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Abstract All animals flap their wings in powered flight to

provide both lift and thrust, yet few human-engineered

designs do so. When combined with flexible wing surfaces,

the resulting unsteady fluid flows and interactions in flap-

ping flight can be complex to describe, understand, and

model. Here, a simple modified actuator disk is used in a

quasi-steady description of the net aerodynamic lift forces

on several species of bat whose wakes are measured with

time-resolved PIV. The model appears to capture the time-

averaged and instantaneous lift forces on the wings and

body, and could be used as basis for comparing flapping

flight efficiency of different animal species and micro air

vehicle designs.

1 Introduction

Flapping flight is often assumed to be more maneuverable

compared to steady flight with fixed or constantly rotating

wings, but evidence on transport efficiency (e.g. L/Dmax) is

more mixed. (Hall and Hall 1996; Hall et al. 1998; Wang

2008). A reduction in efficiency for flapping flight com-

pared to steady wings is often explained using quasi-steady

aerodynamic theory, where a steady wing can operate

constantly at an optimal angle of attack, while a flapping

wing needs to deviate from this optimum (Wang 2008). In

a recent study, though Pesavento and Wang (2009) showed

that for a 2D numerical model of a fruitfly wing, the

flapping wing can be more efficient than the equivalent

steady wing, due to unsteady wing-wake interactions at

stroke reversal. Hall et al. (1998) use a viscous extension of

the Betz criterion for optimal propellers to find the mini-

mum power required for a flapping wing generating a

prescribed lift and thrust. Due to a trade-off between effi-

cient lift production and efficient thrust production, the

flapping wing is slightly less efficient than an equivalent

constant rotating wing (propeller).

Just a few human-engineered aircraft flap their wings to

power flight, often being flapping micro air vehicles

(MAVs, e.g. www.delfly.nl). Most flapping MAVs are

inspired by flying animals, and also operate at Reynolds

numbers (Re) similar to those of birds and bats

(103 B Re B 105, Re = Uc/m, where U is the wing veloc-

ity, c is the mean chord length, and m is the kinematic

viscosity of air). In this Re range, the aerodynamics are

hard to predict and control, because the laminar boundary

layer on a wing can easily separate, and reattach after it has

become turbulent (Lissaman 1983). This behavior is very

sensitive to small changes in free-stream turbulence,

ambient noise (Grundy et al. 2001) and wing geometry, and

flexibility (Spedding et al. 2008).

Active flapping of biological or bio-inspired wings leads

to further complications as the wing geometry changes can

be significant fractions of the total wingbeat amplitude, and

the deformations themselves are coupled with the time-
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dependent aerodynamic forces. An example of a highly

flexible flapping wing configuration is that of the bat,

which has flexible membranous wings (Pennycuick 1971,

1973, 2008a; Swartz et al. 1996). When flapping, the wings

deform continuously (Wolf et al. 2010; Swartz et al. 2007),

under passive and active control (Hedenström et al. 2009).

At slow flight speeds (at Strouhal number St = 1.36,

St = fA/U?, where f is the wing-beat frequency, A is the

vertical flapping amplitude of the wing tip, and U? is the

forward flight speed), the Pallas’ long-tongued bat (Glos-

sophaga soricina) deforms and controls its wing in such a

way that, during each downstroke, a leading edge vortex

(LEV) is generated, which enhances lift during the down-

stroke by up to 40% of the total (Muijres et al. 2008).

This complex flow near the wing surface as well as the

time-varying fluid–structure interactions are hard to mea-

sure and model, and so most aerodynamic measurements

on flapping animal flight have focussed on far wake mea-

surements (Spedding and Hedenström 2009). In the most

common configuration, a three-dimensional model of the

vortex wake of the flapping animals is assembled by

identifying coherent vortex structures over a far wake

domain that spans a streamwise distance equivalent to one

wingbeat. By measuring the circulation of the various

patches of vorticity the gross, time-averaged forces within

a wingbeat can be estimated (Spedding et al. 2003a, b).

This approach has improved our understanding of flapping

animal flight significantly (Hedenström et al. 2006, 2007;

Spedding et al. 2003a), but the 3D wake structure must be

assembled by combining measurements from multiple

wingbeats, with relatively poor resolution in the spanwise

direction (normal to the plane of each slice). Moreover, the

assemblage is constructed from only two velocity compo-

nents, and the third, or its spatial gradient is inferred from

vorticity conservation laws.

Recently, high speed stereo PIV systems have become

available for animal flight research, with which the wake

dynamics can be analyzed at a high temporal resolution

(Hedenström et al. 2009; Hubel et al. 2009). In these

studies, the wake is generally sampled using a transverse

(vertical spanwise) PIV image at a typical frequency of

200 Hz. From the high-speed transverse PIV data, the

three-dimensional vortex wake is assembled by identifying

coherent streamwise vortex structures (Hubel et al. 2010),

such as the tip vortex, from which the time varying flight

forces can be estimated (Henningsson et al. 2010; Jo-

hansson and Hedenström 2009; Muijres et al. 2011). With

these methods the temporal resolution is increased and the

potential effect of the researcher’s interpretation is

reduced, resulting in more objective wake models. But

since the forces generated by the flapping wing are typi-

cally modeled using tip vortex circulation, spanwise force

distributions can not be determined.

A very simple model of flapping animal flight is the

actuator disk (Ellington 1984; Norberg et al. 1993; Pen-

nycuick 1968), which has originally been developed to

estimate helicopter rotor performance (Gessow and Myers

1952). For this model, an actuator disk is defined as a

circular surface with diameter equal to the wingspan, or

alternatively equal to the width of the wake area behind the

flying animal. These actuator disk models are very useful

for estimating the average lift force and power for flapping

flight, but can not be used for more detailed analysis since

variations in induced velocities as a result of wingbeat

kinematics are ignored.

In this study, we present a modified actuator disk model

for forward flapping flight, which is adapted for use with

near wake time-resolved PIV data of freely flying animals,

using bats as a case in point. Here, the actuator disk area

depends directly on the wake topology, and the measured

induced downwash velocities within this modified disk are

used to get a first-order estimate of the vertical impulse

generated by the flapping wing both along the wingspan and

throughout the wingbeat. From this the temporal lift force

distribution is determined, as well as the induced power and

the span efficiency factor. This approach enables us to

estimate the performance of flapping flight at high spatial

and temporal resolution, without having to model the fluid–

structure interactions of the flexible wing, nor the highly

unsteady fluid dynamics near the wing surface itself.

2 Methods

2.1 Experimental animals

Two bat species were studied, the Pallas’ long-tongued bat

(Glossophaga soricina, from here on called G. soricina and

the lesser long-nosed bat (Leptonycteris yerbabuenae, from

here on called L. yerbabuenae). Both species are small to

medium sized new world nectar feeding bats of the sub-

family Glossophaginae, and both are capable of hovering

flight, which they habitually do when feeding from flowers.

L. yerbabuenae is about twice the weight of G. soricina

(Table 1), and is a migratory species, while G. soricina is a

residential species. Of each bat species, a male and a

female bat were used in the experiments. Relevant mor-

phological data together with the estimated minimum

power speed Ump and maximum range speed Umr (Norberg

and Rayner 1987) for these bats are given in Table 1. Since

Ump and Umr are similar for both bat species, we will

directly compare the results for both species at the same

flight speed.

In flapping flight, the airspeed that a flapping wing

encounters is generally higher than the forward flight

speed, due to the flapping motion of the wing. When
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assuming a sinusoidal flapping motion, this average

effective free-stream speed U1; eff

� �
can be estimated by

(e.g. Lentink and Gerritsma 2003)

U1; eff ¼ U1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
St2 þ 1

p
: ð1Þ

U1; eff is based on the forward flight speed and the flapping

motion of the wing, but any induced fluid motion is

ignored, hence the addition of ‘free-stream’. For G. sori-

cina St can be estimated by St & 1.26 U?
-0.85 (Wolf et al.

2010), while, for L. yerbabuenae it may be approximated

by St & 1.28 U?
-0.90 (R. von Busse, L.C. Johansson,

Y. Winter and A. Hedenström, unpublished data). We will

use the effective free-stream velocity U1; eff , instead of the

commonly used U1, as the general velocity scaling

parameter (e.g. for Re and CL). At the flight speeds range

studied (2 m/s \ U?\ 7 m/s), the Reynolds number

range based on U1;eff and c is in the order of

1 9 104 \ Reeff \ 2�104 for both bat species. This is a

similar range to local effective Reynolds numbers of wings

of small birds (Rosén et al. 2007).

2.2 Experimental setup

Experiments were performed in the Lund University low-

turbulence, low-speed wind tunnel (Pennycuick et al. 1997,

Fig. 1). The experimental setup used in this study is the

same as described in Hedenström et al. (2009), where

preliminary data for this study were presented. The bats

were trained to fly in front of a feeder in the test section of

the wind tunnel, at a speed ranging from U? = 2 m/s to

7 m/s, in increments of 1 m/s, with an extra step at 2.5 m/s.

20 cm downstream from the feeder a 20 9 20 cm2 PIV

image plane was positioned, resulting in an average dis-

tance between the trailing edge of the bat wing and the

image plane of approximately 10 cm (2–3 c, Fig. 1). A

rectangular coordinate system is defined with x running in

the streamwise direction, y the spanwise direction and z is

positive opposing the direction of gravitational accelera-

tion, {u, v, w} are the velocity components in these

directions. The origin of the coordinate system is at the PIV

image plane, directly downstream from the feeder. The

high-speed stereo PIV system consisted of a transverse

laser sheet (aligned in the y–z plane), generated by a

200 Hz pulsed 50 mJ Laser (Litron LPY732 series,

Nd:YAG, 532 nm), and two CMOS-cameras (HighSpeed-

Star3; 1,024 9 1,024 pixels). The system was controlled

using DaVis software (LaVision 7.2.2.110).

For the experiments, the wind tunnel was set to the

required forward flight speed, while the bats were roosting

in the settling chamber. When a bat wanted to eat, it flew

with the wind downstream into the test section, made a

U-turn and approached the feeder from downstream. While

the bat was judged to be flying steadily at the feeder, a

sequence of 50 frame pairs were acquired at a sample rate

of 200 Hz. The � s period is equal to three to four wing-

beats. The time separation between PIV frames (dt) was set

so mean pixel displacements in the wake of the bat were in

the order of 3.5, and not close to an integer value to reduce

peak locking. It ranged from dt & 200 ls at 2 m/s to

dt & 100 ls at 7 m/s.

Simultaneously with the PIV recording, the bat was

filmed from above with a NAC HotShot 1280 video cam-

era, (640 9 512 pixels, 250 Hz sampling rate and shutter

Table 1 Morphological data and typical flight speeds for the experimental bats

Bat (species, gender) M (kg) b (m) S (m2) W/b (N/m) Ump (m/s)a Umr (m/s)b

G. soricina, male 0.0101 0.233 0.00879 0.425 3.26 5.09

G. soricina, female 0.0095 0.230 0.00860 0.405 3.27 5.01

L. yerbabuenae, male 0.0216 0.335 0.01576 0.633 3.70 5.39

L. yerbabuenae, female 0.0236 0.323 0.01529 0.717 3.67 5.56

The mass M was measured before and after each experiment. The wing span b, and wing surface area S were determined at mid downstroke,

using the kinematics data. The span loading W/b is used to scale the induced power estimates. The minimum power speed Ump, and maximum

range speed Umr are estimated from the morphological data following Norberg and Rayner (1987)
a Ump = 6.58 M0.422 b-0.479 S-0.148

b Umr = 8.71 M0.423 b-0.498 S-0.144

kin cam

food

PIV cams

PC HSC

Nd:YAG

U 8

x

z
y

Fig. 1 The experimental setup consists of a high-speed stereo PIV

setup, synchronized with a top view high-speed kinematics camera in

a wind tunnel. The position of the bat is controlled using a manually

operated feeder system
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speed 1/250 s, Fig. 1). The video sequences were used to

identify the individual and to determine the bat’s position,

attitude, basic wing kinematics, and morphological data.

2.3 Analysis

The PIV images were analyzed using Davis (Lavision

7.2.2.110), as described in (Hedenström et al. 2009). A

multi-pass stereo cross-correlation (64 9 64, 32 9 32,

50% overlap) was used, and the data were post-processed

using a 3 9 3 smoothing average, resulting in an inplane

spatial resolution of the velocity vectors of 5.1 mm. The

resulting velocity fields were interrogated using a custom

Matlab (7.7.0.471, R2008b) program where the velocity

components {u, v, w} at the image plane location {y, z}

were extracted on specified transects and stored.

For each PIV sequence, the frames within one wingbeat

were given a frame number n = [1-N], a non-dimensional

time stamp s = [0-1] and a streamwise position x =

[0-k], where k is the wavelength of the wingbeat. The start

(n = 1) and end frames (n = N) coincide with the part of

the wake generated by the start of the downstroke. The

non-dimensional time stamp is defined as s ¼ t=T , where T

is the wingbeat period, and t is the moment at which the

wake structure measured in PIV frame n is generated by

the flapping wing, t = 0 is equivalent to the start of the

downstroke, and t = T is the end of the upstroke. Since the

flapping bat wings travel forward with respect to the PIV

image plane during the downstroke, and backwards during

the upstroke, a Doppler shift is present in the PIV data,

resulting in an overrepresentation of the downstroke in the

PIV frames. By assuming that the wing moves forward and

backwards at a constant speed, the non-dimensional time

stamp for PIV frame n are determined by

s ¼ ðn� 1Þ
N

tds wing

tds wake

for 1� n�Ndu

s ¼ ðn� 1Þ
N

tus wing

tus wake

for Ndu� n�N

ð3Þ

where Ndu is the PIV frame at the transition from down-

stroke to upstroke. tds wing/tds wake is the ratio between the

downstroke duration of the wing and the downstroke

duration of the PIV sequence, and tus wing/tus wake is the

ratio between the upstroke duration of the wing and the

upstroke duration of the PIV sequence.

If we assume that the wake convects statically down-

stream with the forward flight speed U?, the streamwise

position for PIV frame n is

x ¼ ðn� 1ÞU1 � Dt ð4Þ

where Dt is the inverse of the PIV frame rate (Dt =

1/200 s). Using these x-values, the three-dimensional wake

field behind the flying animal can be constructed. Each

node-point within the resulting three-dimensional wake

matrix consists of a position vector {x, y, z} and the three

velocity components {u, v, w}. The resolution of the wake

field is, in y-and z-direction, equal to the PIV vector node

point spacing Dy = 5.1 mm, and in x-direction equal to

Dx ¼ U1 � Dt, which will vary from Dx = 10.0 mm at

U? = 2 m/s to Dx = 35.0 mm at U? = 7 m/s. To com-

pensate for the low resolution in x-direction a cubic inter-

polation routine is used (Matlab, interp3), resulting in a

streamwise resolution in the interpolated wake matrix of

5 mm for all flight speeds. For this interpolated wake

matrix the vorticity magnitude xj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x þ x2
y þ x2

z

q� �

is calculated. Controlled tests on an artificial vortex tube

of similar strength and size as for the bats, oriented in

y-direction, showed that at the highest flight speeds, the

interpolation routine still results in an underestimation of

xy (e.g. vorticity of start or stop vortices).

3 The actuator disk model for flapping flight

The actuator disk model (Gessow and Myers 1952; Spalart

2003; Stepniewski and Keys 1984) is a highly simplified

model for force and power estimations of constantly

rotating wings, originally developed for helicopter rotors,

but also adapted for flapping animal flight (Pennycuick

2008b). The basic model defines the actuator disk as a

circular disk swept by the wing configuration, typically a

rotor or a propeller.

Let us first assume an ideal rotor during forward flight

(Fig. 2a). Due to wing rotation, a uniform pressure differ-

ence (Dp) is created across the propeller disk, resulting in an

induced airflow with velocity vector �u ¼ u; wf g at the disk

surface. For an ideal actuator disk the induced velocity �u is

often assumed to be uniform throughout the disk area,

although Spalart (2003) showed that this assumption is

incorrect, even for a uniform Dp. The induced velocities far

upstream of the disk are zero (�u0 ¼ 0, Fig. 2a), while the

induced velocities attained in the far wake �u1 ¼ fu1; w1g
are twice the induced velocity at the disk �u1 ¼ 2�uð Þ. If we

ignore the streamwise component of the induced velocity

vector �u � wf gð Þ, the lift force L and induced (or shaft)

power generated by the propeller can be estimated as

L ¼ �2 _m w

Pi ideal ¼ �L w
ð5Þ

where _m is the mass flux through the disk, defined as

_m ¼ q Ad
�Udj j ð6Þ

where q is the air density, Ad is the disk area, and �Ud ¼
fU1;wg is the total velocity vector at the disk. There is a

minus sign in Eq. 5 since a downwash (negative w) will

514 Exp Fluids (2011) 51:511–525

123



result in a positive lift, and the factor 2 is due to the fact

that w1 ¼ 2w. Pi ideal is called the ideal induced power,

since it is the power required for generating a uniform

downwash within the actuator disk area, and this uniform

downwash is the lowest energy solution for a given

momentum flux (Stepniewski and Keys 1984).

This general actuator disk model for forward flight has

been applied to animal flight (Pennycuick 1968), by

defining the actuator disk of the flapping wings as a circular

area with the diameter equal to the wing span, and the

forces and induced power for a flying animal can directly

be determined using the above described theory. This

highly simplified model for flapping flight of animals can

be used to determine the required power for flight and for

estimating the average flight forces throughout a wingbeat,

but it cannot be used for more detailed studies, such as for

estimating temporal or spatial force distributions within a

wingbeat.

Here, we propose a modified area for the actuator disk,

which is directly based on the wake area generated by the

flapping wing configuration, and which enables us to study

the aerodynamics of flapping flight in more detail. Our

modified actuator disk area for flapping flight is defined as

the area spanned by the main vortex structures generated

within one wingbeat (start, stop and tip vortices, Fig. 2b).

The area can be constructed from the PIV data, by tracing

the area between the two tip vortices for all PIV frames

within one wing beat (PIV frame n = [1-N]). Throughout

the modified actuator disk area, the vertical induced

velocity is not assumed to be uniform, but is measured.

This downwash variation can be used to analyze flapping

flight in detail. The variations in streamwise direction

(x-direction) can be used to estimate the relative contri-

bution of various parts of the wingbeat, e.g. lift generated

by the downstroke versus lift generated by the upstroke.

The downwash variation in spanwise direction (y-direction)

can be used to determine the real induced power Pi and the

span efficiency ei, as described below. Equations 5 and 6

are converted to implement the variation of w throughout

the actuator disk as follows

_m ¼q � Ad � w ¼ q
Zk

0

Zbw xð Þ=2

�bw xð Þ=2

w x; yð Þdydx

L ¼� 2 _mz w ¼ �2

Zk

0

Zbw xð Þ=2

�bw xð Þ=2

_mz x; yð Þw x; yð Þdydx

Pi ¼� Lw ¼ �
Zk

0

Zbw xð Þ=2

�bw xð Þ=2

L x; yð Þw x; yð Þdydx

ð7Þ

where k is the wavelength of the flapping wing motion

defined as k ¼ U1=f , which is equal to the extent of the

actuator disk in streamwise direction (along x-axis). Thus,

the U? component in the mass flux estimate is incorpo-

rated into the disk area as k. bw(x) is the wake width, which

varies throughout the wingbeat as a result of the varying

wing span due to the flapping motion. Since the downwash

is not assumed uniform throughout the actuator disk in

Eq. 7, the real induced power (Pi) is calculated rather than

Pi ideal.

Note that the actuator disk model estimates only the

(vertical) lift production and corresponding induced power.

The thrust component of the flight forces are ignored, since

we cannot distinguish streamwise induced velocities as a

result of thrust production from wake defects due to drag,

and since thrust forces are small compared to lift forces for

these bats (Muijres et al. 2011).

If we assume that the downwash along the wingspan at

streamwise location x, depends directly and solely on the

U 8
L

x

z

(a)

U 8
u

w

U 8

u 8

w 8

F

T

(b)

Fig. 2 a An ideal actuator disk in forward flight. A uniform pressure

difference generated by the rotating disk causes air to accelerate

through the disk. This results in an induced velocity change from

�u0 ¼ 0 far upstream to �u1 ¼ 2 �u far downstream, and a flight force

production F with lift component L and thrust component T. b Cartoon

illustration of a flying bat with its actuator disk wake. The disk area is

bound by the main vortex structures (start vortex, tip vortices, and

stop vortex). In this image, the stop vortex has not yet been shed
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instantaneously generated lift at the corresponding sub-

section of the wingbeat, the mass flux, lift and induced

power per distance travelled are

_m0z xð Þ ¼ q
Zbw xð Þ=2

�bw xð Þ=2

w x; yð Þdy

L0 xð Þ ¼ �2

Zbw xð Þ=2

�bw xð Þ=2

_mz x; yð Þw x; yð Þdy

P0i xð Þ ¼ �
Zbw xð Þ=2

�bw xð Þ=2

L x; yð Þw x; yð Þdy

ð8Þ

To be able to estimate the corresponding ideal induced

power per distance travelled, we first need to determine the

spanwise uniform vertical induced velocity �w xð Þð Þ which

would result in L0(x) by

�wðxÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0ðxÞ

2qbwðxÞ

s

: ð9Þ

The ideal induced power per distance travelled can now

be estimated by

P0i ideal xð Þ ¼ �L0 xð Þ�w xð Þ: ð10Þ

This is the minimum required power per distance

travelled to generate L0(x), and which would be a result

of an elliptical spanwise lift distribution (Anderson 1991;

Spedding and McArthur 2010). The total ideal power for

the whole wingbeat can be determined by integrating along

the complete wingbeat (x-axis)

Pi ideal ¼ �
Zk

0

P0i ideal xð Þdx ¼
Zk

0

L0 xð Þ�w xð Þdx: ð11Þ

This estimate of Pi ideal will be higher than for Eq. 5, because

in Eq. 5 the downwash is assumed to be uniform throughout the

complete actuator disk, while for Eq. 11 the downwash is

assumed uniform only along the wingspan �w xð Þð Þ, and can

vary throughout the wingbeat. The ratio between Pi ideal and Pi

is called the span efficiency, and it is a direct estimate of

efficiency reduction due to a deviation from a spanwise

uniform downwash distribution (Spedding and McArthur

2010), for a complete wingbeat in forward flapping flight.

Therefore, we will use the corresponding span efficiency

notation proposed by Spedding and McArthur (2010), where ei

is the span efficiency due to downwash distribution only

ei ¼
Pi ideal

Pi
: ð12Þ

For isolated wings in steady, horizontal flight where L

balances W, the induced power can be estimated from

Pi ¼ DiU1 ¼
W

b

� �2
2

pqU1

1

ei
ð13Þ

where Di is the induced drag, W is the weight of the flap-

ping configuration, and b is the wing span. So, we will

assume that the here estimated real induced power should

scale with span loading squared (W/b)2, the inverse flight

speed (1/U?), and the inverse span efficiency (1/ei).

4 Analysis

The above described actuator disk model for forward

flapping flight will be used to analyze transverse PIV

results of the wake of two bat species flying steadily in a

wind tunnel. Figure 3 shows such PIV data for both species

flying at 4 m/s. Throughout almost the complete wingbeat

(Fig. 3a–c, e–g), the tip-vortex is present as the large blue

patch of negative vorticity (center marked with a grey dot),

inducing a downwash behind the wing (between the tip-

vortex and the position behind the body). For both bat

species, the tip-vortex has changed sign (yellow/orange

patch of positive vorticity) at the end of the upstroke

(Fig. 3d, h), resulting in an upwash (negative lift) behind

the outer wing. The ‘‘vortices’’ in Fig. 3 are simply com-

pact, contiguous patches of high vorticity magnitude, that

for convenience are described as vortices in the remainder

of this paper.

The local shape and orientation of the actuator disk at

each PIV frame is defined as a straight line from the center

of the tip-vortex to the position behind the body (red lines

in Fig. 3). The actuator disk line for PIV frame n is called

actuator disk segment n with local semi-span bw(n)/2. By

mirroring the results along the z-axis at the body center-

line, the complete local actuator disk segment n with local

span bw(n) is defined. By adding the actuator disk segments

for all PIV frames within one wingbeat, and using the

x-variable for each PIV frame for the streamwise distribution,

the actuator disk for the complete wingbeat is defined.

Each PIV vector node point along an actuator disk segment

n is marked using an index m along the spanwise y-axis, and

the vertical induced velocity at each node point wPIV(n, m) is

used as input for the actuator disk model calculations. Since

the PIV image plane is positioned downstream of the bat, the

measured downwash velocities wPIV(n, m) will be higher than

at the actuator disk (in this case at the bat wing, Fig. 4a), but

since the distance between wing and PIV plane is small (2–3 c)

we can assume that these differences are small, and we will

assume wPIV = w. One could argue that far wake measure-

ments (where w & w?) would avoid this uncertainty, but we

can assume that spanwise downwash distributions in the far

wake would deviate significantly from that at the wing due to

wake interactions (Johansson et al. 2008).
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For each individual bat and flight speed combination, at

least 5 flight sequences were analyzed, which consisted on

average of 11 wingbeats. From the wake data for each

species and flight speed combination a single average

actuator disk was determined, resulting in an average wake

based on at least 20 wingbeats. The average actuator disk is

constructed by dividing the actuator disk in streamwise

direction into �N elements, where �N is the mean number of

PIV frames per wingbeat for the analyzed wingbeats.

Within each element �n ¼ ½1� �N�ð Þ, the average spanwise

downwash distribution was determined by fitting a cubic

smoothing spline (Matlab, csaps, smoothing parame-

ter = 1–10-4) through the w �n; mð Þ datapoint distribution

(Fig. 4b). The relative deviation of the w �n; mð Þ node points

from the average spline were estimated using a sliding 95%

confidence interval (Fig. 4b), determined from a sliding

window of 20 local data points (which is equal to the

minimum amount of wingbeats used to determine the

average actuator disk).

The resulting spline function for each segment �n was

directly used to determine the lift and power contribution

using Eqs. 8–11. The actuator disk’s total lift and total

induced power was determined by summing the �N
elements

L ¼ Dx
X�N

�n¼1

L0ð�nÞ

Pi ¼ Dx
X�N

�n¼1

P0ið�nÞ:

Pi ideal ¼ Dx
X�N

�n¼1

P0i idealð�nÞ

ð14Þ

The effective span efficiency ei for each average

wingbeat was determined from Pi ideal and Pi using Eq. 12.

To test how the lift, power and span efficiencies vary

with flight speed and between the two bat species we used

mixed linear models. Since the bats fly steadily at the

feeder, the total lift should be equal to the weight of the

animals. Therefore, L is non-dimensionalized as L/W, and

L/W-1 is set as the dependent variable in the mixed linear

model, for each species separately. U? is set as a covariate.

To control for differences in Pi due to differences in span

loading between the individuals (Eq. 13), Pi(b/W)2 is set as

the dependent variable in the mixed linear model. Since

Pi(b/W)2 should scale with 1/U? (Eq. 13), 1/U?, species,

and ‘‘1/U? X species’’ are set as covariates. For the span

efficiency test ei is set as the dependent variable, and

species, U? and interaction between species and U? are

used as covariates.

(a) (e)

(b) (f)

(c) (g)

(d) (h)

Fig. 3 Transverse PIV results for one wingbeat of both bat species

flying at 4 m/s. The left panels (a–d) show the results for G. soricina,

while the right panels (e–h) show the results for L. yerbabuenae, at

the start of the downstroke (a, e); mid-downstroke (b, f); end of the

downstroke (c, g); end of the upstroke (d, h). The arrows are the

inplane velocity vectors, scaled with the reference vector of 5 m/s in

panel (h). The colors visualize the streamwise vorticity xx, scaled

according to the scale bar on the bottom of the figure, with range

-300 \xx \ 300. The grey dots show the tip vortex location in the

different PIV frames n, with the light grey dot indicating the current

frame, while the blue line shows the wingtip movement throughout

the wingbeat
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5 Results

5.1 Wake topology and actuator disk area

Actuator disks constructed using the PIV data for G. so-

ricina at three flight speeds are shown in Fig. 5 as the

multicolored surfaces spanned between the wake vortices.

The vortex wake is visualized using green iso-surfaces of

constant absolute vorticity xj j in the three-dimensional

interpolated wake field {x, y, z}. The actuator disk surface

spanned between the main vortices is color-coded using the

vertical induced velocity strength.

The vorticity magnitude iso-surfaces confirm previous

wake structure descriptions for bats (Hedenström et al.

2007; Hubel et al. 2010; Muijres et al. 2011), but unre-

stricted from having only the streamwise vorticity com-

ponent. At the lowest flight speed (U? = 2 m/s, Fig. 5a), a

start vortex is generated by each wing at the beginning of

the downstroke. Each start vortex connects to the tip-vortex

and a vortex which is probably shed from the root of

the wing. Therefore, this vortex is called the root vortex

(Hedenström et al. 2007; Muijres et al. 2011). Between

each tip- and root vortex, so behind the outer wing, the

downwash is largest (see actuator disk surfaces in Fig. 5a),

while between the root vortices (behind the body) hardly

any downwash is present. Both the tip and root vortices are

present throughout the whole downstroke, but their

strength drops below the iso-surface threshold at the start

of the upstroke. During the upstroke no strong vortex

structure is present, indicating that the upstroke is rela-

tively inactive at 2 m/s.

At the medium flight speed (U? = 4 m/s, Fig. 5b), the

vortex structure during the downstroke is very similar to

that at U? = 2 m/s, while during the upstroke, the wake is

very different from that at U? = 2 m/s. During the first

part of the upstroke the tip vortices are still present at

4 m/s. They disappear at the second half of the upstroke,

after which two small vortex loops appear, one behind each

wing, resulting in an upwash at this part of the wake. Since

these vortex loops generate an upwash, resulting in nega-

tive lift, they are denoted as reversed vortex loops.

Reversed vortex dipoles were also noted by Hedenström

et al. (2007), Johansson et al. (2008), Hubel et al. (2010)

and Muijres et al. (2011), but here we can confirm that each

reversed vortex dipole is in fact part of a vortex loop.

At the highest flight speed (U? = 7 m/s, Fig. 5c) the

same wake structures are present as at 4 m/s, but the relative

strength of the structures are different. At U? = 7 m/s, the

root vortices are present throughout almost the complete

wingbeat, resulting in a reduction in downwash behind the

body, also during the upstroke. The reversed vortex loops are

stretched out along a large part of the wingbeat, resulting in

more upwash and more negative lift. The start vortices and

the spanwise part of the reversed vortex loops are not visible

in Fig. 5c, which could be because the spanwise vorticity xy

is underestimated, or because the spanwise vortices are

stretched out in streamwise direction due to the higher flight

speed (Johansson et al. 2008), resulting in maximum vor-

ticity values below the iso-surface threshold.

5.2 Wingbeat average lift production

The overall uncertainty of the actuator disk model for

forward flapping flight was estimated by comparing the

calculated lift with the known weight of the bats. The lift-

to-weight ratio, L/W, for G. soricina is not significantly

different from one (L/W = 0.98 ± 0.10, mean ± SD), but

for L. yerbabuenae it is (L/W = 0.87 ± 0.13), as is the

variation with speed (Table 2 and Fig. 6a). Figure 6b

shows the average lift-coefficient, CL, throughout the

wingbeat for the same data as in Fig. 6a, defined as

CL ¼
L

1
	

2qU1;eff
2S
: ð15Þ

w

wx

z
y

w
laser

8

w
0

U 8

L
(a)

-0.5 0 0.5
-3

0

1

y*

w (m/s) (b)

Fig. 4 a The vertical induced velocity behind a steady wing with an

elliptical lift-distribution L. The downwash increases from w0 = 0 far

upstream, to w? = 2w far downstream in the wake. At the PIV laser

location, we assume wPIV = w. b The vertical induced velocity

distribution w(y*) along the non-dimensionalized wake span y* =

y/bw at mid downstroke, for G. soricina at 4 m/s. The datapoints are

determined from the PIV data of 20 analyzed wingbeats, the dotted
line is the smoothing spline through these data, and the shaded area
around the dotted line shows the 95% confidence interval
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5.3 Temporal CL distribution throughout the wingbeat

CL(s), for each species-speed combination, is determined

from the �N different spanwise downwash distributions

using Eqs. 8 and 15 (Fig. 7). For both bat species, the

majority of the lift is generated during the downstroke,

while for U? = 4 m/s and faster, negative lift (CL \ 0) is

generated during part of the upstroke. Clear differences in

the temporal lift distribution between the bat species can be

distinguished. For G. soricina, lift increases rapidly at the

(a) (b)

(c)

Fig. 5 Vortex-wake and actuator disk surface for a single wingbeat

of G. soricina flying at different flight speeds. The vortex wake is

visualized using green iso-surfaces of constant absolute vorticity |x|.

The actuator disk surface encircled by the vortex structures is color-

coded using the vertical induced velocity w according to the color bar

on the bottom of the figure. The different panels show the wake at

(a) U? = 2 m/s, with iso-value |x|iso = 200 s-1, and color bar range

-2.6 m/s \ w \ 2.6 m/s; (b) U? = 4 m/s, |x|iso = 125 s-1,

-2.6 m/s \ w \ 2.6 m/s; and (c) U? = 7 m/s, |x|iso = 125 s-1,

-1.7 m/s \ w \ 1.7 m/s. Each panel consists of 4 different views:

(NW) perspective view; (NE) top view; (SW) front (upstream) view;

(SW) side view; in perspective view and between top and side views,

wind tunnel velocity vectors are shown
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start of the downstroke, reaching a maximum peak around

s & 0.2, whereafter CL directly decreases. For L. yerba-

buenae, CL stays relatively constant at its maximum value

throughout a large part of the downstroke (s [ [0.2, 0.35]),

after which it decreases more rapidly.

5.4 Spanwise downwash distribution

The downwash distributions along the non-dimensional

wake span (y* = y/bw) for different parts of the wing-

beat (start of the downstroke, s = 0; mid downstroke,

s = 0.25; end of the downstroke, s = 0, 50; mid

upstroke, s = 0.75) are shown in Fig. 8, for both bat

species, at U? = 2, 4 and 7 m/s, respectively. For all

flight speeds, the downwash is highest (most negative

w) during mid downstroke, with its local spanwise

maximum at the outer wing (y* = 0.4). w(y*) decreases

towards the inner wing and drops to zero behind the

body. During the uptroke a clear upwash is present

behind the outer wings at U? = 4 and 7 m/s, while no

upwash is observed at the lowest flight speed (2 m/s).

The upwash behind the outer wings, resulting in negative

lift, is primarily induced by the reversed vortex loops.

Sometimes, an upwash is also present behind the body,

notably for L. yerbabuenae.

Figure 9 shows the spanwise downwash distribution for

all measured flight speeds, at mid downstroke (s = 0.25,

Fig. 9a, b) and at mid upstroke (s = 0.75, Fig. 9c, d). At

mid downstroke the downwash distribution is quite similar

for all flight speeds, while at mid upstroke the downwash

distribution varies much more with flight speeds. For the

lowest flight speeds (U?\ 3 m/s) a downwash is present

along the complete wingspan during the upstroke, while at

the higher speeds (U?[ 3 m/s) an upwash is present

behind the outer wing, where the reversed vortex loops are

located. Also, especially for L. yerbabuenae, an upwash is

present behind the body at multiple flight speeds, as pre-

viously noted.

5.5 Induced power and span efficiency

Using the modified actuator disk model the induced power

for flapping flight was estimated (Fig. 6c and Table 2).

Both the real and ideal normalized induced power Pi(b/W)2

vary significantly with 1/U?, but not between species

(Fig. 6c and Table 2). At the lowest speeds, Pi is lower

than expected from Eq. 13, indicating relatively high flight

efficiency at low flight speeds.

The average span efficiency throughout the measured

flight speed range is estimated as ei = 0.81 ± 0.03 for

G. soricina and ei = 0.79 ± 0.03 for L. yerbabuenae (see

also Fig. 6d). ei does vary significantly between the two bat

species, but not with U? (Table 2).

6 Discussion

A modified actuator disk model for forward flapping flight was

constructed from time-resolved sequences of cross-stream

PIV data from the near wake of two bat species flying freely in

a wind tunnel over a speed range 2–7 m/s. Across this speed

range, the mean calculated lift-to-weight ratio, L/W, for G.

soricina does not differ from one (L/W = 0.98 ± 0.10,

Table 2), but for L. yerbabuenae, L/W is less than one

(L/W = 0.87 ± 0.13, Table 2), especially at the higher

speeds (Fig. 6a). The fact that the induced downwash was

measured in the near wake of the flying bats instead of at the

wing, cannot explain the deficit in L/W for L. yerbabuenae,

since this should rather result in an over-estimation of lift

(Fig. 4a). For the actuator disk model developed here,

streamwise induced velocities were ignored, since they could

not be separated from wake defects due to drag. This probably

results in an underestimation of the total mass flux (Eq. 6 and

Fig. 2a). Since thrust forces can be assumed largest at the

highest flight speeds (Muijres et al. 2011), and L/W is lowest at

the highest flight speeds, one can assume that the underesti-

mation of L/W is due to ignoring streamwise induced velocities.

Table 2 P-values for the normalized lift estimate (L/W-1), the normalized induced power (Pi (b/W)2), and the span efficiency ei

L/W-1 Pi (b/W)2 Pi ideal (b/W)2 ei

G. soricina L.yerbabuenae

Intercept 0.2016 0.0092 0.0011 0.0012 <0.0001

Species – – 0.0891 0.0674 0.0295

U? 0.1213 0.0005 – – 0.7873

U? 9 species – – – – 0.0018

1/U? – – 0.0001 0.0002 –

1/U? 9 species – – 0.3499 0.1608 –

The P-values in bold are significant
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The wingbeat average CL estimate (Fig. 6a) shows that

the bats generated relatively high CL values at low flight

speeds (CL [ 1 at U?\ 3 m/s), which is high for steady

state wings (Laitone 1997) but not uncommon for flapping

wings (Hedenström and Spedding 2008; Muijres et al.

2008; Sane 2003).

The spanwise distribution of the vertical induced

velocity behind the flying bats shows that these bats use the

outer wing to generate the major part of the lift. The outer

wing generates most lift because here, due to the flapping
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motion, both the angle-of-attack and the effective wing

velocity are higher compared to the inner part of the wing

(Wolf et al. 2010). Behind the body, induced velocity w is

close to zero for large parts of the wingstroke, and even

sometimes an upwash is present, resulting in negative lift

generated by the body. This negative lift is probably gen-

erated by the wing membrane between the hind legs of the

bats (uropatagium), and could be used for pitch control

similar to the function of a horizontal tailplane in con-

ventional airplanes. At the last part of the upstroke a

‘‘reversed vortex loop’’ is generated by each wing (Fig. 5),

which also results in negative lift.

There are multiple hypotheses for explaining the pres-

ence of the reversed vortex loops. Reversed vortex loops

could be generated due to limitations in the membranous

wing morphology and wing kinematics (Hedenström et al.

2007), and/or could be used for maneuverability and sta-

bility control (Johansson et al. 2008), or the reversed vortex

loops could be used for thrust generation with negative lift

as a by-product (Muijres et al. 2011). The pattern of the

induced velocities as a result of the reversed vortex loops is

strikingly similar to the wake pattern at the equivalent part

of the wingbeat and wing section of an optimal flapping

wing with a relatively high thrust requirement (lift-to-drag

ratio L/D = 5, Hall et al. 1998, similar to the L/D values

estimated for these bats, Muijres et al. 2011). The optimum

is the wingbeat kinematics with the lowest power

requirement for the prescribed lift and thrust production.

For L/D = 5, the optimal flapping wing generates thrust in

combination with negative lift at the outer part of the wing

during the upstroke (Hall et al. 1998). Since one can

assume that thrust requirements increase with increasing

flight speed, and the upwash at the reversed vortex loop for

the bats also increase with flight speed, the results support

the last hypothesis for explaining the presence of the

reversed vortex loops.

When controlling for span loading, the induced power

estimate did not differ significantly between the two bat

species (Table 2). At the lowest flight speeds the induced

power, Pi, was lower than expected from Eq. 13 (Fig. 6c).

This can be explained by the fact that at the lowest flight

speeds the difference between U? and U?, eff is largest.

e.g. at U?. = 2 m/s the wings operate effectively at an

average speed of U?, eff = 3.26 m/s. Indirect support for

this result comes from respirometry measurements of flying

G. soricina, where metabolic rate of hovering was similar

to that of forward flight (Winter 1998).

Norberg et al. (1993) used an ideal actuator disk model

in combination with hot-wire anemometry measurements

to estimate the induced power and span efficiency for

G. soricina during hovering flight. Our induced power

estimate for G. soricina at a speed of 2 m/s (Pi = 0.153 W) is
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Fig. 8 Average spanwise downwash distributions w(y*), with 95%

confidence interval, at different moments within the wingbeat. The

top panels show data for G. soricina at 2 m/s (a), 4 m/s (b) and 7 m/s

(c), while the bottom panels (d–f) show the equivalent data for

L. yerbabuenae. Each panel shows the downwash at four points

within the wingbeat: start of the downstroke (s = 0); mid downstroke

(s = 0.25); end of the downstroke (s = 0.5); mid upstroke

(s = 0.75), see legend in panel (c)
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similar to their estimate for hovering flight (Pi = 0.147 W),

while our ideal power estimate (Pi ideal = 0.118 W) is

higher than Pi ideal = 0.094 W estimated by Norberg et al.

(1993). This difference in Pi ideal results in a higher

span efficiency estimated here for G. soricina at 2 m/s

(ei = 0.77) than ei = 0.64 estimated by Norberg et al.

(1993). The difference in ideal induced power can be

explained by the fact that in the present study, the ideal

induced power presumes only a spanwise uniform down-

wash at each time step (Eqs. 9–11), instead of a uniform

downwash throughout the complete wingbeat as assumed

in Norberg et al. (1993). Since ei is defined as the factor

describing the deviation from a uniform spanwise down-

wash (Spedding and McArthur 2010), we would argue that

assuming a spanwise uniform downwash distribution for

the Pi ideal calculation results in a better estimate for the

true span efficiency.

The average estimations of the span efficiency

throughout the flight speeds range for both bat species

(ei = 0.81 ± 0.03 for G. soricina and ei = 0.79 ± 0.03 for

L. yerbabuenae), are somewhat lower than estimates from

other animal flight studies (gliding kestrel, ei = 0.96,

Spedding 1987; desert locust at mid downstroke, ei = 0.85

to 0.89, Bomphrey et al. 2006), similar to values assumed

in bird flight models (ei = 0.83, Pennycuick 2008b), but

high compared to the highest estimate of ei for a steady

Eppler 387 wing at similar Re (ei = 0.76, Spedding and

McArthur 2010). The fact that gliding kestrels have higher

ei could mean that birds have inherently higher span effi-

ciency, but also that gliding flight results in higher ei than

flapping flight, although the results by Spedding and

McArthur (2010) indicate the opposite. The span efficiency

for the desert locust was estimated using a similar tech-

nique as that used here (Bomphrey et al. 2006). However,

the span efficiency was estimated at mid downstroke only,

while the span efficiencies reported here are the average ei

for the whole wingbeat. We have estimated ei at mid

downstroke at 0.79 ± 0.06 for G. soricina and 0.79 ± 0.04

for L. yerbabuenae, suggesting that desert locusts would

have higher ei than bats, at least at mid downstroke. This

difference may be a consequence of the relatively low

downwash behind the body of bats as a result of low body

lift and creating an unfavorable spanwise downwash dis-

tribution (Fig. 9a, b).

The above comparison shows that bat flight has rela-

tively low span efficiency compared to other flying ani-

mals, possibly due to relatively low body lift in bats. But,

since this is the first empirical estimate of the span effi-

ciency throughout a complete wingbeat, we cannot con-

clusively distinguish relative flight efficiency of bat

compared to birds and insects from general flapping flight

efficiency compared to steady wings. Therefore, a future

comparison with similar data from birds, insects, and

mechanical flappers would be very informative.

In conclusion, we show here how the modified actuator

disk model together with high-speed PIV data can be used
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to obtained high-resolution temporal and spanwise down-

wash distribution of flapping flight. The method works

without the need to model or measure complex wing-wake

interactions. By applying this approach, we can derive key

aerodynamic properties of flapping flight such as the tem-

poral lift distribution, the induced power, and the span

efficiency. The induced power and the span efficiency for

G. soricina at the lowest flight speed are similar to that of

previous estimates for a hovering G. soricina (Norberg

et al. 1993).
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