this intersection has not yet been
reported in literature.

Numerical Method

To test the effect of a pulse control on the separated flow over an airfoil, the NACA 65(1)-412 airfoil is
considered at an angle of attack of, α=4◦. The airfoil geometry is representative of that of a compressor
blade. The angle of attack is typical for a design condition of a compressor. We take a low-speed free-stream
Mach number of Ma∞=0.3, which ensures that firstly compressibility effects are small and secondly that
the explicit time integration step is not restrictive on computational cost for the simulation. A moderate
Reynolds number of Rec=20,000 yields unsteady flow structures which we intend to control and ensures
computational feasibility of the use of the DNS method.

The computational domain and grid are shown in Figure 4. Inflow and outflow boundary conditions
are applied at the boundaries of the computational domain, and the wall boundary condition is no-slip.
The grid comprises of 2256 elements. With a twelfth-order basis it was shown in 12 that the simulation is
grid-converged.

Figure 4. COMPUTATIONAL GRID USED FOR THE SIMULATIONS FOR THE FLOW AROUND A
NACA 65(1)-412 AIRFOIL AT α = 4◦, Rec = 20, 000

A parametric study is conducted on the effect of the pulse location. A pulse actuation is applied at the
suction side of the airfoil, at each tenth of a chord line, between x/c = 0.1 and x/c = 0.6. A case without
pulse actuation is also considered to serve as a reference ( referred to “baseline” case hereafter).
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The pulse actuation is applied when the baseline flow is periodic and a vortex street has formed in the
airfoil’s wake (Fig. 5). The flow is determined to be quasi-periodic after ten convective time units, t =10,
when the lift coefficient and the drag coefficient are periodically changing in time and have an evident mean
value.

Figure 5. NACA 65(1)-412, α = 4◦, Rec = 20, 000, CONTOURS AT t = 10 OF THE QUASI-STEADY u-
VELOCITY FIELD

Modeling of the Pulse

The pulse force is modeled by distributing a body force field

Fpulse =

∫
Ωjet

Ms (x, t) dΩjet. (6)

over the area Ωjet as described in 15,16.
A two-dimensional Gaussian function is used to distribute this force leading to

Ms(x1, y1, t) =
Fpulse

2πσx1
σy1

exp

(
− (x1 − xc)2

2σ2
x1

− (y1 − yc)2

2σ2
y1

)
. (7)

where xc and yc identify the location of the pulse and σx1 and σy1 represents the support of the Gaussian
distribution function. For the support, a scaling of σx1

/0.12c = 0.01 and σy1/0.12c = 0.08 is used.15 To
determine the magnitude of the force, we consider an equivalent pulsed jet flow through through a surface
with area Ajet with a velocity ujet as

Fpulse = ρ|ujet(t)|ujet(t)Ajet. (8)

A pulse actuation affects the spatially distributed forcing through a Dirac delta function in time as follows

M(x, t) = Ms(x)δ(t). (9)

Integration of this source leads to a single contribution at the time of the pulse. To numerically model the
pulse one therefore only requires to add the integrated force distribution to the time of pulse as

Q(x, 0+) = Q(x, 0−) + Ms(x), (10)

where Q(x, 0+) and Q(x, 0−) represent the solution vector [ρ ρu ρv ρE]T right before and right after the
pulse, respectively. The pulse is applied at the initial time, t=10, and is actuated normal to the separated
shear layer that develops on the suction side of the airfoil. The pulse strength is determined with ujet=1.68
U∞ and Ajet=0.05c.

RESULTS AND DISCUSSION

Baseline Flow

From the time sequence of the attracting LCS’ for the baseline case in Figures 6a-d, a periodic vortex
shedding and corresponding asymmetric vortex street in the airfoil’s wake is observed. The separation LCS
on the suction side that coincides with the separated shear layer (not shown here) separates the outer flow
from a recirculating flow between the separation line and the airfoil’s surface.
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(a) t=10.3

(b) t=10.4

(c) t=10.6

(d) t=10.8

Figure 6. NACA 65(1)-412, α = 4◦, Rec = 20, 000, BACKWARD-TIME FTLE FIELD NEAR THE WAKE AT
(a) t= 10.30, (b) t=10.4, (c) t=10.6, and (d) t=10.8 FOR THE BASELINE CASE (NO PULSE ACTUATION)

Figure 7. NACA 65(1)-412, α = 4◦, Rec = 20, 000, VORTICITY FIELD AT t = 10.60, BASELINE CASE

Two vortices, V1 and V2, shed alternatively from the suction side and the pressure side of the airfoil,
respectively. The vorticity field in Figure 7 shows that vortices that shed from the suction side rotate in
clockwise direction while the vortices that shed from the pressure, caused by the pressure of the vortices
from the suction side, side rotate in counterclockwise direction.

The time series of the lift and the drag coefficient in Figure 8 show an oscillating trend that is associated
with the periodic pressure changes induced by the periodic vortex shedding. The average value of lift and
drag is cl = 0.4465 and cd = 0.0504, respectively.

According to Haller’s theory9 the Lagrangian separation point is fixed for a periodic flow and is located
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at the location of time-averaged zero skin friction friction. From the plot of the time-averaged skin friction
coefficient versus distance in Figure 9, it is found that the Lagrangian flow separation is at x/c = 0.5.

10 11 12 13 14 15 16 17 18 19 20

time (-)

0.4

0.45

0.5

c l(-
)

0.04

0.06

0.08

c d
(-

)

Figure 8. NACA 65(1)-412, α = 4◦, Rec = 20, 000, TIME SERIES OF THE LIFT AND DRAG COEFFICIENTS
FOR THE BASELINE (NO PULSE ACTUATION)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x/c

-0.01

-0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

c f

Figure 9. TIME-AVERAGED SKIN FRICTION COEFFICIENT ALONG THE SUCTION SIDE ON THE
TIME INTERVAL t = [10, 20]

To visualize the separated material line, the maximum FTLE ridge is extracted from the FTLE field.
This line is plotted in Figure 10 together with a linear approximation of the separation manifold described
above. These two lines intersect and form the separatrix (separator of fluid) for this flow. To the best of our
knowledge this connection between a separation manifold and the LCS field has not been visualized before.
Because of the periodic shedding and feedback, the separation angle oscillates around an equilibrium value
of θ = 7.77◦ with respect to the airfoil surface and has an amplitude of oscillation of 0.22◦.

Pulse actuation analysis

While a pulse placed downstream of the separation point does not effect the flow much, the effects of a
pulse placed inside the boundary layer upstream of the separation point are significant. Moreover, they are
qualitatively very similar for any pulse location P .

The pulse induces a flow perturbation (Fig. 11a) that is transported along the top of the shear layer.
The perturbation grows as it travels downstream (Fig. 11a-d) inducing a Kelvin-Helmholtz like instability
(Fig. 11b). A vortex pair forms on the suction side of the airfoil (Fig. 11c). While one of these vortices, V4,
sheds quickly (Figs. 11c and d), the second vortex, V3, resides in the circulation region and grows in size.
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x/c

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

y/
c

Airfoil
Line of max FTLE
Linear material line

Figure 10. NACA 65(1)-412, α = 4◦, Rec = 20, 000, APPROXIMATE SEPARATION PROFILE AT t = 11.00
FOR THE BASELINE CASE (NO PULSE ACTUATION)

Coinciding with the shedding of the first vortex, the separated LCS wraps around vortex V3 in Figures 11c
and d) and aligns with the airfoil surface. This corresponds to a downward deflection of the separated shear
layer towards the airfoil surface. and a reduction of the size of the recirculation area. This in turn yields a
decrease in the pressure drag. Vortex V4 also increases the vorticity in the recirculation area, as observed
from the vorticity in Figure 16a. This leads to an increase in the lift.

Just like the backward-time LCS identifies flow separation, the intersection of an unstable material line
in the forward-time LCS field with the airfoil surface identifies flow reattachment.9 By comparing Figures
12 (with pulse actuation) and 13 (without pulse actuation), we observe a reattaching material line in the
repelling FTLE field.

The time series of the lift and the drag coefficient for all cases are shown in Figure 14 and Figure 15,
respectively. The drag coefficient decreases as the size of the recirculation area shrinks (compare Figs. 11c
and d, and Fig. 15). The increase in lift coincides with the development of the large vortex, V4, along the
suction side. The maximum in the lift coefficient that is observed in Figure 14 coincides with a maximum
strength of the vortex V4 (Fig. 16a). At that time, the instantaneous pressure difference between the pressure
side and the suction side is the largest (Fig. 17).

When the large vortex sheds, the lift coefficient decreases and is at that point lower than the lift coefficient
of the baseline configuration. The drag coefficient on the other hand increases and is larger than that of the
baseline case. A series of smaller vortices denoted by V5 in Figures 16a-c, develop in the aftermath of the
shedding, but appear to have only a small effect on the lift and the drag.

Because of feedback of the wake, the cycle of vortex development and shedding is repeated a number of
times but with decreasing impact on lift and drag until the quasi-steady state baseline result is recovered.
This cycle repetition can be very clearly seen for a pulse control at x/c = 0.4 and x/c = 0.5 and is weaker
for the other pulse control locations.

The effects of the pulse on the shear layer and the recirculation area is the largest for the pulse located
closest to, but upstream of the separation point x/c = 0.5. If the pulse is placed exactly at the separation
point, a maximum increase in the lift coefficientis observed of roughly 40% with respect to the baseline as
seen in Figure 14. The results obtained with pulse actuation between x/c = 0.2 and x/c = 0.5 are very
similar in terms of the effects that were observed on the recirculation area and the LCSs. The time series
of the lift and drag coefficient are also similar but have shifted in time with respect to each other because
the changed advection time of the perturbation for different pulse locations. The closer the pulse is placed
to the separation point, the earlier the peak in the lift coefficient is observed.

A time sequence of the approximation for the separation line is shown in Fig. 18. As the angle of the
material line with the airfoil surface decreases, the line of maximum FTLE moves away from the airfoil
surface. The line of maximum FTLE moves towards the airfoil surface with increasing angle of separation.
The change in angle of the material line leads to changes in the concavity of the line. A decrease in the
angle of the material line leads to a convex material line, while an increase in the angle of the material line
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(a) t=10.01

(b) t=10.4

(c) t=10.8

(d) t=11.0

Figure 11. NACA 65(1)-412, α = 4◦, Rec = 20, 000, BACKWARD-TIME FTLE FIELD NEAR THE WAKE
AT (a) t=10.01, (b) t=10.4, (c) t=10.8, and (d) t=11.0 FOR THE CASE WITH A PULSE ACTUATION AT
x/c = 0.4

Figure 12. NACA 65(1)-412, α = 4◦, Rec = 20, 000, FORWARD-TIME FTLE FIELD AT t = 10.80 FOR THE
CASE WITH A PULSE ACTUATION AT x/c = 0.4

leads to a concave FTLE line, moving the separation line closer to the airfoil surface and thus yielding a
flow reattachment.

CONCLUSIONs AND RECOMMENDATIONS

The effect of pulse actuation on the unsteady separated Lagrangian flow over a NACA 65(1)-412 airfoil
has been investigated.

Because of the pulse actuation, vortex structures develop along the suction side. The vortices induce a
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Figure 13. NACA 65(1)-412, α = 4◦, Rec = 20, 000, FORWARD-TIME FTLE FIELD AT t = 10.80 FOR THE
BASELINE CASE (NO PULSE ACTUATION)

10 11 12 13 14 15 16 17 18 19 20

time (-)

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7
c l (

-)
Baseline
Pulse at x/c=0.1
Pulse at x/c=0.2
Pulse at x/c=0.3
Pulse at x/c=0.4
Pulse at x/c=0.5
Pulse at x/c=0.6

Figure 14. NACA 65(1)-412, α = 4◦, Rec = 20, 000, TIME SERIES OF THE LIFT COEFFICIENT FOR THE
BASELINE AND SIX CASES WITH PULSE ACTUATION

10 11 12 13 14 15 16 17 18 19 20

time (-)

0.03

0.04

0.05

0.06

0.07

0.08

0.09

c d
 (

-)

Baseline
Pulse at x/c=0.1
Pulse at x/c=0.2
Pulse at x/c=0.3
Pulse at x/c=0.4
Pulse at x/c=0.5
pulse at x/c=0.6

Figure 15. NACA 65(1)-412, α = 4◦, Rec = 20, 000, TIME SERIES OF THE DRAG COEFFICIENT FOR THE
BASELINE AND SIX CASES WITH PULSE ACTUATION

flow reattachment that leads to a decrease in the pressure drag. An accompanying increase in vorticity leads
to an increase in the instantaneous lift coefficient. The largest effect of the pulse is obtained when the pulse
is placed close to and upstream of the separation point. The instantaneous lift coefficient can increase up to
40% compared to the baseline because of the effects of the pulse. The further the pulse is placed upstream,
the smaller the impact of the pulse on the lift and drag coefficients.

Lagrangian analysis connected the unsteady behavior of the near wall separation lines and the connected
development of Lagrangian Coherent Structures. An increased separation angle leads to reattachment be-
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(a) t=11.4

(b) t=12.0

(c) t=12.4

Figure 16. NACA 65(1)-412, α = 4◦, Rec = 20, 000, VORTICITY FIELD AT (a) t=11.4, (b) t=12.0 and (c)
t=12.4 FOR THE CASE WITH A PULSE ACTUATION AT x/c = 0.4

Figure 17. NACA 65(1)-412, α = 4◦, Rec = 20, 000, PRESSURE FIELD AT t = 11.40 FOR THE CASE WITH
A PULSE ACTUATION AT x/c = 0.4

cause of concavity of the separation line, while a decreased separation angle increases the separation region
because the material line is convex.

The results obtained for the impulse response serve as a starting point for the development of a complete
theoretical framework for an active feedback flow control, which is part of ongoing research.
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