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INTRODUCTION 

The turbulence problem, which will qu i t e  general ly  form t h e  subjec t  
of t h e  following invest igat ions,  has been t r e a t e d  i n  the  course of time 
i n  so many r epor t s  from so  many d i f f e ren t  viewpoints tha.t it i s  not our 
in t en t ion  t o  give, as an introduction, a survey of t he  r e s u l t s  obtained 
s o  far. 
on t h e  present s t a t e  of t he  turbulence problem, where most b ib l io -  
graphical  da ta  may be found a s  w e l l .  

For t h a t  purpose, we r e f e r  the  reader t o  a report  by Noetherl 

For our purpose, a rough out l ine of t h e  present  state of t h e  tu r -  
bulence problem w i l l  be su f f i c i en t .  The inves t iga t ions  made so far  are 
divided i n t o  two pa r t s ;  one p a r t  deals  with the s t a b i l i t y  invest iga-  
t i o n  of any laminar motion, t h e  other with t h e  turbulent  motion i tself .  

The first-mentioned invest igat ions led,  a t  t h e  beginning, t o  t h e  
negat ive result that a l l  laminar motions inves t iga ted  are stable. 

t h e  s t a b i l i t y  af t h e  l i n e a r  ve loc i ty  p r o f i l e  corresponding t o  Couette 's  
arrangement. Blwnentha.15 reached the same result f o r  a p r o f i l e  of the 
t h i r d  degree, upon which Noether invi ted discussion. 
Noether6 later succeeded i n  specifying an unstable  p r o f i l e  - a p r o f i l e  
which i s  unstable even i n  the  case of a f r i c t i o n l e s s  f l u i d  ca.n never be 
r e a l i z e d  as a stea.dy state of motion f o r  a c t u a l  conditions. 

V. Mise$ and L. Hopf3 proved, on the basis of a formula by Sommerfeld 4 , 

On t h e  o ther  ha,nd, 

More 

~~ ~ 

* I C  .. Uber Stabilit'Eit und Turbulenz von FlGssigkeitsstriSmen. " Annalen 

Zeitschr.  f .  angew. Math. u. Mech. 1, 1921, p. 125. 
der  Physik, Band 74, No. 15, 1924, pp. 577-627. 

'Noether, F.: 
'Mises, R. v. : Beitrag z. Oszi l la t ionsprobl .  : Heinr. Weber- 

F e s t c h r i f t ,  1912, p. 252. 
3Hopf, L.: 
4Sommerfeld, A.: A t t i  d. I V .  congr. i n t .  d e i  Mathem. Rom 1909. 
'Blumenthal, 0.: (Sitzungsber. d. bayr. Akad. d. Wiss., 1913, p. 363. 
%oether, F.: 

Ann. d. Phys. 44, 1914, p. 1. 

Nachr. d. Ges. d. Wiss., Gattingen 1917. 
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l 
recent ly ,  however, Prandt17 has shown t h a t  indeed p r o f i l e s  e x i s t  which 
possess  unstable c h a r a c t e r i s t i c s  only if t h e  f r i c t i o n  i s  taken i n t o  
c0nsidera.t ion. 

8 

The o ther  group of repor t s  which achieved grea t  success qu i t e  
recent ly  by the  calculat ions8 of Von K&&n, Latzko, a.nd o the r s  
inves t iga tes  t h e  turbulen t  motion i tself  proceeding by a semiempirical 
method using t h e  l a w s  of s imi l a r i t y .  Theoretica,lly, t he  r epor t s  of 
t h i s  group a re  based almost throughout on Prandt l '  s boundary-layer 
theory.  
~ ' / ~ - l a w  of turbulent  ve loc i ty  d i s t r i b u t i o n  which follows from B h s i u s '  s 
l a w  of res i s tance  (examples can be found i n  S c h i l l e r ' s  reportg.  ) 

Their most important r e s u l t  f o r  our purpose i s  t h e  so-cal led 

The determination of t he  c r i t i c a l  Reynolds number was always one 
of t h e  main aims of t he  first-mentioned repor t s ,  t h e  s t a b i l i t y  inves- 
t i ga t ions .  So f a r ,  a s a t i s f a c t o r y  ca lcu la t ion  of t h i s  number has not 
been accomplished a,nd it must be regarded a s  doubtful whether it could 
be achieved by s t a . b i l i t y  inves t iga t ions .  

t h e  l i nea r  v e l o c i t y  p r o f i l e ,  r a t h e r  suggest t h e  notion t h a t  the c r i t i c a l  
- Reynolds number does not ind ica te  the  point  where t h e  laminar motion 

starts t o  become unstable,  but t h e  point  where, f o r  t h e  f i r s t  t i m e ,  t h e  
turbulent  motion i s  possible  as s teady s t a t e .  From t h e  viewpoint of 
theory,  w e  must thus be prepared t o  f i n d  eventual ly  two c r i t i c a l  
Reynolds numbers, one corresponding t o  t h e  beginning of turbulence,  t h e  
other  t o  t h e  brea.king down of t h e  laminar motion. 

The tes ts  of Ekmanlo, Ruckesll, 
and Sch i l l e r  9 , together  with t h e  negative r e s u l t s  of Hopf concerning 

The present inves t iga t ion  a l so  w i l l  be divided in to  two d i f f e r e n t  
pa r t s ,  the trea.tment of t h e  s t a b i l i t y  problem on t h e  one hand, t h a t  of 
t h e  turbulent  motion on t h e  other .  

TPrandtl, L.: 

8See Zeitschr.  f .  a.ngew. Math. u. Mech., 1, 1921, p. 233f. 
%chi l le r ,  L. : 

'OEkman, V.: Turbulent Motions of Liquids. Arch. f .  M a t .  och 

11Ruckes, W.: Disser t .  Wiirzburg 1907. See also Lecture by W. Wien, 

Physik. Zeitschr.  23, 1922, p. 19, and Tie t jens ,  O. ,  
Dissert. GGttingen, 1922. 

Rauhigkeit und'krit ische Zahl. Physik. Zei tschr .  3, 
1920, p. 412. 

f y s i k  6, 1919. p. 12. 

h e r  turbul .  Bewegungen. Phys. Zei tschr .  8., 1904, and Verh. d. deutsch. 
phys. Gesellsch. 9, 1907. 

. 
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The aim of t h e  f i rs t  p a r t  is t o  summarize a l l  previous invest iga-  
t i o n s  under a, un i f ied  point  of view, t h a t  i s ,  t o  set up as genera l ly  as 
possible  t h e  conditions under which a p r o f i l e  possesses unstable  o r  
stable cha rac t e r i s t i c s ,  and t o  indicate  t h e  methods f o r  so lu t ion  of t h e  
s t a b i l i t y  equation f o r  any a r b i t r a r y  ve loc i ty  p r o f i l e  and f o r  ca lcu la-  
t i o n  of t h e  c r i t i c a l  Reynolds number f o r  unstable p ro f i l e s .  This a i m  
ca.n, of course, be at ta , ined only imperfectly by t h e  use of approxima- 
t i o n  methods. Nevertheless, w e  hope t o  be ab le  t o  c l a r i f y  by such 
calcula , t ions t h e  qua l i t a t ive ly  e s sen t i a l  viewpoints. A t  first,  t h e  
inves t iga t ion  of any a r b i t r a r y  p ro f i l e  seems phys ica l ly  meaningless 
s ince only c e r t a i n  p r o f i l e s  ac tua l ly  occur; however, s ince we may 
i n t e r p r e t  any p r o f i l e  as f i n i t e  disturbance of another, as f o r  instance 
Noether has done elsewhere, and since w e  must, on t h e  o ther  hand, l a te r  
extend t h e  inves t iga t ions  t o  t h e  ( a t  f i rs t  unknown) bas i c  p r o f i l e  of t h e  
turbulen t  motion, t h e  inves t iga t ion  o f  an a r b i t r a r y  p r o f i l e  seems, after 
a l l ,  t o  be of grea t  importance. 

A s  app l i ca t ion  of t h e  methods, t he  parabola p r o f i l e  w i l l  be ca,l- 
culated completely. 

I n  t h e  second pa,rt ,  we shall attempt t o  der ive,  under c e r t a i n  
g rea t ly  idea l i z ing  a,ssumptions, d i f f e r e n t i a l  equa.tions f o r  t h e  turbulen t  
motions and t o  obta in  from them qua l i t a t ive  information about severa l  
p roper t ies  of t h e  turbulen t  ve loc i ty  d i s t r ibu t ion .  

PART I: THE STABILITY EQUATION 

1. Statement of the  Mathematical Problem 

The most e s s e n t i a l  l imi t a t ion  we impose on our ca lcu la t ions  con- 
sists i n  t h e  exclusive consideration of two-dimensional laminar motions 
and only two-dimensional disturbances of these  motions. 
tangular  coordinate system X, Y, 2 as basis, w e  therefore  assume t h a t  
t h e  ve loc i ty  i n  t h e  Z d i r ec t ion  i s  zero and a l l  remaining quan t i t i e s  
independent of Z. Furthermore, however, we shall only examine t h e  sta- 
b i l i t y  of such laminar motions a s  occur between two s t r a i g h t  p a r a l l e l  
w a l l s .  
t h e  laminar motion t o  be investigated a l s o  promises a, ve loc i ty  com- 
ponent only i n  t h e  X d i rec t ion .  This ve loc i ty  w i n  the  X d i r ec t ion  
w i l l ,  i n  some way, be dependent on y. Concerning t h e  funct ion 
w = w(y) 
symmetry, etc. ;  otherwise, however, t h i s  funct ion i s  t o  be a t  f i r s t  
qu i t e  a r b i t r a r y  . 

Taking a rec-  

We assume t h e  wal ls  t o  be p a r a l l e l  t o  t h e  X axis ;  therefore ,  

w e  reserve f o r  la ter  making a. f e w  assumptions a.bout cont inui ty ,  
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If we put w = ay, our formulations become exac t ly  ident ica , l  with 

can be r ea l i zed  as s teady motions 
those invest igated by Hopf i n  t h e  Couette case. The problem whether 
t h e  invest igated p r o f i l e s  
w i l l  not be d e a l t  with f o r  t h e  present .  

w = w(y) 

Before der iving once more t h e  s t a b i l i t y  equation (a l ready  set up 
elsewhere by Somerfe ld)  b r i e f l y  from Stokes ' s  d i f f e r e n t i a l  equations,  
w e  introduce dimensionless va r i ab le s  i n  the  known manner. Let h be 
a cha rac t e r i s t i c  length ( f o r  instance t h e  d is tance  between t h e  two 
w a l l s ) ,  U a c h a r a c t e r i s t i c  v e l o c i t y  of t h e  p r o f i l e ,  p the v i scos i ty ,  

p t h e  density,  and - = R t h e  Reynolds number; we introduce in s t ead  

of x, y, u, v ,  t, and p (u,  v being the  v e l o c i t y  i n  x o r  
y direct ion,  respec t ive ly ,  t t h e  time, and p t h e  pressure)  new 
var iab les  xo, 

UhP 
CI 

U vo, to, and po, according t o  t h e  r e l a t i o n s  yo.' 0' 

(1) 
u. h v.  t o = t - ,  p g = p -  

" o = v ;  v o = -  U' h PIT 
xo = -* h' Yo = I;; X Y U 

If the  index 0 i s  subsequently omitted, S tokes ' s  equations read 

Since we presuppose incompressibi l i ty ,  we wr i te  

A s  i s  well known, w e  ob ta in  by t h e  el iminat ion of p 

1 
R 

a A$ = - A A$ A $ - - -  - A $ + - -  a % a  
a t  ay ax ax ay 
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By A one understands here t h e  d i f f e ren t i a t ion  symbol 

Equation (4) does not ye t  contain anything about our spec ia l  
problem, t h e  s t a b i l i t y  invest igat ion of a c e r t a i n  laminar flow. Accor 
ingly,  equation ( 4 )  w i l l  form a l so  the b a s i s  f o r  t h e  ca lcu la t ions  of 
p a r t  11. I n  order t o  pass over spec i f i ca l ly  t o  t he  s t a b i l i t y  inves t i -  
gation, we divide t h e  motion and therewith a l so  t h e  vector  p o t e n t i a l  
i n t o  a bas ic  flow and small osc i l l a t ions  superimposed over it. 
set up the  formula 

JI 
Thus w e  

( 6 )  aa - = w(y) = w 
aY 

If we e n t e r  t h i s  formula in to  equation ( h ) ,  omitt ing a l l  terms not con- 
t a i n i n g  cp ( s ince  we  regard equation (4)  as s a t i s f i e d  f o r  cp = 0) ,  
furthermore omitt ing all terms quadratic i n  cp ( s ince  w e  assume cp as 
small), t h e  corresponding d i f f e r e n t i a l  equation f o r  cp reads 

I 

The f a c t  t h a t  we regard equation ( 4 )  a s  s a t i s f i e d  f o r  
phys ica l ly  tha.t  we consider only such bas i c  flows w which e i t h e r ,  by 
v i r t u e  of ex te rna l  forces ,  a r e  r e a l l y  steady, o r  show a v a r i a t i o n  with 
time which i s  slow compared t o  t h a t  of t h e  small osc i l l a t ions .  

cp = 0 s i g n i f i e s  

Equation (7 )  i s  i n  t h i s  general i ty  a l ready derived elsewhere by 
Noether. It i s  an ordinary d i f f e r e n t i a l  equation f o r  cp of  t h e  fou r th  
order.  It corresponds t o  t h e  f a c t  tha t  t h e  funct ion cp must f u l f i l l  
four  boundary conditions; u a,nd v, thus a l s o  cp and c p t r  must d is -  
appear a t  t h e  two w a , l l s .  If we  put P/a = c so  t h a t  c e s s e n t i a l l y  
s i g n i f i e s  t h e  wave ve loc i ty ,  t h e  mathematical problem may be formulated 
as follows: The solut ions of t h e  equation 
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a,re t o  be investiga,ted with t h e  secondary condi t ion t h a t  a t  t h e  bounding 
w a l l s  ( f o r  instance,  y = 1 and y = -1) cp = 0 and cp' = 0. For each 
value of a and R t he  corresponding value of c and p i s  t o  be 
ca.lculated; l e t  a f o r  rea.sons of s impl i c i ty  always be pos i t ive .  
According t o  whether t h e  imaginary p a r t  of p i s  pos i t ive ,  zero, o r  
negative,  w e  a r e  deal ing with a s t ab le ,  undamped (undamped osc i l la , -  
t i o n s  = neut ra l ly  s t a b l e  o s c i l l a t i o n s ) ,  o r  unsta,ble o s c i l l a t i o n .  The 
conditions f o r  p r o f i l e  
admits only sta.ble o s c i l l a t i o n s  o r ,  respec t ive ly ,  a l s o  unstable  ones. 

w a,re t o  be found under which equation (7a) 

Before turning t o  the  methods of so lu t ion  w e  want t o  point  out a 
spec ia l  property of t he  equation (7a) .  
f l u i d ,  R = a), equa,tion (7a) is  transformed i n t o  a d i f f e r e n t i a l  equa- 
t i o n  of the second order f o r  cp 

In  t h e  l i m i t  of t h e  f r i c t i o n l e s s  

Accordingly, only two boundary condi t ions must now be s a t i s f i e d  which 
s i g n i f y  t h a t  t h e  normal v e l o c i t y  component, thus v o r  cp but  no 
longer c p ' ,  i s  t o  disappear a t  t h e  two walls. 

The conditions f o r  t h e  s o l v a b i l i t y  of equation (8) have already 
been invest igated i n  d e t a i l  by Rayleigh.12 
na.tion, one may d i s t ingu i sh  bas i c  flows "capable of o s c i l l a t i o n "  o r  
"not capable of osc i l la . t ion"  according t o  whether o r  not equation (8)  
possesses a so lu t ion  with rea.1 
d i t i o n ~ . ' ~  If so lu t ions  with complex c ex is t ,  t h e  s t a b i l i t y  problem 
f o r  these o s c i l l a t i o n s  has, a s  w i l l  be shown later,  a l ready been 
decided by equation ( 8 ) ,  a l s o  i n  ca,se of considerat ion of t h e  f r i c t i o n ;  
t h e  o s c i l l a t i o n s  a r e  then  always unsta.ble. 

Introducing a simple desig- 

c which satisfies t h e  boundary con- 

One is, however, beyond t h i s  l e d  t o  t h e  conjecture  t h a t  t h e  pro- 
f i l e  w, under influence of f r i c t i o n ,  permits unstable  o r  undamped 

l2Lord Ra.yleigh, Papers I., p. 361; 111. pp. 575, 594; I V .  p. 203. 

I3Here, however, it is  by no mea,ns s u f f i c i e n t  t o  approximate t h e  
p r o f i l e  by tangents  polygons; t h e  r e s u l t  with respect  t o  poss ib le  
osc i l la , t ions  would thereby be completely f a l s i f i e d .  
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. 

o s c i l l a t i o n s  only i n  one ca.se: 
ca.pable of o s c i l l a t i o n .  

when it belongs t o  the  bas i c  flows 

This  supposi t ion i s  t h e  more obvious as it ha.s been confirmed f o r  
all p r o f i l e s  invest iga, ted s o  far.14 Nevertheless, it i s  by no means 
motivated by the  f a c t  t h a t  equa,tion (8)  r e s u l t s  from equation (7a) i n  
t h e  l i m i t  R = Q) s ince  it has been proved, f o r  insta.nce, i n  t h e  r epor t s  
of Oseenl5 t h a t  t h e  l imi t ing  process R = m has l e d  more than once t o  
fa . l se  r e s u l t s  i n  t h e  d i f f e r e n t i a l  equa.tions, p a r t i c u l a r l y  with respec t  
t o  the  boundary conditions of t h e  f r i c t i o n l e s s  f l u i d ,  and t h a t  one may 
the re fo re  apply t h e  l imi t ing  process only t o  t h e  i n t e g r a l s  of equa- 
t i o n  (7a).  Moreover, it can by no means be decided beforehand whether 
t h e  f r i c t i o n  modifies t h e  undamped o s c i l l a t i o n s  of equa.tion (8) i n  t h e  
sense of a damping o r  an  exci ta , t ion.  

Following, we s h a l l  attempt t o  prove our surmise mentioned above by 
showing t h a t  t h e  systems capable of o s c i l l a t i o n  a.re shown t o  possess 
above a. c e r t a i n  va.lue of t h e  Reynolds number and i n  general  unstable  
character ,  wherea,s all systems not ca.pable of o s c i l l a t i o n  are shown t o  
possess a s t a b l e  character .  

By t h i s  p r i n c i p l e  t h e  problem of t h e  s t a b i l i t y  of a p r o f i l e  is  
qu i t e  considerably s impl i f ied  since,  a.s i s  wel l  known, the  so lu t ions  of 
equation (8) may be d i r e c t l y  wr i t ten  down f o r  very small va.lues of a. 

2. The Methods of Solut ion and t h e  Genera.1 Behavior of 

t he  In tegra ls  of Equation (7a.) 

The most important property of equation (7a)  which permits an 
approximate representa t ion  of i t s  solut ions cons i s t s  i n  the  f a c t  t h a t  
R may be regarded as very large.  It w i l l  become evident t h a t  if a 
s t a , b i l i t y  l i m i t  e x i s t s ,  t h i s  l i m i t  lies, i n  general ,  a t  very high va lues  
of R. Since it is,  moreover, phys iml ly  qu i t e  improba.ble tha.t  f o r  
s m a l l  va lues  of R 
it is  s u f f i c i e n t  f o r  our next purpose t o  regard R as  very large.  

i n s t a b i l i t y  of the respect ive p r o f i l e  could occur, 

This assumption makes it possible t o  approximate t h e  so lu t ions  of 
equa.tion (7a) by development i n  negative powers of 

shown, of m. Furthermore, we sha l l  assume a a.s small and s h a l l  
develop t h e  so lu t ions  i n  a given case i n  pos i t i ve  powers of 

14Compare a l so  Pra.ndt1, Physikalische Z e i t s c h r i f t .  
15Compa.re, f o r  instance,  C. W. Oseen, Beitryge z. Hydr. 

R or ,  as w i l l  be 

a*. 

Annalen 
der  Physik 46, pp. 231 and 623, 1915. 
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2 Both methods of development i n  (aB)-1/2 a.nd a , respec t ive ly ,  
seem contradictory insofa,r as i n  the  f irst  ca.se aB i s  assumed la,rge, 
i n  t h e  second case a2 s m a l l ;  however, t h e  cont rad ic t ion  i s  el iminated 
by t h e  f a c t  t h a t  R m y  be rega.rded, i n  general ,  as ex t r ao rd ina r i ly  
l a rge  so tha, t  f o r  instance f o r  R = 2000, a = 1/10, a R  becomes equal  
t o  200, which i s  f u l l y  s u f f i c i e n t  f o r  a s a t i s f a c t o r y  con- 
vergence of t h e  two developments. However, t h e  convergence p rope r t i e s  
of these approximation methods must be considered more exact ly .  The 
inves t iga t ion  shows tha, t  t h e  s e r i e s  i n  ( u J ? ) - ~ / ~  are genera.l ly diver-  
gent,  yet show t h e  well-known c h a r a c t e r i s t i c s  of t h e  semiconvergent 
series, t h a t  i s ,  t h a t  t h e  terms f irst  decrease, then  a,gain increa.se, 
and tha t  one obtains  t h e  optimum a,pproximation if  one breaks off t h e  
s e r i e s  with the  smallest  term. O u r  approximakion method has, there-  
fore ,  convergence proper t ies  similar t o  those of t h e  s e r i e s  of t h e  
per turbat ion theory used i n  astronomy, the  behavior of which i s  
described i n  d e t a i l  by Poincare', Meth. now. d. 1. mec. ce l .  11. 

a* = 1/100 

The use of t he  semiconvergent developments i s  rendered con- 
siderably d i f f i c u l t  by t h e  f a c t  t h a t  they lo se  t h e i r  v a l i d i t y  i n  t h e  
neighborhood of a c e r t a i n  poin t  so  t h a t  it ca.nnot be immediately 
decided i n  wha,t manner the  agproximate so lu t ions  on both sides of t h e  
poin t  must be joined i n  order t o  approximate a c e r t a i n  i n t e g r a l  of t h e  
equation (7a)  on both s ides .  
i n  sect ion 3. 

This question w i l l  be discussed i n  d e t a i l  

The development i n  pos i t i ve  power s e r i e s  of a2 seems, i n  general ,  
t o  be ac tua l ly  convergent. 
be s t r i c t l y  proved ( f o r  instance,  f o r  t h e  l i n e a r  p r o f i l e ) ;  however, we 
have not ca . r r ied out an invest iga, t ion of t h e  problem under what con- 
d i t i ons  f o r  t he  p r o f i l e  w t h i s  convergence a c t u a l l y  occurs. 

For spec ia l  p r o f i l e s  t h i s  development may 

We s t a r t  with t h e  de r iva t ion  of t he  approximate so lu t ions  of 
equa,tion (7a) 

For t h i s  purpose we f i r s t  put 
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We s h a l l  l i m i t  t h e  development t o  the two h ighes t  terms i n  m. 
follows 

There 

u2 a.nd w" a r e  presupposed t o  be of t h e  order  of ma.gnitude 1 or, a t  
a,ny rate, <<p. By mea.ns of simple ca lcu la . t ion  t h e r e  now r e s u l t s  

Thus w e  ob ta in  two pa . r t icu la r  i n t eg ra l s  of t h e  equation (7a)  

0' The po in t  yo i s  t o  be determined by w be ing  = c for y = y 
Thus yo may, under c e r t a i n  conditions, be complex. The s ign  of t h e  
root  i s  t o  be chosen so t h a t  f o r  

i a+& 
w - c = - a e h ,  - i a R ( w  - c )  = a a e  ( 2) 

t h e  roo t  becomes 

A remarkable fa .c t  about t hese  two i n t e g r a l s  i s  t h a t  u2 i n  cp 
does not  appear i n  t h i s  approximation ( tha . t  i s ,  only i n  t h e  combina- 
t i o n  a,R 
sense, be c a l l e d  t h e  t r u e  Reynolds number). 

which, a s  follows from equation (7a), could i n  a c e r t a i n  

A s  we s h a l l  see la . te r ,  t h e  two in t eg ra l s  (11) determine t h e  
behavior of cp i n  t h e  boundary layer,  and t h e  nonoccurrence of u2 
i n  equation (11) s i g n i f i e s  physically t h a t  w e  consider only o s c i l l a t i o n s  
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t h e  wave length  of which i s  h r g e  compared t o  t h e  bounda,ry-layer t h i ck -  
ness, which i s  cer ta , in ly  t h e  case f o r  t h e  empirica.lly observed uns tab le  
o s c i l l a t i o n s .  

For a complete system of so lu t ion  of equation (7a) ,  however, we 
need t w o  f u r t h e r  i n t eg ra l s ;  na tu ra l ly ,  we s h a l l  choose those which 
r e s u l t  from t h e  i n t e g r a l s  of equation (8)  by t h e  development of 
(a)-' i n  a. power s e r i e s .  

For t h i s  purpose w e  f i rs t  solve equation (8)  by t h e  development 
of a* i n  a power s e r i e s .  Thus we put 

(,,I - U")(W - c )  - p" = 0 

Hence follows 

By t h e  method of v a r i a t i o n  of t h e  cons tan ts  t h e  two i n t e g r a l s  

' 3  ( R=m) 

'4( R=m) 
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c 

r e s u l t .  
quan t i t i e s  of t h e  order  
equation (7a ) .  

I n  addi t ion,  these  in tegra ls  have now t o  be corrected by 
(a.R)'l, . . . e tc . ,  if they  a r e  t o  s a t i s f y  

Without wr i t ing  t h e  corresponding s e r i e s  development down in  
d e t a i l ,  we give a s  r e s u l t  'p w i t h  t h e  quan t i t i e s  of t h e  order  (aR)-l 

94 = ( w  - 
( w  d"c)2 { 1 

L 

I c ) +  . . .  

2 + .  . . 
dy3 (w - c )  

4 a . . . + - -  
J - 

With equations (11) and (14), a complete so lu t ion  system o f  t h e  equa- 
t i o n  ( 7 a )  has been found a.pproximately. 

Before applying t h i s  system of solut ion f o r  s a t i s f y i n g  t h e  boun- 
dazy conditions,  it w i l l  be use fu l  t o  c l a r i f y  t h e  physical  s ign i f icance  
of t h e  f o u r  i n t e g m l s  'pl, 'p2, cp3, and 94, and t o  an t ic ipa . te  a f e w  

r e s u l t s  which we cannot e s t a b l i s h  u n t i l  later. 

The in t eg ra l s  q1, 'p2 a r e  very r ap id ly  va r i ab le  f o r  t h e  high 
va.lues of R which acre of i n t e r e s t  t o  us, a s  can be seen from t h e  
exponent of t h e  order @. I f ,  therefore ,  f o r  insta,nce cpl i s  a t  
one wal l  of t h e  order of magnitude 1, it w i l l  va.nish exponent ia l ly  a t  
some d is tance  from t h e  wall. 
d i n a r i l y  large;  however, t h i s  i s  na tu ra l ly  prevented by t h e  boundary 
condi t ions.)  Consequently, cp i s  composed, except f o r  t h e  innnediate 
neighborhood of t he  wall ,  o f  93 and 94 alone, tha.t  is, i s  
very similar t o  t h e  beha.vior of 

( I n  i t s e l f ,  it a l s o  could become extraor-  

cp i n  t h e  f r i c t i o n l e s s  f l u i d .  
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The f a c t  t h a t  u2 does not e x p l i c i t l y  occur i n  rp1, cp2, (com- 
pare equation (ll)), but  does appear i n  q3, 94 (compare equation 1 4 ) )  
must evident ly  be in t e rp re t ed  phys ica l ly  t o  s ign i fy  t h a t ,  i f  

assumed t o  be not very la rge  (u2 < fi, compare equations ("a) and ( 9 ) ) ,  
t h e  wave length may be considered as  i n f i n i t e l y  l a rge  compared t o  t h e  
boundary-layer thickness ,  bu t  not compared t o  t h e  width of t h e  channel. 
The cha rac t e r i s t i c  d i f fe rence  between t h e  "boundary-layer integra. ls"  
ql, 
less f l u i d  93,  
i n  the  occurrence or nonoccurrence of u . 

u2 i s  

cp2, on one hand, and t h e  i n t e g r a l s  corresponding t o  t h e  f r i c t i o n -  

94, on the  other ,  i s  the re fo re  s i g n i f i c a n t l y  expressed 
2 

Concerning t h e  convergence of t h e  development i n  power s e r i e s  
of a2, we may hope t h a t  f o r  values  of a2 
it i s  s t i l l  amply s u f f i c i e n t  t o  ena,ble a good approximation, s ince  f o r  
a l i nea r  p r o f i l e  t h e  s e r i e s  f o r  rp3, 94 become series of t h e  type of 
power development of cos a which i n  t h e  neighborhood a = 1 s t i l l  
converges very rapidly.  

of t h e  order  of magnitude 1 

The flow p a t t e r n  t o  be expected a f t e r  a l l  t hese  conclusions corre-  
sponds t o  t h e  formulations made i n  Pra .ndt l ' s  boundary-layer theory.  
Except f o r  t h e  immediate neighborhood of t h e  w a l l s ,  t h e  motion obeys 
very near ly  t h e  d i f f e r e n t i a , l  equation of t h e  f r i c t i o n l e s s  f l u i d s .  To 
t h e  w a , l l s  themselves, however, adheres a boundary la.yer t he  thickness  
of which i s  of t h e  order  of magnitude 
l aye r  t he  v e l o c i t y  
whereas v i s  almost zero even outs ide  of t h e  boundary la,yer. 

I n  t h i s  boundary 
u decreases toward t h e  w a l l  r ap id ly  toward zero 

3. The Connecting Subs t i t u t ions  

If  we want t o  study the  course of t h e  in tegra . l s  of equation (7a) 
from one bounding w a l l  t o  t h e  other ,  w e  must take i n t o  account t h a t ,  
a t  a point y = yo i n  t h e  channel w - c = 0 ( o r  tha.t  a t  least t h e  
t h e  r e a l  p a r t  of w - c i s  zero) ,  t he re fo re  t h e  wave v e l o c i t y  t h e r e  
agrees with t h e  v e l o c i t y  of t h e  bas ic  flow. 
approximation formulas (11) and (14)  f o r  t h e  i n t e g r a l s  of equation (7a) 
cease t o  be v a l i d .  

A t  t h i s  po in t ,  t h e  

Thus it i s  necessary t o  know t h e  connecting s u b s t i t u t i o n s  f o r  

cp2, cp3, and which have t o  be appl ied  f o r  t h e  t r a .n s i t i on  from 

Re(w - c )  > 0 t o  R e ( w  - c )  < 0. For t h i s  purpose, we develop w 

q ~ ,  
rp4 



L 
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a.nd cp i n  t h e  neighborhood of t h e  c r i t i c a l  point  yo i n  t h e  power 

s e r i e s  cf (a~)-1/3 and put therefore  

Furthermore we assume t h e  imaginarypart  of 

order  of magnitude than ( ~ x . R ) - l / ~ .  
tude, t h e  connecting s u b s t i t i t i o n s  are self evident because then 
nowhere i n  t h e  e n t i r e  range of rea , l  
If t h e  imaglna,ry p a r t  is  of t h e  same order of magnitude, t h e  behavior 
of cp and w may be e a s i l y  interpolated from the  two l imi t ing  cases 
j u s t  mentioned. 

yo t o  be of smaller 

If it i s  of higher order  of magni- 

y does a. "c r i t i ca .1  point" appear. 

A t  f i rs t  we may even put  

s ince  cp i n  our case 

may be developed i n  power series of Im(yo) 
behavior o f  cp f o r  Im yo) = 0 i s  needed. 

and a t  first only the  

( 
Thus we now put 

w - c = ca,q + c2bq2 + . . . 
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Then t h e r e  r e s u l t s  from equation (7a.)  

cpO1"' + ccpl"ll + . . . = -i [II(cpo" + 6cpl" + . . .)a7 + EcpO"b~ 2 - 

2 q 0 q  + . . . 
Thus i n  f i r s t  approximat ion 

i n  second a.pproximat ion 

For the  i n t e g r a l s  cpl, e, equation (ll), w e  i n f e r  from equa- 
t i o n  (15) t h a t  they behave i n  t h e  c r i t i c a l  range ( 7  
tude 1) l i k e  the  integra. ls  found by Hopf for t h e  l i n e a r  p r o f i l e ,  t h a t  
i s ,  l ike  c e r t a i n  cyl indrica.1 funct ions.  Thus, w e  may conclude a t  
t h i s  point t h a t  t he  connecting subs t i t u t ions  for cpl, cp2 from equa.- 

t i o n  (11) except f o r  qua .n t i t i es  of t h e  order  
same as f o r  t h e  l inea,r  p r o f i l e  

order of magni- 

(uR)-1/3 must be t h e  

3 
corresponding t o  a t m n s i t i o n  of 

Re(w - c )  < 0 + Re(w - c )  > 0 
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However, f o r  t h e  study of t h e  in tegra ls  'p3, 'p4 i n  t h e  neighbor- 

hood O f  

f i c i e n t  s ince f o r  t h e  l a t t e r  t h e  approximate so lu t ion  (15) would 
read 
R +, 
point  
form unsui table  for expressing t h i s  s ingula , r i ty .  

y - yo = 0, t h e  simple calculat ions made so f a r  a r e  not suf- 

'p" = 0; however, w e  know from equation (14)  t h a t ,  i n  t h e  l i m i t  
'pq', i n  genera.1, becomes logarithmically i n f i n i t e  a t  t h e  

y - yo = 0. Equations (15) and (15a) are therefore  i n  t h i s  

Instead, we now set a = 0 and w"' = 0 ( t h a t  is ,  we  break o f f  
t h e  development of w with t h e  second term); otherwise, however, 
i n t eg ra t e  equation (7a) exac t ly  a t  f i r s t .  
'p = w - c must be a p a r t i c u l a r  i n t eg ra l  of t h i s  s impl i f ied  equa- 
t i o n  (7a) and we make, therefore ,  fo r  
t h e  theory of l i n e a r  d i f f e r e n t i a l  equations 

In  doing so, w e  no t ice  tha.t  

rp t h e  statement familiar from 

Then t h e r e  follows from 

cplllt = -iaR(cp**(w - c )  - ~ " c p )  

f o r  

+'11(w - c )  + 4q"w' + 6q'w" = - ia~(2w' (w - c ) $  + ( w  - c)2*1) 

which after repeated in tegra t ion  becomes 
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C i s  an in t eg ra t ion  constant. If one now a.gain introduces 

t h e r e  r e s u l t s  

-i(2abQo7 + a2V2QJ J 
O f  course, t hese  d i f f e r e n t i a l  equations s t i l l  conta.in a l l  solu- 

t i o n s  of equation (7a ) .  
shows f o r  a = 0 a t  t h e  point y = yo regular  behavior); therefore ,  

We intend t o  study p a r t i c u l a r l y  ‘p4 ( ‘p3 

w e  s e l ec t  t h e  one so lu t ion  of  equation (17a.) which behaves a t  some 

s ince  1 
2’ 

distance from yo, thus  f o r  l a rge  ( w  - c)aR, l i k e  

we know from equation (14)  tha.t ‘p4 a t  some d is tance  from yo i s  
( w  - c )  

given by s ( w  dy - c ) 2  
(w - 4 

Thus we obta in  according t o  equation (17a.) 

and 
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Q1 

i n f in i ty"  l i k e  - -. 
i s  a.gain f u l l y  determined by the  f a c t  t h a t  it is  t o  behave " a t  

2bC 

a31 

W e  now ask f o r  t h e  transformation subs t i t u t ions  f o r  (P4 (and 931, 
meaning thereby t h e  following: 
sen ta t  ions f o r  ( P ~ ,  cp4 (equat ion (lk)), we always f i n d  t h e  i n t e g r a l  

which lo ses  i t s  sense i f  it i s  t o  be extended beyond t h e  

I n  the  asymptot ical ly  va l id  repre- 

dy 

is, near t h e  c r i t i c a l  1 point  y = yo ( w  - c = 0) .  Actually, 
( w  - c ) 2  

point ,  replaced by the  funct ion Jr .  Thus t h e  behavior of q ( p a r t i c -  
u l a r l y  

If t h i s  behavior and the re in  t h e  magnitude of t h e  i n t e g r a l  J J r  dy 

(extended beyond t h e  c r i t i c a l  po in t )  be known, t h i s  knowledge i s  
equivalent t o  knowing t h e  transformation subs t i t u t ions  for  'p3, 94. 

ql) i n  t h e  c r i t i c a l  neighborhood is  t h e  so l e ly  dec is ive  fac tor .  

The so lu t ion  $, character ized by equation (18) and t h e  boundary 

condi t ion at  i n f i n i t y  reads : 

J 

Therein Hankel's cyl inder  functions of  t h e  index 2/3 and t h e  
argument - 2 (-iuov) 312 appear (ao = all3). The s ign  of  (-iuoq) 3/2 

3 
( d / 2  

i s  t o  be taken so t h a t  (-iaoq) 3/2 becomes pos i t i ve  f o r  7 = re 

A c lose r  inves t iga t ion  of equation (19) shows that  

e n t i r e  upper semiplane, and p a r t i a l l y ,  even i n  t h e  lower one, namely, 

a0 
$i behaves i n  t h e  

< <- a t  i n f i n i t y  l i k e  i n  
f o r  7 = reiS within t h e  limits -- 6 6 
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- -  2bC, if a. o r  a i s  pos i t i ve .  If a i s  negative,  t h e  upper and 
a 3, 

lower semiplane a.re intercha,nged 

1 3 n i  
6 

i s  v a l i d ,  i f  
2bC 

l i m  q,l(reiE ) = - - 
r- j o o  a,3, 

Hence we infer  t h e  important r e s u l t :  

-c 

Thus the transforma.tion subs t i t u t ions  f o r  'p3, 'p4, a.ccurate up t o  t h e  

magnitudes of t h e  order  ( u B ) - ~ / ~ ,  are now found f o r  f i n i t e  va.lues 
of  a a l s o ;  w e  now know - a.nd t h a t  i s  s u f f i c i e n t  - what, according 

extended from w - c < 0 t o  equation ( 2 1 ) ,  t h e  i n t e g r a l  

t o  w - c > 0, s i g n i f i e s .  

dY 
2' - c )  

The formulas (16)  a l s o  may be der ived once more from equa.tion (17);  
t o  the  asymptotic so lu t ions  (11) of equat ion (7a )  correspond t h e  
in t eg ra l s  

of t he  homogeneous equation (18) 
transformation subs t i t u t ions  of t h e  "asymptotic" i n t e g r a l s  (11) and ( 1 4 )  
i s  therewith completed with the  requi red  accuracy (except f o r  q u a n t i t i e s  

of the  order  (aR)-l/3). 

(C = 0). The problem of' f i nd ing  t h e  
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4. Fulf i l lment  of t he  Bounda,ry Conditions and t h e  

S t a b i l i t y  of t he  Osc i l la t ions  Corresponding 

t o  the  Solution System I 

O u r  considerat ions so f a r  have been qui te  independent of t h e  type 
of p r o f i l e  except f o r  a few l imi t a t ions  concerning the  s ingular  po in t s  
which had t o  be imposed on t h e  prof i le .  I n  order not t o  l o s e  our- 
se lves  i n  an excessive number of d i f f e ren t  p o s s i b i l i t i e s ,  w e  s h a l l  
f u r t h e r  spec ia l i ze  the  character  of the  bas i c  flow. The considera- 
t i ons ,  however, have much more general v a l i d i t y .  We thus assume t h a t  
t h e  bounding walls a re  represented by t h e  equations y = +1 and 
y = -1, t h a t ,  furthermore, t he  w a l l  y = 1 possesses,  with respec t  t o  
t h e  other ,  a r e l a t i v e  ve loc i ty  i n  the pos i t i ve  X d i r ec t ion  (o f  t h e  
magnitude w ( + l )  - w( -1)) and t h a t  the laminar flow adheres t o  t h e  
w a l l s  (which corresponds t o  Couette's t es t  arrangement); f i n a l l y ,  we 
assume t h a t  i n  t h e  range -1 < y < t1, t h a t  is, i n  t h e  f l u i d ,  
once and only once i s  zero. Moreover, w e  s h a l l  presuppose i n  t h e  
e n t i r e  region cont inui ty  f o r  w and t h e  de r iva t ives  of w and, beyond 
t h i s ,  make t h e  add i t iona l  assumption t h a t  t h e  funct ions w, w', w", 
e tc . ,  always are of normal magnitude, t h a t  is, t h a t  they do not,  f o r  

R e ( w  - c )  

instance,  a t  c e r t a i n  points ,  assume a magnitude of t h e  order  (a) 112 . 
Furthermore, f o r  t h e  following ca lcu la t ions ,  w e  a t  f i rs t  regard 

a as so  small asd aR as so l a rge  that w e  may put with s u f f i c i e n t  
accura.cy 

c p 3 = w - c  

J 

The f i x i n g  of t h e  lower l i m i t  of the  i n t e g r a l  i n  94 obviously does 

not s i g n i f y  a. l i m i t a t i o n  of t h e  genera l i ty  of our solut ions.  Rather 
we determine thereby cp4 as t h a t  1inea.r combination of cp and 'p4 

which disappears  a t  t he  point  y = -1. In  case w - c should d i s -  
appear t he re  a l so ,  cp4 obviously i s  replaced by the  func t ion  

cp3 = w - c which now f o r  y = -1 becomes zero, 

3 

c 
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I n  order  t o  sa , t i s fy  t h e  boundary condi t ions f i rs t  a t  t h e  wa.11 
y = -1, w e  form two aggregates fl, f 2  from cp 1 9 cpp (P3' 04 f o r  L 

which r e a l l y  cp = cp' = 0 f o r  y = -1 

Therein w e  understand from now on by g 

as i n  equa.tion ( l o ) ,  
fa .c tor  JaR. 

t h e  root  \ I / ) ,  not  0 

i n  order  t o  save wr i t i ng  down t h e  

I n  order  t o  s a t i s f y  t h e  boundary condi t ions a t  t h e  o the r  w a l l  as 
w e l l ,  one must a.ttempt t o  determine two constants  A and B so t h a t  

Afl(+l) + B f 2 ( + l )  = 0 

Afl'(+l) + B f 2 ' ( + 1 )  = 0 

The condition f o r  t h e  p o s s i b i l i t y  of such a determination i s  
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By t h i s  condi t ion c or p, respect ively,  i s  determined if R and a 
a,re given. 
and of determining the  s ign  of t h e  imaginary p a r t  of 
forms t h e  pe r fec t  a.nalogue t o  Sommerfeld's turbulence equa.tion f o r  t h e  
l i n e a r  p ro f i l e .  

Thus it i s  now a question of solving equation (23) f o r  
Equation (23) 

c 
p. 

From equation (16) we infer 
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We i n s e r t  these va.lues of fl,  f2 ,  f l ' ,  f z '  i n t o  equat ion (23 )  
a f t e r  having made an est imate  of t h e  magnitude of t h e  ind iv idua l  terms 
i n  order t o  e l iminate  unnecessary complications of t h e  ca l cu la t ion  by 
wri t ing down unessential terms. For t h i s  purpose w e  note  t h a t  t h e r e  
w i l l  be, i n  general ,  e i t h e r  c p 2 ( + l )  << cp2( -1) o r  c p 2 ( + l )  >> q2( -1). 

This  i s  caused by t h e  fa ,c tor  i n  t h e  exponent of cpl, q2 i n  

equation (11) if  t h e r e  does not e x i s t  t h e  equa l i ty  

* 

which we exclude. 

Which one of t h e  two cases  w i l l  occur ca,nnot be decided before- 
hand; generally,  both are poss ib le  and y i e l d  both so lu t ions .  I n  t h e  
case of a n  obl iquely symmetric p r o f i l e ,  one case gives  t h e  so lu t ions  
symmetrical t o  t h a t  of the o ther .  A t  any rate,  t h e  two p o s s i b i l i t i e s  
behave p r inc ipa l ly  qu i t e  analogously and it i s  therefore  s u f f i c i e n t  
t o  investiga,te one of t h e  two. Thus w e  assume 

t h a t  i s  (compa.re page 9 ) ,  t h e  poin t  
w = w ( + l )  tha,n t o  w = w( -1). 

w = c i s  t o  l i e  nearer  t o  

Hence it follows t h a t  

1 
i s  ex t raord inar i ly  s m a l l ,  thus  i s  very large.  Thus the re  

cp1( -1) 
remain  i n  f l  and fl' only t h e  terms which have c p l ( - l )  i n  t h e  
denominator; i n  f 2  and f2' t h e  terms containing cp2 are eliminated. -. 
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From equation (23)  w e  thus  obtain 

I- 

Even i n  t h i s  form t h e  equation f o r  
We the re fo re  f u r t h e r  simplify equation (23)  by cance l l ing  now not only 

c i s  s t i l l  r a t h e r  complicated. 

- 
q u a n t i t i e s  of t h e  order of magnitude e iaR, but also q u a n t i t i e s  of t h e  
order  (a) -1/2. 

For t h i s  purpose w e  determine that go (+ l )  i s  of t h e  order  

t hus  a.t f i r s t  excluding t h e  p o s s i b i l i t y  of w ( + l )  - c being 
very  s!mll, and that furthermore 

Thus we r e t a i n  only those terms .of equation (25 )  which a r e  mul t ip l ied  
by t h e  f a c t o r  go(+l). 
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Thus the  simple r e s u l t  i s  found 

o r  

T h i s  equation possesses two completely d i f f e r e n t  so lu t ion  systems 

System I represents  t h e  per fec t  analogue t o  t h e  so lu t ions  Hopf 
obtained for t h e  1inea.r p r o f i l e  and ha,s discussed i n  d e t a i l  elsewhere, 
sect ion 4. Actually it i s  shown that t h e  o s c i l l a t i o n s  corresponding 
t o  system I always are  of s t ab le  character .  From 

follows 



4 

I -  

. 
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where n i s  a pos i t i ve  (compare page 9 )  in teger .  It i s  e a s i l y  seen 
that t h i s  equation can only be  s a t i s f i e d  when a c  = p 
pos i t i ve  imaginary pa r t .  
t i o n  (27)  are a c t u a l l y  damped, t h e  amount of t h e  damping being of t h e  
order  of magnitude 

possesses  a 
Thus t h e  o s c i l l a t i o n s  charac te r ized  by equa- 

w ( + l )  - c, and therefore  by no means need be small. 

5. The Solut ion System I1 and t h e  Conditions f o r  

I n s t a b i l i t y  of a P r o f i l e  

The so lu t ions  i n  t h e  system I1 a r e  i d e n t i c a l  with t h e  so lu t ions  
o f  t h e  Rayleigh equation (8) and s a t i s f y  t h e  condi t ion 

o r  (compare t h e  remark t o  equation (lk), page 19) q u i t e  genera l ly  

f o r  

y = +1 

and 
y = -1 

The la t te r  form d i f f e r s  from t h e  f i r s t  i n  c e r t a i n  except ional  cases  
which w i l l  be discussed l a t e r ;  moreover, equation (28)  represents ,  of 
course, only a first approximation (a = 0 ) .  For t h e  so lu t ions  of 
equation (28)  one must now dis t inguish  four  d i f f e r e n t  p o s s i b i l i t i e s :  
E i the r ,  (1) equation (28)  has solut ions with complex 
p r o f i l e  is always unstable  s ince the conjugate complex value of c 
a l s o  always represents  a solut ion;  ( 2 )  t he re  ex is t  so lu t ions  of equa- 
t i o n  (28)  with r e a l  c. Then we designate, as  Prandt l  d id  elsewhere, 
t h e  p r o f i l e  as "capable of osc i l la t ions ."  This can, according t o  
equat ion (21), occur only i f ,  a t  the point  w" = 0, i f ,  
therefore ,  t h e  p r o f i l e  e i t h e r  possesses a poin t  of i n f l e c t i o n  o r  i s  

c ,  then  t h e  

( w  = c ) ,  
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composed of l i n e a r  pieces;  ( 3 )  real  values  of c e x i s t  which make 
a t  least t h e  real  pa r t  of 

zero; or ,  . f i na l ly ,  ( 4 )  if none of t hese  t h r e e  cases occur, equation (28)  
has no solut ion.  
capable of o sc i l l a t ions . "  W e  contend that case 1 always r e s u l t s  i n  
i n s t a b i l i t y ,  cases ( 3 )  and ( 4 )  always i n  s t a b i l i t y ,  case ( 2 )  genera l ly  
i n  i n s t a b i l i t y  of t h e  p r o f i l e  taken as a basis. 
t h i s  has a l ready  been proved above. c = cr + i c i  
with cr s ign i fy ing  that r e a l  value of c f o r  which t h e  r e a l  part of 

In  cases ( 3 )  and (4), w e  c a l l  t he  p r o f i l e  "not 

For cases  (1) and (4), 
I n  case ( 3 ) ,  we put 

s: ( w  - dy c ) 2  

disappears. Then we know from sec t ion  3 that f o r  ci 5 0, t h e  imaginary 

I r i ,  f o r  ci >>I(&) -'I3 1 , however , p a r t  of t h e  i n t e g r a l  becomes - 2b 

ia3i 

x i .  Thus, f o r  reasons of cont inui ty  (compare sec t ion  3 ) ,  a 2b - -  
I a31 

poin t  
also disappears. 
ized y ie ld  therefore  a quant i ty  c with a pos i t i ve  imaginary p a r t ,  
thus  s t ab le  o s c i l l a t i o n s .  

ci > 0 must ex i s t  where t h e  imaginary pa r t  of t h e  i n t e g r a l  (28)  
The f o u r  so lu t ions  of equation (28)  thus  character-  

Case ( 2 )  f i n a l l y  requi res  somewhat more de t a i l ed  ca lcu la t ions .  
Before performing them we note tha t  t o  case ( 2 )  pe r t a in  two types of 
solut ion f o r  equation (28)  which cannot be represented i n  t h e  form 

If w ( + l )  = w ( - 1 )  a so lu t ion  of equation (28) i s  cp = w - w ( + l ) ;  i n  
f a c t ,  here cp = 0 f o r  y = +1 and y = -1. Furthermore, it 
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may happen that, f o r  instance,  w1 becomes i n f i n i t e  f o r  w = w ( + l ) .  
Then 

a l s o  i s  a so lu t ion  of equation (3 )  which satisfies t h e  boundary con- 
d i t i ons .  We s h a l l  not t r e a t  t h i s  case here  i n  more d e t a i l  s ince  it 
w i l l  be  discussed more thoroughly i n  part 11; however, it must be 
noted as e s s e n t i a l  that t h e  difference between cases ( 2 )  and ( 3 )  i s  
very l a rge  and that it is, f o r  instance, by no means s u f f i c i e n t  t o  
approximate, according t o  Rayleigh, a curved p r o f i l e  by a polygon. 

For an  i l l u s t r a t i o n  of t h i s  difference 

i s  represented q u a l i t a t i v e l y  as a function of c i n  f i g u r e  1 where 
t h e  s o l i d  curve corresponds t o  t h e  curved p r o f i l e ,  t h e  dashed curves 
t o  t h e  one cons is t ing  of l i n e a r  pieces. One sees that every break 
causes a new root  R e ( J )  = 0 because J a t  t h e  point  c = Wbreak f o r  

t h e  broken p r o f i l e  v a r i e s  l i k e  

Rayleigh's well-known theorem that there  a r e  as many o s c i l l a t i o n  r o o t s  
as breaks. 
l a t i o n  root .  Af te r  t h i s  comment, we r eve r t  t o  our  content ion that the  
p r o f i l e s  ca.pable of o s c i l l a t i o n  generally become unstable  if t h e  f r i c -  
t i o n  i s  taken i n t o  consideration. 

. This corresponds t o  1 

- 'break 

Nevertheless, t he  curved p r o f i l e  does not possess an o s c i l -  

For a proof of t h i s  i n s t a b i l i t y ,  w e  r e tu rn  t o  equation (25) and 
t o  the  more exact so lu t ions  i n  system 11. Since w e  know t h a t  c i s  

r e a l ,  except f o r  quan t i t i e s  of t he  order of magnitude 
may assume 

(&)-'I2, w e  
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If w e  furthermore neglect  t h e  terms of t h e  order  
t i o n  ( 2 5 ) ,  we obta in  a , f t e r  s l i g h t  transformations 

i n  equa- 

We put fu r the r  c = c + 6 where co is- t h e  zero of J, 8 a small 

quant i ty  of t h e  order  We assume f o r  reasons of s impl i c i ty  
a t o  be pos i t ive ;  then w e  may on t h e  r i g h t  s ide  rep lace  c by co 
and may develop t h e  l e f t  s ide  i n t o  a, Taylor series i n  6. Thus t h e r e  
r e s u l t s ,  if w e  brea.k o f f  t h e  Taylor series with t h e  second t e r m  which 
w e  presuppose as s u f f i c i e n t  approximation 

0 

d J  J ( c )  = J(co) + 6 - 
ac (c=co) 

and from equation ( 2 5 )  because of 

(concerning t h e  s ign,  compare page 9 )  

G - dJ  p= 
(C=c0) 

dc 

Hence follows, beca.use of 

co - 

1 - i  1 +  i 

w ( - 1 )  > w ( + l )  - cO 



0 
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( co  i s  t o  l i e  nearer t o  w ( + l ) )  t ha t  t h e  imaginary part of 6 and 
thus  a l s o  that of c and of j3 has t h e  

dJ - 
dc (c=co) 

and that o s c i l l a t i o n s  corresponding t o  a 

an unstable  character .  If therefore  our 
d J  
dc 

has t h e  property t h a t  - e  0 a t  the point  w = c y  it i s  unstable.  

same s ign as 

negative value of - dJ have 

p a r t l y  l i n e a r  p r o f i l e  s t i l l  
dc 

dJ 
dc 

This condi t ion - < 0, however, i s  s a t i s f i e d  very frequent ly ,  f o r  

instance,  always when t h e  point  w = c 
instance,  
t h e  boundary. 

l i e s  near one wall ( f o r  
y = +1) and t h e  p r o f i l e  is l i n e a r  from t h e  poin t  w = c t o  

Summarizing, we conclude: The i n s t a b i l i t y  o r  t h e  s t a b i l i t y  of a 
p r o f i l e  can be decided f o r  a l l  p ro f i l e s  considered so far by t h e i r  
behavior i n  t h e  case of f r i c t i o n l e s s  f l u i d .  
of undamped o s c i l l a t i o n s  i n  t h e  l a t t e r  case and where t h e  f r i c t i o n  i s  
taken i n t o  account become, under ce r t a in  presupposit ions,  unstable. 
The la t te r  p r o f i l e s  must have very spec ia l  p rope r t i e s  as shown above; 
they  must, f o r  instance,  be p a r t l y  composed of l i n e a r  p ieces  o r  t hey  
must have a point  of i n f l e c t i o n  w" = 0. 

P r o f i l e s  which are capable 

(Compare above.) 

At t h e  s a m e  t i m e ,  however, these p r o f i l e s  of type 2 are t h e  only 
ones s t i l l  t o  claim physical  i n t e re s t  s ince  they  are t h e  only ones 
whose behavior with respect  t o  t h e i r  s t a b i l i t y  corresponds approximately 
t o  Reynolds' conjectures.  Following, we s h a l l  show that these  p r o f i l e s ,  
i n  general ,  r e a l l y  have a c r i t i c a l  Reynolds number (wi th  t h e  exception 
of t h e  broken p r o f i l e s ) .  

6. T'ie Reynolds Number of the S t a b i l i t y  L i m i t ;  Numerical 

Calculation on the  Parabola P r o f i l e  

If, therefore ,  a p r o f i l e  i s  prescribed which, f o r  f r i c t i o n l e s s  
f l u i d ,  permits undamped o s c i l l a t i o n s  and with f r i c t i o n  i s  unstable,  
t h e  quest ion a , r i ses ,  f o r  what minimvm value of t h e  Reynolds number does 
i n s t a b i l i t y  occur? The s implif ied equations ( 2 5 ) ,  (26 ) ,  e t c . ,  do not 
s u f f i c e  f o r  answering t h i s  question. We must r eve r t  t o  equation ( 2 3 )  
and t o  t h e  forms (11) and (14) f o r  the i n t e g r a l s  (ply 'p2, ( p 3 ,  and 

(p4; however, it i s ,  of course, qu i te  impossible generally,  f o r  an 
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a r b i t r a r y  p r o f i l e  w, t o  represent t he  c r i t i c a l  Reynolds number as a 
funct ion o f  w and of i n t eg ra l s  over w; it w i l l  only be our t a s k  t o  
ind ica te  the  way by which one a r r i v e s  a t  t h e  c r i t i c a l  v e l o c i t y  and 
then t o  perform the  ca lcu la t ion  on a spec ia l  example. 

Since i n  our la ,s t  ca lcu la t ions  u and R had appeared only i n  
t h e  combination uR (because w e  had assumed u2 as  small), t hese  
ca lcu la t ions  can y i e ld  a t  bes t  a c r i t i c a l  value f o r  aR only, not 
f o r  R alone. Thus w e  must f i r s t  inves t iga te  the  behavior of t h e  
roo t s  of equation (23)  f o r  increasing O f  t h e  roo t s  of equa- 
t i o n  (23) ,  only those i n  the  so lu t ion  system I1 which s a t i s f y  t h e  
equation cpb(+l) = o are of .  i n t e r e s t .  

u2. 

Instead of equation (23) we must t he re fo re  discuss  the  equation 

cp = 0 f o r  y = -1, y = +1 

If t h e  p ro f i l e  cons is t s ,  as  i n  Rayleigh's exa.mple, of l i n e a r  pieces ,  
t he re  e x i s t s  (compa.re page 27) always a root  of equation (28a) f o r  
every break and these  roots  remain i n  exis tence f o r  every value of 
c2. Thus, t h e  broken p r o f i l e  y i e lds  no maximum value of u2 and 
therefore  cannot ever lead t o  a c r i t i c a l  Reynolds number.16 

This i s  d i f f e ren t  if  ( c f .  pp. 26 and 27) a so lu t ion  of equations (28)  
or (-28a), respect ively,  with r e a l  
e i t h e r  somewhere i n  t h e  p r o f i l e  w" = 0 or that w ( + l )  = w ( - l ) ,  
cp = w - w ( + l )  r epresents  a so lu t ion  of equation (28) .  These l a t t e r  
types of so lu t ion  always y i e ld  a so lu t ion  of equation (28a) only f o r  
a very de f in i t e  value of u2. For w" = 0, c i s  determined by t h e  
very f a c t  t h a t  f o r  w" = 0, w i s  t o  be w = c; thus  t h e  equation (28a) 
def ines  a qu i te  d e f i n i t e  value of 
w ( + l )  = w ( - 1 )  
f o r  u2 = 0. 

c i s  poss ib le  f o r  t h e  reason that 

u2; however,. f o r  t h e  case 
a so lu t ion  of equation (28a)  obviously e x i s t s  only 

"It i s  s t i l l  presupposed that R and a~ a r e  la rge  and u < . R .  
Thus c r i t i c a l  Reynolds numbers w i l l  possibly appear if these  presup- 
pos i t ions  a r e  no longer va l id ;  however, t h e  respec t ive  Reynolds num- 
bers  R would then probably assime va lues  so small that they c e r t a i n l y  
would be o f  no physical significance.  
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For t h i s  type of so lu t ion  of equations (28)  o r  (28a) ,  which are 
character ized i n  t h e  l i m i t  R = m by a very d e f i n i t e  value of u2, w e  
shall expect t h a t ,  wi th  t h e  f r i c t i o n  taken i n t o  consideration, a a l s o  
may vary  from i t s  d e f i n i t e  value only by smll  amounts. For these  
p r o f i l e s  t h e  appearance of a maximum value (and i n  t h e  case 
a l s o  of a minimum value)  f o r  u i s  very understandable. Thus a l l  
o s c i l l a t i o n s ,  t h e  wave length of which is  smaller than a c e r t a i n  
c r i t i c a l  wave length,  are i n  such cases damped for  a l l  va lues  of UR. 

w" = 0 

Af ter  having found an  upper limit f o r .  a2, one w i l l  attempt t o  
determine the  approximate magnitude f o r  t h e  lower l i m i t  of UR. A 
simple inves t iga t ion  of equation (25) shows that e s s e n t i a l  v a r i a t i o n s  
i n  t h e  imaginary part of c occur only after t h e  exponent of e i n  
t h e  approximate representa t ion  (11) i n  c p l ( + l ) ,  cp2(+1) has decreased 

t o  va lues  of t h e  order of magnitude 1; kiowever, i f  t h i s  i s  t h e  case, 
we very  soon reach t h e  c r i t i c a l  value ( f o r  which t h e  imaginary p a r t  
of c is  changed from negative t o  pos i t ive  va lues)  as w i l l  be shown 
i n  t h e  numerical example. If we assume that w is  e s s e n t i a l l y  l i n e a r  
between w = co ( co  = real p a r t  of c )  and w ( + l )  t h e  condi t ion f o r  
t h e  approximate magnitude of aR reads 

w' (+1) 

o r  

. .  
w ( + l )  - co 

Since i n  the  cases of i n t e r e s t  t o  us w ( + l )  - c 
small, we may by assumption forn! a conclusion as t o  high c r i t i c a l  
Reynolds numbers. A t  t h e  s a m e  time we note that f o r  a c e r t a i n  value 
of t he re  w i l l  a.lways exist  not o n l y  a maximum value but  a l s o  a 
minimum value f o r  a of t he  unstable o s c i l l a t i o n s .  This follows from 
t h e  fact  that we d id  f i n d  a minimum value of aR (not  R ) .  

w i l l  probably be 0 

R 

A s  numerical example f o r  our general ca lcu la t ions  made so far, w e  
s e l e c t  t he  parabola p r o f i l e  because it i s  physical ly  t h e  most 
i n t e r e s t i n g  one. 
o s c i l l a t i o n "  of t h e  type 

It is  t o  be c l a s s i f i e d  as "p ro f i l e  capable of 
w ( + l )  = w ( - 1 ) .  
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Here too  w e  shall consider only t h e  two-dimensional motion, that 
i s ,  not P o i s e u i l l e ' s  flow i n  tubes but  t h e  flow preva i l ing  between two 
p a r a l l e l  wa,lls a t  res t  ( y  = +1, y = -1) under t h e  inf luence of a 
constant pressure gradient .  Thus w e  put 

( 3 0 )  2 w = l - y  

The symmetry of w and W - c permits t h e  deduction that cp must 
be an  even func t ion  of 
t i o n s  of equation ( 7 a ) ,  two symmetrical p a r t i c u l a r  i n t e g r a l s  and attempt 
t o  s a t i s f y  t h e  boundary condi t ions a t  one of t h e  w a l l s ,  f o r  instance,  
y = -1. Those a t  t h e  o ther  w a l l  then are f u l f i l l e d  automatically.  
Obviously w e  may t ake  simply 
For t h e  other  w e  choose 

y.17 Thus we s ing le  out ,  from among t h e  s o h -  

cp3 as one of those symmetrical i n t eg ra l s .  

It follows from equation (29a)  t h a t  f o r  our p r o f i l e  near c r i t i c a l  
ve loc i ty  c w i l l  be small of t h e  order  i n  t h e  following 
ca lcu la t ions  we  shall t hus  cancel t e r m s  of higher than f i r s t  order  
i n  c. Furthermore, w e  s ta te  that cp2(0) w i l l  be >> cp,(O'1 so that 
i n  t h e  neighborhood of w = 0 and w = c t h e  second symmetrical 
funct ion cp simply i s  reduced t o  cp ( y ) .  From equation (16 )  then  

follows that w e  have t h e  two i n t e g r a l s  'p3 and 91 - i'p2 a t  d i sposa l  

f o r  fu l f i l lment  o f  t h e  boundary condi t ions f o r  y = -1. Equation ( 2 3 )  
i s  therewith transformed i n t o  

1 

l7If  one d iv ides  cp i n to  a p a r t  even i n  y and a part odd i n  y, 
each par t  of by i t s e l f  must s a t i s f y  t h e  d i f f e r e n t i a l  equation (7a)  
and t h e  boundary condi t ions because of t h e  symmetry of w - c and w. 
For t h e  general  s t a b i l i t y  inves t iga t ion  of t h e  p r o f i l e  
therefore  s u f f i c i e n t  t o  t r e a t  t h e  two cases  
separately and only these  two cases; however, it may e a s i l y  be seen 
t h z t  t h e  assumption of symmetrical o s c i l l a t i o n s ,  that i s ,  " c p  odd" does 
not lead t o  a, so lu t ion  of equation (23) a.nd thus  not t o  unstable  
osci l la , t ions.  
s t a b i l i t y  inves t iga t ion .  This  i s  noteworthy in so fa r  as, accordingly,  
a l l  symmetrical o s c i l l a t i o n s  a.re stable and only unsymmetrical d i s -  
turbances unstable.  

cp 

1 - 3 it i s  
" c p  even" and "odd" 

The assumption " c p  even" the re fo re  s u f f i c e s  f o r  t h e  



5 

c 

NACA TM 1291 33 

I n  'p3 one must always take y = 0 as lower l i m i t  f o r  t h e  occurr ing 
i n t e g r a l s  i n  order  t o  guarantee t h e  symmetry of Furthermore, w e  
shall develop i n  cp3 only up t o  magnitudes of t h e  order a4 and i n  

q3. 

t h e  development i n  

(a)-'. 
(aR)-' break-off with t h e  terms of t h e  order  

We now write equation (31) i n  t h e  form 

I 

LJ yo e - i  

$E-' dy(w - c ) ~  + a2 . . . + - aR i . . ]  
+ a2d-' ( w  yc)2[ dy(w - c )  2 4  + a . . . + - 

(33) 
i 

aB 
. . .  

Since c becomes very swll, we assume i n  first approximation w 
from 0 t o  c as l inea r ;  w 2(y t 1). Then we obta in  
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. 

If we put 

t h e r e  a r i s e s  from equation (33) 

- (  l+i) z 2 
e - i  

2 c  1.2s.. . 
This  equation i s  p e r f e c t l y  analogous t o  equation (26 ) .  
in te res ted ,  above a l l ,  i n  t h e  l imi t ing  value R o r  z, respec t ive ly ,  
f o r  which t h e  unstable  o s c i l l a t i o n s  are transformed i n t o  s t a b l e  ones; - 
thus  the imaginary p a r t  of c i s  exac t ly  zero. This l imi t ing  value z 
w i l l ,  of course, also be a funct ion of a. Thus w e  now assume c as  
real and thereby obta in  t h e  l imi t ing  value of z o r  R,  respec t ive ly ,  
as a funct ion of a. The minimum value of R on t h i s  R ( a )  curve 
w i l l  be denoted as t h e  c b r a c t e r i s t i c  Reynolds number f o r  t h e  parabola 
prof i le .  Detai led ca l cu la t ion  shows that one obta ins  by means of t h e  
form (33) of t he  s t a b i l i t y  equation only t h e  upper p a r t  of t h e  curve 
R = R ( a )  ( s o l i d  l i n e  i n  f i g .  2 )  which w a s  t o  be expected according t o  
t h e  de l ibera t ions  of sec t ion  6; however, one can ca l cu la t e  t h e  lower 
p a r t  of t h e  curve R = R ( a )  only by using f o r  (pl, (p2, approximations 

We are 

o ther  (compare equation ( lga . ) )  than  t h e  asymptotic formulas (11). 
c r i t i c a l  Reynolds number denotes j u s t  t h e  range where t h e  asymptotic 
formulas cease t o  be va l id .  Since t h i s  circumstance would lead  t o  very 
complicated numerical ca l cu la t ions  and s ince  w e  cannot a t t ach ,  i n  
general, (compare sec t ion  7) any e s s e n t i a l  physical  s ign i f icance  t o  t h e  
type of  i n s t a b i l i t y  here character ized,  we used rough es t imates  f o r  
ca lcu la t ion  of t h e  lower pa r t  (dashed l i n e  i n  f i g .  1) of t h e  curve 
R = R ( a )  which, of course, cannot y i e l d  quan t i t a t ive  r e s u l t s ;  however, 
t h e  qua l i t a t ive  behavior of t h e  curve is su re ly  reproduced cor rec t ly .  
Thus, we conclude from f i g u r e  2: 

The 
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L 

1. There ex is t  both a maximum value of a and a minimum value 
of R f o r  i n s t a b i l i t y .  

2. For a d e f i n i t e  value of R t he re  e x i s t s  a maximum as  w e l l  as 
a minimum value of a; i n s t a b i l i t y  preva i l s  within these  values ,  sta- 
b i l i t y  outs ide.  

3. The maximum value of a l i e s  approximately a t  a = 0.7 
(a2 = $); t h e  magnitude of t h e  minimum value of R is  of t h e  order  

of 103. 
exactness i s  not poss ib le  from t h e  f igure.  

A ca lcu la t ion  of t h i s  minimum value with some degree of 

7. Physical  Discussion of t h e  Resul t s  of P a r t  I 

L e t  us summarize once more i n  d e t a i l  a l l  r e s u l t s  found concerning 
t h e  s t a b i l i t y  problem. Above a l l ,  it became c l e a r  i n  t h e  course of 
t h e  ca l cu la t ion  that t h e  problem of the  s t a b i l i t y  of a p r o f i l e  f o r  a 
viscous f l u i d  can genera l ly  be decided by t r e a t i n g  l i k e  Lord Rayleigh 
t h e  l i m i t i n g  case of f r i c t i o n l e s s  f l u i d  (equat ion ( 8 ) ) .  
a r e  unstable  then (that is ,  f o r  
l a rge  f i n i t e  va lues  of 
Likewise p r o f i l e s  which, i n  t h e  f r i c t i o n l e s s  case,  are not capable of 
o s c i l l a t i o n s  are found t o  be s t a b l e  ( s e c t i o n  4) and p r o f i l e s ,  which 
according t o  the  inves t iga t ion  by equation (8) permit undamped o s c i l -  
l a t i o n s ,  genera l ly  t o  be unstable  ( sec t ion  '3). This l a t t e r  case 
obviously i s  t h e  only one which, physically,  s i g n i f i e s  something new 
compared t o  f r i c t i o n l e s s  hydrodynamics; however, it should be emphasized 
that th i s  case, cont ra ry  t o  w h a t  one might conclude a t  first from 
Rayleigh' s repor t s ,  represents  an exceptional case.  If one d is regards  
t h e  p o s s i b i l i t i e s  w ( + l )  = w ( - I ) ,  Wlboundary = 00 ( s e c t i o n  5), it i s  

a necessary condi t ion f o r  t h e  occurrence of t h i s  except ional  case that 
somewhere i n  t h e  f l u i d  w" = 0. 
l i n e a r  pieces  introduced by Rayleigh belong t o  those except ional  pro- 
f i l e s ;  however, t h e  only permissible conclusion i s  t h a t  curved p r o f i l e s  
for t h e  purpose of s t a b i l i t y  inves t iga t ion  may not be approximated by 
polygons according t o  Rayleigh (page 2 7 ) .  
f i n d  a l s o  f o r  p r o f i l e s  curved everywhere (w" # 0 )  ( s e c t i o n  5) when 
using t h e  d i f f e r e n t i a l  equations w i t h  f r i c t i o n  t e r m s  o s c i l l a t i o n s  
which a r e  damped f o r  every value of aR f o r  which, however, i n  t h e  
l i m i t  R = w t h e  amount of t h e  damping l i k e  (aR)-1/3 tends toward 
zero; t hus  one ha,s here  a l s o  undamped o s c i l l a t i o n s  f o r  R = 00. However, 
these  o s c i l l a t i o n  roo t s  are l o s t  if  one takes  t h e  s impl i f ied  d i f f e r -  
e n t i a l  equation (8) without f r i c t i o n  terms as a bas i s .  
fo re ,  t h i s  a l s o  i s  not a case of exception t o  t h e  r u l e  according t o  

P r o f i l e s  which 

R ( s ec t ion  4) as was. t o  be expected beforehand. 
R = w )  remain so f o r  s u f f j c i e n t l y  

The broken p r o f i l e s  cons is t ing  of 

It i s  t r u e  that  one may 

Insofar ,  there-  
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which consideration of f r i c t i o n ,  i n  cases  where t h e  f r i c t i o n l e s s  equa- 
t i o n  (8)  permits unda,mped o s c i l l a t i o n s ,  r e s u l t s  i n  an  exc i t a t ion ;  
however, as  s a i d  above, t h e  p o s s i b i l i t y  of undamped o s c i l l a t i o n s  f o r  
equati-on (8)  must be rega,rded as  a n  except ional  case.  
p r o f i l e  belongs t o  these  except ional  p r o f i l e s  ( s e c t i o n  6 ) .  
inves t iga te  f u r t h e r  f o r  t h e  unsta.ble p r o f i l e s  concerning t h e  range of 
va lues  fo r  R within which i n s t a b i l i t y  occurs, it i s  found that 
generally,  too,  only p r o f i l e s  of t h e  last  c l a s s  may l ead  t o  c r i t i c a l  
Reynolds numbers, t h a t  i s ,  only p r o f i l e s  which permit without f r i c t i o n  
undamped o s c i l l a t i o n s ;  however, among t h e  la t te r ,  Rayleigh' s broken 
p r o f i l e s  nevertheless  d id  not y i e l d  (compare a l s o  page 30, footnote  16) 
a c r i t i c a l  Reynolds number. For Rayleigh 's  p r o f i l e s  a. minimum value 
of aR does e x i s t  but no maximum value of u; t he re fo re ,  no minimum 
value of R f o r  t h e  n e u t r a l  s t a b i l i t y  e i t h e r  ( s e c t i o n  6) .  Only those  
p r o f i l e s  o f  t h e  las t  c l a s s  f o r  which i n  t h e  f r i c t i o n l e s s  case only a, 
d e f i n i t e  value of a l eads  t o  undamped o s c i l l a t i o n s  ( f o r  instance,  
t h e  types w'' = 0 f o r  w = c,  w ( + l )  = w ( - 1 ) )  r e s u l t  i n  a maximum 
value of u and a minimum value of 023, t hus  a l s o  i n  a minimum value 
f o r  R. For a d e f i n i t e  va lue  of R t h e r e  e x i s t s  t he re fo re  f o r  those 
p r o f i l e s  a maximum as  w e l l  a.s a minimum va,lue of a f o r  t h e  unstable  
osc i l l a t ions .  All these  r e s u l t s  are i n  agreement with t h e  s t a b i l i t y  

The parabola 
If w e  

inves t iga t ions  of hydrodynamic p r o f i l e s  made so far. 18 

The quest ion i s  now how these  mathematical r e s u l t s  w i l l  manifest  
themselves experimentally. It seems su rp r i s ing  t h a t  t h e  s t a b l e  pro- 
f i l e s  ( f o r  instance,  Couette'  s19) and t h e  unstable  ones ( f o r  instance,  
Poiseui l le '  s )  empirica.l ly show exac t ly  t h e  same behavior. Above a 
cer ta , in  Reynolds number turbulence occurs i n  case of su f f i c i en t  d i s -  
turbances; i f  t h e  dis turbances are made as small as poss ib le ,  t h e  
l a m i n a r  p r o f i l e  m y  be obtained f o r  a r b i t r a r i l y  high Reynolds numbers. 
Especial ly  t h e  las t  f a c t ,  which has been t e s t e d  by Elrman ( foo tno te  10, 
p. 2 ) ,  on t h e  parabola p r o f i l e  seems t o  cont rad ic t  t h e  theory f o r  
unstable  p ro f i l e s ;  however, it can ea . s i ly  be seen t h a t  t h i s  contra.dic- 
t i o n  i s  only i l l u s o r y :  2o The smaller t h e  ex te rna l  dis turbances,  t h e  

l8Compare t h e  r epor t s  quoted i n  t h e  introduct ion.  
'gHowever, compare t h e  i n t e r e s t i n g  inves t iga t ions  of Couette'  s 

motion concerning i t s  s t a b i l i t y  aga ins t  three-dimensional dis turbances 
G. J. Taylor, S t a .b i l i t y  of a Viscous Liquid Contained between Two 
Rotating Cylinders. Phi l .  Transact.  of t h e  Royal Society London Z 3 . ,  
pages 289-343, 1922. 

s t a r t i n g  e f f e c t  has been pointed out t o  m e  by Professor  Prandt l .  I 
should l i k e  here t o  express my deepest g ra t i t ude  t o  him f o r  t h i s  and 
many other valuable  suggestions.  

"This p o s s i b i l i t y  of i n t e r p r e t i n g  Ekman's t es t s  a s  a s o r t  of 
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longer it takes  ( p a r t i c u l a r l y  f o r  high Reynolds numbers s ince  t h e  
e x c i t a t i o n  the re  i s  of t h e  order 
they  not iceably influence the  motion. 
t o  postpone, f o r  flow i n  tubes,  th is  moment so long that t h e  quant i ty  
of f l u i d ,  t he  s t a b i l i t y  of which i s  dea l t  with, has a l ready  l e f t  t h e  
tube when i t s  i n s t a b i l i t y  becomes apparent. The Reynolds number w e  
ca lcu la ted  could the re fo re  be t e s t e d  only on a closed system of tubes 
where t h e  same quant i ty  of f l u i d  always flows. 21 
t h e  t e s t s  by S c h i l l e r  ( footnote  9, p. 2 )  which show that below a 
c e r t a i n  Reynolds number only laminar motion e x i s t s  cannot be included 
a t  a l l  i n  s t a b i l i t y  inves t iga t ions .  The o r i g i n a l  motion here i s  not 
l a m i n a r ;  one r a t h e r  dea l s  with existence o r  nonexistence of a, tu rbulen t  
form of motion. A t  any rate, one may conclude from a l l  t hese  con- 
s ide ra t ions  only that a so lu t ion  of the turbulence problem by s t a b i l i t y  
considerat ions alone i s  absolu te ly  not  possible .  

(aR)-ll2, compare sec t ion  5 )  u n t i l  
Thus it w i l l  always be poss ib le  

Cn the  o ther  hand, 

S t i l l ,  t h e  previous invest igat ions may y i e l d  important q u a l i t a t i v e  
r e s u l t s  f o r  our r e a l  purpose, t he  ca lcu la t ion  of t h e  turbulen t  motion. 
If we  i n t e r p r e t  t h e  turbulen t  motion as a ceqta in  bas ic  flow with 
superimposed undamped o s c i l l a t i o n s ,  we may conclude from our calcula-  
t i o n s  t h a t  t he  minimum value R f o r  which t h i s  type of motion i s  
poss ib le  probably a l s o  lies a t  values of t h e  order  of magnitude 103; t h a t  
t h e  wave length of t h e  undamped o s c i l l a t i o n s  l i e s  a t  
a t  va lues  of t h e  order 1, and that a f o r  a prescr ibed R is  confined 
t o  c e r t a i n  occasional ly  very narrow l i m i t s ;  t h a t  furthermore these  
o s c i l l a t i o n s  have t h e  charac te r  of a wall disturbance as may be con- 
cluded f r o m t h e  smallness of w ( + l )  - c. These q u a l i t a t i v e  r e s u l t s  
are q u i t e  independent of t h e  spec ia l  form of t h e  bas ic  flow; however, 
beyond such q u a l i t a t i v e  c r i t e r i a  t h e  ca lcu la t ions  made so far do not 
cont r ibu te  anything toward t h e  ac tua l  so lu t ion  of t h e  turbulence 
problem. 

2nh/2, namely a 

PART 11: THE TURBULJ3NT MOTION 

1. Statement of t h e  Mathematica,l Problem 

The Reynolds number usual ly  denoted as c r i t i c a l  (which i s ,  f o r  
instance,  measured i n  S c h i l l e r ' s  t e s t s  and ind ica tes  t he  appearance 

21However, t h e  disturbances i n  s t a b i l i t y  observed by Ruckes 
( footnote  10, p. 2) f o r  r a t h e r  small Reynolds numbers a r e  perhaps 
caused by i n s t a b i l i t y  according t o  sect ion 7. 
conceivable when t h e  c r i t i c a l  Reynolds number according t o  sec t ion  7 
l i e s  below t h e  one f o r  which turbulence (compare pa r t  11) i s  poss ib le  
f o r  t h e  f irst  time. 

This would be qu i t e  
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of turbulence i n  case of s u f f i c i e n t l y  l a rge  d is turbances)  has no con- 
nect ion with s t a b i l i t y  problems and with t h e  l a m i n a r  flow; it i s  
absolutely a c h a r a c t e r i s t i c  constant of t h e  turbulen t  motion. Like- 
wise, the Blas ius  drag l a w  and t h e  well-known conclusion der ived from 
it (that t h e  turbulen t  ve loc i ty  i n  t h e  proximity of a w a l l  increases  
with the l/7 power of t h e  d is tance  from t h e  w a l l )  show c l e a r l y  t h a t  
t h e  so-called turbulen t  moti,on has i t s  own well-defined r e g u l a r i t i e s  
and tha t  it represents  a second poss ib le  form of motion of t h e  viscous 
f l u i d s .  Thus t h e  only way t o  a so lu t ion  of t h e  turbulence problem is  
t o  attempt t o  e l imina te  t h e  indef in i teness  of t h e  turbulen t  motion 
and t o  idea l i ze  it u n t i l  it permits mathematical a n a l y s i s  by S tokes ' s  
equations. 

. 

The turbulence problem of hydrodynamics i s  a problem of energe t ic ,  
not  of dynamic s t a b i l i t y .  There e x i s t  two d i f f e r e n t  forms of motion 
of t h e  viscous f l u i d ,  each of which has a c e r t a i n  range of values  of 
Reynolds numbers wi th in  which it i s  possible .  Laminar flow i s  poss ib le  
from R = 0 t o  R = 03 but  becomes, however, under c e r t a i n  condi t ions,  
above a c e r t a i n  value of R dynamically n e u t r a l l y  stable. The tu rbu len t  
motion on t h e  o the r  hand e x i s t s  only above a c e r t a i n  c r i t i c a l  value 
of and i s  always22 ene rge t i ca l ly  more stable than  t h e  l a m i n a r  
motion. Thus one may i n  t h e  range of R i n  which both  forms of motion 
are possible  always l e t  t h e  f l u i d  drop from t h e  l a m i n a r  t o  t h e  tur- 
bulent  s t a t e  by means of s u f f i c i e n t l y  l a rge  dis turbances.  

R 

I n  order  t o  make approximate mathematical t reatment  of t h e  t u r -  
bulent  motion poss ib le ,  w e  again consider t h e  flow between two p a r a l l e l  
walls and make, f i rs t ,  t h e  following a s ~ u m p t i o n s : ~ 3  
be ( a )  symmetrical about t h e  X a x i s  with t h e  bounding w a l l s  a.t rest, 
( b )  periodic i n  t h e  X d i r e c t i o n  with t h e  period24 
( c )  periodic with t i m e  wi th  t h e  per iod 
are  t o  propagate with a speed 
if  t h e  motion i s  developed i n t o  a Fourier  series, only products of 
i ( p t  - ax) 

- The flow i s  t o  

237/u, and 
237/p, and ( d )  a l l  dis turbances 

p/u r e l a t i v e  t o  t h e  X a x i s ,  that i s  

are t o  appear i n  t h e  exponents of2? e. 
_ _ _ _ ~  

22Compare F. Noether, elsewhere. 
2%'his statement, too,  which represents  a simple genera l iza t ion  

of Sommerfeld's s t a b i l i t y  theorem was indica ted ,  f o r  i nves t iga t ion  of 
t h e  turbulent  motion i t s e l f ,  by F. Noether without f u r t h e r  conclusions 
i n  h i s  paper e n t i t l e d  "Zur Theorie der  Turbulenz" (Concerning t h e  
theory o f  tu rbulence) ,  Jahresberichte  des deutschen bhth. Vereins 23, 
pa.ge 138, 1914. 

i s  j u s t i f i e d  by t h e  r e s u l t  of 
p a r t  I t h a t  a i s  confined between c e r t a i n  l i m i t s  which a re ,  p a r t i c -  
u l a r l y  in t h e  proximity of t h e  minimum value of 

2%he assumption of a d e f i n i t e  a 

R,  very  narrow. 
35. - 
-/we r i eec i  r iui  e u i p L w L ~ c  L L c  ydri t h a t  t h e  a c t u a l  motions are doubt- 

l e s s l y  much more complica,ted; nevertheless ,  one may w e l l  expect t hese  
sta,tements t o  permit qua.1ita.tive statements concerning t h e  turbulence.  
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The Fourier development of t h e  stream funct ion  should therefore  
read 

( 3 6 )  
The mthemat ica l  problem then cons is t s  i n  t h e  determination of t h e  

odd (a,ccording t o  a)  functions cpo, cpl, and cp2 (Tl, cp2 . . . con- 
jugate  t o  cp1, p2). A t  f i rs t ,  t h e  degree of convergence of t he  
s e r i e s  (36) i s  completely unknown; the question of convergence can be 
decided only a f t e r  ca lcu la t ion  of cpo, cpl . . . If we want t o  ca r ry  
accuracy so far as t o  t h e  nth approximation, that is ,  i f  we want. t o  
ca l cu la t e  cpo . . . %, w e  obviously obtain ( n  + 1) simultaneous 

d i f f e r e n t i a l  equations f o r  t h e  ( n  + 1) unknown funct ions 'Po cPn* 
Following, w e  shall need p a r t l y  t h e  f i rs t ,  p a r t l y  the second approxi- 
mation. Thus we en te r  e q m t i o n  (4 )  with t h e  statement equation ( 3 6 ) ,  
compare t h e  coe f f i c i en t s  of t h e  periodic funct ions on both s ides ,  and 
break o f f  with t h e  term e2i(pt-ax) and thus  w i t h  e, 92. For @' 

we w r i t e  w (as i n  equation ( 6 )  f o r  a ' ) .  Thus three simultaneous 
d i f f e r e n t i a l  equations are produced (the simultaneously obtained con- 
jugate  equations need not be wr i t ten  down) 
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The f i r s t  of these  equations may be in tegra ted  twice and y i e l d s  

C and C1 s ign i fy  a r b i t r a r y  in t eg ra t ion  constants.  

Since t h e  lef% s ide  of equation (37a) and w are, according t o  
requirement ( a ) ,  odd i n  y, C must disappear i n  our case. 

' If w e  go back from t h e  second t:, t h e  f i rs t  approximation, our 
system of  equations i s  reduced t o  two simultaneous d i f f e r e n t i a l  equa- 
t i o n s  f o r  w and q1 

T 

By way o f  a.n in t e rpo la t ion  w e  s h a l l  now r e f l e c t  what rep laces  equa- 
t i o n  (33) i f  w e  do not consider  a, flow symmetrical about t h e  X a x i s  
(requirement a , ) ,  ( t h a t  i s ,  t h e  flow of a f l u i d  under a pressure 
gradient between two walls a t  res t ) ,  but ins tead  a flow antisymmetrical  
about the X a x i s  (that i s ,  a flow between two walls moved r e l a t i v e  t o  
each other without pressure gradient  as i n  t h e  Couette case) .  Require- 
ments ( b )  and ( c )  are t o  be maintained. The statement (36) w i l l  then  
no longer be s a t i s f a c t o r y  s ince  (ply cp2, e tc . ,  f o r  a . rb i t r a ry  P/a 

a.re no longer even funct ions;  i n  order  t o  obta in  t h e  e n t i r e  flow 
pa.t tern i n  terms of odd func t ions ,  w e  must a l s o  include t h e  symmetrical 

o s c i l l a t i o n s  of t h e  form ei(-pt-ax) i n  t h e  formula,tion f o r  $, that 
i s ,  J ,  must s t a r t  with t h e  terms 

- i (p t -ax)  + . - i ( p t - a x )  - . .  'Po + ( P J Y k  i( p a x )  + cpl(-Y. + ' P 1 ( Y k  . 



NACA TM 1291 41 

c 

I 
I 

t 

A s  a consequence f i n a l l y  a l l  t h e  terms of t h e  form 
appear i n  $ (e l imina t ion  of requirement ( d )  ) . 

ei(mpt-nax) 

I n  place of equation (33) the re  r e s u l t s  

The two equations of t h e  system (38) and (39) ,  respec t ive ly ,  are Of 

simple i l l u s t r a t i v e  s ignif icance.  

The second equation i s  none other  than  our  former s t a b i l i t y  equa- 
t i o n  ( 7 )  which determines the amplitude of t h e  o s c i l l a t i o n  superimposed 
on a bas ic  flow 
i n  part I. The first equation, however, represents  t he  theorem of 
momentum. The l e f t  s ide  of t h i s  equation e s s e n t i a l l y  ind ica t e s  t h e  
momentum t r ans fe r r ed  on the  average by t h e  turbulen t  vor t ic i t$6 ,  t h e  
term with w1 on t h e  r i g h t  represents  t h e  laminar momentum t r a n s f e r ,  
and t h e  constant C o r  C1y, respect ively,  i s  t h e  constant of t h e  
momentum theorem. 

w and which formed the  b a s i s  f o r  our  i nves t iga t ions  

Due t o  t h e  boundary condi t ions a t  t h e  w a l l s  T~ = qlt = 0. There- 

f o r e  t h e r e  w1 = C o r  Clymll, respect ively;  t hus  a t  t h e  w a l l s  t h e  l ami -  
nar  momentum t r anspor t  surpasses  t h e  turbulen t  one, w f W a l l  w i l l  gen- 
e r a l l y  be very large.  (Compare t h e  next sect ion.)  A t  t h e  channel 
center ,  however, that is ,  i n  t h e  e n t i r e  tunnel  outs ide of t h e  immediate 

*%e a r e  r e f e r r i n g  here t o  the  mean momentum i n  t h e  X d i r e c t i o n  
which, for our problem, is t ransfer red  i n  t h e  Y d i rec t ion .  The 
momentum i n  t h e  X d i r ec t ion  equals,  on t h e  whole u, t h e  v e l o c i t y  of 
t h e  p a r t i c l e  t ranspor t ing  the  momentum i n  t h e  Y d i r e c t i o n  is  v; thus  
the  momentum t r ans fe r r ed  during t h e  u n i t  time uv, on t h e  average uv 
which f o r  t h e  Case (36) r e s u l t s  i n  

- 
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wa.11 proximity, 
compared t o  C o r  C1y, respect ively.  The turbulen t  momentum t rans-  
por t  w i l l  therefore  here completely overbalance t h e  l a m i n a r  one. 

w1 i s  of t h e  order of magnitude 1, thus very small 

It corresponds t o  t h e  s t ruc tu re  of t h e  systems (38) and (39) 
that we a r e  ab le  t o  give immediately a t r i v i a l  so lu t ion  of them, 
namely 'pl = 0, w1 = C or ,  respect ively,  w'  = C1y, that is, we thus 
rever t  t o  t h e  laminar motion. 

Our problem now i s  t o  obtain d e f i n i t e  r e s u l t s  concerning t h e  non- 
t r i v i a l  so lu t ions  of equations (38) and (39).  

2. The Turbulent Motion i n  Wall Proximity and 

the  L a w  of Resistance 

The most important r e s u l t  concerning t h e  behavior of w i n  the  
immediate proximity of t h e  wal ls  i s  t h e  law derived by V. Ka/rm& 
(elsewhere) from t h e  Blasius drag l a w  by means of considerations of 
simil i tude that w i n  t h e  proximity of a w a l l  increases  with 7 l l 7  
( 7  representing t h e  dis tance from t h e  wa l l ) .  We repeat  b r i e f l y  
Von K6rdn ' s  t r a i n  of thought s ince w e  a r e  thereby enabled t o  a general  
v i sua l i za t ion  of w h a t  t o  expect, even without knowing t h e  Blasius  l a w ,  
concerning t h e  behavior of w of t he  w a l l .  

A s  can ea,s i ly  be seen from considerations of s imi l i tude ,  it must * 
be possible t o  represent t h e  shearing stress T a c t i n g  a t  a wall  
( that  is ,  t he  dra.g) i n  t h e  form 

where )c s i g n i f i e s  a c e r t a i n  dimensionless constant.  

If we spec ia l ly  assume a power l a w  t h e r e  i s  

4 
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From equation (40) follows inversely 

The v e l o c i t y  d i s t r i b u t i o n  i n  w a l l  proximity must then  be represented 
by an equation of t h e  form 

(Here aga in  (compare equations (1) and ( 6 ) )  
dimensionless and therefore  contains U i n  t h e  denominator; 7 denotes 
t h e  d is tance  from t h e  w a l l . )  

w has been se l ec t ed  

W e  aga in  assume i n  f i r s t  approximt ion  a power l a w  ( l e t  cr be a 
dimensionless cons tan t )  

If one now requ i r e s  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  immediate w a l l  proxi- 
mity t o  be a func t ion  only of 7 ,  p, p, bu t  not of h which i s  
phys ica l ly  ve ry  p laus ib le ,  t he re  follows 

1 -  5 

1 +  5 
- = E  

3 1 For 5 = as corresponds t o  Blasius' l a w  t h e r e  r e s u l t s  E = - 
7' 

I n  order  t o  understand t h e  physical s ign i f icance  of t h i s  r e s u l t  
1/7 s i g n i f i e s  that  w' = e is i n f i n i t e  a t  t h e  w e  note: w - 7  

boundary, t h a t  therefore  w i n f i n i t e l y  c l ings  t o  t h e  w a l l ;  however, 
it i s  c l e a r  that a c t u a l l y  a.t the  w a l l  cannot be i n f i n i t e  s ince  
w ' ,  on t h e  contrary,  e s s e n t i a l l y  denotes t h e  shearing s t r e s s  a t  t h e  

dv 

W '  
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w a l l  and i s  therefore ,  according t o  equation (b), t o  be equated 
t o  R5 except f o r  a numerical f a c t o r  independent of R. 

5 
W'edge ly 

w' 
which a re  of i n t e r e s t  t o  us. Corresponding t o  i t s  der iva t ion  t h e  
ve loc i ty  d i s t r i b u t i o n  w - 71/7 w i l l  be s t r i c t l y  v a l i d  only i n  t h e  

a t  t h e  w a l l  i s  the re fo re  very  l a rge  f o r  t h e  l a rge  va lues  of R 

l imi t ing  case of i n f i n i t e l y  l a rge  d is tance  from t h e  w a l l  o r  of f r i c t i o n -  
less  f l u i d  ( R  = ..). These f a c t s  can be s t i l l  more e a s i l y  comprehended 
i f  t h e  1a.w w 7'/7 i s  wr i t t en  i n  t h e  form 7 - w7. From t h e  f a c t  
that the  shearing stress i s  f i n i t e  w e  know that t h e  f irst  t e r m  of t h e  
power development ~ ( w )  must be of t h e  form y1w. This  t e r m ,  however, 

i s  very small, e s s e n t i a l l y  equal l ing  t h e  r ec ip roca l  value of 
t hus  being of t h e  order  R-6 (compare equation ( 4 2 ) ) .  

w1 and 

The meaning of t h e  der ived l a w  w - 7  '/7 i s  thus  obviously t h a t  
t h e  series development of  q ( w )  i s  t o  start with t h e  terms 

v = y w + y w 7 +  . . .  
1 7 

where y1 i s  ex t r ao rd ina r i ly  small a,nd t h a t  t he re fo re  t h e  f i r s t  
term 71w f o r  somewhat l a rge  values  of w may be cancel led compared 

T 

with the second y w j .  7 

According t o  t h e  explanat ions above w e  expect independent of t h e  
v a l i d i t y  of t h e  1/7-law f o r  t h e  ba.sic flow of t h e  turbulen t  motion 
small curvatures a t  t h e  centers ,  and i n  t h e  wall proximity, c l ing ing  
of t h e  bas ic  flow t o  t h e  walls. 

For such a, p r o f i l e  t h e  invest iga. t ions of p a r t  I do not d i r e c t l y  
apply  since the re  w1 , 
however, t hese  inves t iga t ions  can ea , s i ly  be general ized t o  include 
p r o f i l e s  l i k e  the  one considered here.  
Pa r t i cu la r ly ,  the  so lu t ion  of t h e  reduced equation ( 3 )  ( t h u s  l i m  R = w )  

with s a t i s f a c t i o n  of t h e  boundary condi t ions becomes especia . l ly  simple 
here;  the p r o f i l e  character ized j u s t  now belongs, according t o  sec- 
t i o n  5, page 26, t o  those capable of o s c i l l a t i o n ;  a so lu t ion  of equa- 
t i o n  ( 2 8 )  with rea.1 c ex is t s .  This  i s  extremely important beca.use 

w", e tc . ,  had been presupposed as f i n i t e ;  

(Compa.re sec t ion  5, page 26.) 
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it shows t h a t  t h e  turbulen t  p ro f i l e s  are always unstable  according t o  
sec t ion  5 ,  or, i n  o the r  words, t h a t  it i s  j u s t  t h e  deviat ion (42)  from 
t h e  la,minar r e s i s t aace  l a w  which makes a n  unstable  p r o f i l e  and thus  
makes turbulence possible .  

The so lu t ion  of equation (28) is  f o r  a = 0 

By se l ec t ion  of t h e  lower l i m i t  of the i n t e g r a l  w e  made cp become 
zero f o r  y = -1; that it becomes zero also f o r  y = +1 due t o  
se l ec t ion  c = w ( + l )  
t r ans f  o r m t  ion 

can be seen e a s i l y  from t h e  following 

The  i n t e g r a l  of t h e  r i g h t  side becomes a t  t h e  point  w = w ( + l )  

i n f i n i t e  of lower order  than s ince  w1 t he re  ( i n  t h e  

l i m i t  R = a) becomes i n f i n i t e .  Thus cpl = 0 f o r  y = +l. By e q a -  

t i o n  (44)  w e  have represented i n  t h e  l i m i t  of f r i c t i o n l e s s  f l u i d  t h e  
amplitude of t h e  turbulen t  o s c i l l a t i o n s  and der ived from t h e  boundary 
condi t ions t h e  value f o r  p/a, namely P/a = w ( + l ) .  It i s ,  however, 
se l f -ev ident  that t h e  so lu t ion  symmetrical t o  equation (44 )  

w - w ( + l )  

nv 

a l s o  satisfies t h e  boundary conditions; thus c = w(-1) i s  v a l i d  
here. I n  case of t h e  Couette arrangement we therefore  conclude from 
equat ions (44)  and (& )  that two mutually syrmnetrica.1 o s c i l l a t i o n  
systems e x i s t ,  t h e  wave v e l o c i t i e s  of which agree respec t ive ly  with 
t h e  v e l o c i t i e s  of t h e  two wa.lls ( w ( + l )  and w ( - 1 ) ) .  
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For t h e  symmetrical flow between two w a l l s  a t  rest, on t h e  o ther  
From equations (44) and ( 4 h )  w e  t hen  con- hand, 

clude that every i n t e g r a l  of t he  form 
w ( + l )  = w ( - 1 )  = 0. 

. 

s a t i s f i e s  t h e  boundary conditions;  however, from t h e  requirement (a) 
that CD i s  t o  be odd the re  r e s u l t s  that we must s e l e c t  as  lower l i m i t  

of t h e  in t eg ra l  - y = 0. Thus J ':; .;.s, Y Q 

2 
W 

I n  t h e  case of symmetrical flow t h e r e  i s  therefore ,  p a r t i c u l a r l y  
f o r  p/u 

w ( + l )  = w ( - 1 )  = = 0 ( 4 4 4  
U ... 

I n  t h e  turbulent  bas ic  flow, t h e  type of i t s  s i n g u l a r i t y  a t  t h e  
w a l l s  i s  of foremost i n t e r e s t  t o  us; thus  f o r  t he  assumption w cv vE, 
t h e  exponent E. W e  shall attempt t o  show that from t h e  d i f f e r e n t i a l  
equations (38) and (39) respec t ive ly  i n  t h e  l i m i t  R = 00 at least i n  
immediate proximity of t h e  w a l l  such a power l a w  with t h e  exponent 
E = 1/7 a c t u a l l y  follows. It i s  t r u e  that t h e  domain of convergence 
of t h e  power s e r i e s  used i s  not es tab l i shed  so t h a t  t h e  conclusions, 
as  far as  they apply t o  t h e  shape of t h e  p r o f i l e  a t  some d is tance  from 
t h e  w a l l ,  a r e  uncertain.  W e  develop cpl and w i n  t h e  neighborhood 

of q = 0 
a.ny f i n i t e  value - and then inverse ly  q i n  i n t e g r a l  powers of w. 
Thus we a r e  l e d  d i r e c t l y  t o  t h e  formula (43) for 

i n  integra, l  and pos i t i ve  powers of 7 - t h i s  is  poss ib le  f o r  

q ( w ) .  

We contend, and t h i s  i s  t h e  most important r e s u l t  w e  s h a l l  need 
l a t e r ,  t h a t  cpl 
of t h e  form 

i n  f i r s t  approximation may be represented by a s e r i e s  
c 
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Y 

where a2, a8 . . . a r e  r ea l ,  u5, all . . . purely imaginary con- 

s t an t s ;  furthermore, w i s  of the fo rm 

w = p p + p $ + .  . . 
7 (45) 

This  contention may be proved f o r  the d i f f e r e n t i a l  equations (38) 
d i r e c t l y  by expressing cp and w in undetermined coe f f i c i en t s  i f  
t h e  terms uo, al, a2, u3, and Po, p, are prescribed. Thus we 

w i l l ,  above a l l ,  attempt t o  determine these  terms. F i r s t ,  'pl and 

t h e  series f o r  'pl starts with a2q2 (a0 = al = 0) .  We can v e r i f y  

af terward t h a t ,  furthermore, t h e  following term a3q3 

that is, becomes very small compared t c  t h e  other  terms. By way of an 
in te rpola t ion  we shall prove here f o r  t h i s  purpose by a s ing le  approxi- 
mate in tegra t ion  of t h e  second equation (38) that a assumes t h e  

order of magnitude aR. For u2 = 0 equation (38) reads 

' f o r  7 = 0 must be zero becamuse of t h e  boundary conditions;  thus 'p1 

i s  eliminated, 

3 

whence follows 

The constant A is here of t h e  same order of mgnitude as t h e  l e f t  
s ide  of equation (46) a t  t h e  center  of t h e  tunnel, thus almost of t h e  
order  of magnitude 1. (Compare pa r t  I, sec t ion  2.)  The term cp I" 

a t  t h e  edge i s  therefore  of  t h e  order aR due t o  the  boundary condi- 
t ions .  The same i s  v a l i d  f o r  a3. 

1 

Thus we s h a l l  meanwhile assume a3 as small and la ter  attempt t o  
j u s t i f y  that assumption. O f  t he  constants Po, t h e  first,  Po, 
equals  zero because of t h e  requirement ( a ) ,  sec t ion  1. 
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c 

The constants 9 and p1 a r e ,  a t  f i rs t ,  arbitrargj17 and the re  

i s  no p o s s i b i l i t y  of der iving them from the  so lu t ion  of t h e  d i f f e r e n t i a l  
equations (38) and (39) i n  t h e  proximity of the wall. 
would.arise only i f  w e  should succeed i n  continuing the  so lu t ion  (45) 
ana ly t i ca l ly  up t o  t h e  o ther  wall; however, t h i s  i s  an extremely com- 
p i ica ted  mathematical problem i f  only f o r  t h e  reason t h a t ,  as w i l l  be 
seen, the s implif ied equations (38) and (39) a r e  not s u f f i c i e n t  f o r  
determining cpl and w a t  t h e  center  of t h e  tunnel.  Although we 

must therefore  forego t h e  so lu t ion  of t h i s  problem, w e  may s t i l l  expect 
t o  obtain, by merely developing cpl and w i n  t h e  proximity of one 
wall w i t h  undetermined coe f f i c i en t s  CQ, pl, those qua l i t a t ive  char- 

. 
This p o s s i b i l i t y  

a c t e r i s t i c s  of w and cp1 i n  wall proximity which are, according t o  
experience, qu i te  independent of t h e  behavior of t h e  f l u i d  a t  the  

as ,  f o r  instance,  t h e  l a w  w - q1/7. tunnel  center  

We en te r  

replacing the  
as very small 
that the wave 

equation (38) with t h e  statement 

9 1 5  + . . . 
I L 

w = B 1 1  + 

second equation 
which here only 

+ P313 + ' 

by ( 4 6 ) .  We therefore  again assume a 
s i g n i f i e s  (compare p a r t  I, sec t ion  2)  

length of t h e  o s c i l l a t i o n s  i s  t o  be la rge  compared t o  
t h e  boundary-layer thickness; moreover, we put,  according t o  equa- 
t i o n  (44c) 

- = o  P 
U 

For t h e  f i r s t  equation (38) w e  wr i te  furthermore 

1' Therein q~~~ denotes t h e  r e a l ,  cpli t h e  imaginary part of cp 
- 

27We shall assume 9 as real. This does not imply a l i m i t a t i o n  
i s  determined only up t o  a f a c t o r  of t h e  form 

as t h e  i n i t i a l  point of t h e  time coordinate i n  equation (36) may 
of general i ty  since c p 1  
eix 
be chosen a r b i t r a r i l y .  
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From .equations (46) and (47) now follow t h e  recursion formulas . 

i n  add i t ion  

Therein asr denotes t h e  r e a l ,  asi t h e  imaginary p a r t  of a,. 

From equation (48) there  fo l lows  f i r s t  

a4 = 0 

From equation (49) the re  then r e s u l t s  

The term P2 may also be approximately equated t o  zero. 

From equation (49) there  follows 
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For very small q t h e  t e r m  p2q2 i s  therefore  t o  be neglected com- 
pared t o  t h e  f i rs t  t e r m  p17; f o r  l a r g e r  7, however, t h e  higher terms . 
p777 etc . ,  a r e  completely predominant. 

Let us  thus  assume also p2 = 0 
terms of  t h e  s e r i e s  f o r  p1 and w. 

and thus ca l cu la t e  t h e  higher 

There follows 

The representat ion (45) f o r  w w e  contended i s  the re fo re  proved and 
it may e a s i l y  be shown too  t h a t  of t h e  f u r t h e r  terms only i n  every 
s i x t h  term has $ a f i n i t e  value. 

Hence follows f o r  t h e  representa t ion  of q as power series i n  w 

1 
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The terms y2 t o  76, 78 t o  y12, y,4 etc. ,  a l l  equal 
28 zero. 

The development ( 5 0 )  now ac tua l ly  completely agrees  with equa- 
t i o n  (43) and w e  seem thus t o  a r r ive ,  even without knowledge of t h e  
constants  9 and pl, t o  the l a w  q w7 semiempirically derived 
by von K&dn. The coe f f i c i en t s  yl and y7, however, cannot be 

calculated.  
f ind ings  f o r  t h e  coef f ic ien ts  fi1 and 9 that 77 i s  of t h e  order 

of magnitude 1, y l  of t h e  order  ( u B ) - ~ / ~ ,  t hus  9 (a) 13/8 . 
Subsequently, w e  thus  a l s o  confirm our former a s se r t ion  a37 <<a2. 
Raising t h e  question of what order  of magnitude are t h e  va lues  of 
f o r  which t h e  t h i r d  term i n  equation (70 )  is  small compared t o  t h e  
second f o r  which therefore  t h e  w7 p r o f i l e  a c t u a l l y  is  v a l i d ,  one 

f i n d s  w ry pl-’l6, thus  43-1/8. 
fol lows from t h e  d i f f e r e n t i a l  equations (38) only q u a l i t a t i v e l y  P. t  
f irst .  
observed almost up t o  t h e  tunnel center is given i n  our ca lcu la t ions ;  
however, t h i s  was not t o  be expected s ince t h e  o ther  constants  en ter ing  
t h e  l a w  a l s o  depend on t h e  behavior of t h e  f l u i d  a t  t h e  opposi te  w a l l .  

Inversely,  we may perhaps conclude from t h e  empir ical  

w 

Accordingly, t h e  p r o f i l e  w N v1/7 

No information about t h e  f a c t  that the 1/7 p r o f i l e  has been 

A s  a n  in te rpola t ion ,  w e  shall once more b r i e f l y  summarize w h a t  
f a c t o r s  we have neglected i n  deriving equation (50) from equat ions (48) 
and (49) and attempt thereby t o  determine within w h a t  accuracy t h e  
conclusions drawn from (50) are correct.  F i r s t ,  w e  used system (38) 
ins t ead  of (37), thus  cancelled magnitudes of t h e  order 
more, we equated a3 = 0, p / a  = 0 ,  p2 = 0 and therewith neglected 

cp2/w. Further- 

I 

respectively.  , and - magnitudes of t h e  order -, -, - p1 a37 j3 fi2‘1 
a2 a w  B 1  Bm6’ 

The accuracy of our ca lcu la t ions  w i l l  be determined by t h e  l a r g e s t  of 
t h e  terms here neglected. 
tude, not executed here, make it probable t h a t  of these  terms 
is  t h e  l a r g e s t  but that t h i s  term, too, goes toward zero with R j m .  

Simple considerations of t h e  order  of magni- 
q2/w 

.. 
28This power series q ( w )  may, of course, a l s o  be derived d i r e c t l y  

w ( q )  from equations (46) and (47) without t h e  detour over t h e  series of 
if  w i s  introduced as independent var iable;  however, t h e  ca lcu la t ions  
required f o r  t h i s  purpose are somewhat more complicated. 
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Selection of a s u f f i c i e n t l y  la rge  value f o r  R w i l l  therefore  make 
it possible t o  car ry  the  accuracy of t h e  r e s u l t s  derived from equa- 
t i o n s  (@), (49) ,  and ( 5 0 )  a r b i t r a r i l y  far. 

A s  t o  Blasius '  l a w  of res i s tance ,  it can, of course, be derived 
inversely according t o  t h e  method described above from t h e  l a w  T) - w7 
by means of consideration of s imi l i tude  i f  one assumes, a s  w e  did,  that 
t h e  behavior of w i n  t h e  proximity of t h e  w a l l  i s  independent of t h e  
tunnel  width; however, f o r  t h e  reasons s t a t e d  above ( imposs ib i l i t y  of 
ana ly t i ca l  cont inuat ion)  we  must leave t h e  question unanswered whether 
t h i s  l a t t e r  - physical ly  very p laus ib le  - assumption also follows from 
t h e  d i f f e r e n t i a l  equations (38) and (39) ,  respect ively.  

We are ,  however, ab l e  t o  draw a noteworthy d i r e c t  conclusion con- 
cerning t h e  l a w  of res i s tance  from equations (38) and (39) by means of 
consideration of s imil i tude.  I n  t h e  tunnel ,  except f o r  i m e d i a t e  wall 
proximity and t h e  point  y = 0 (compare below equation (66 ) )  one may 
write instead of t h e  first equation (38) because of t h e  magnitude of 
C1 (compare pages 41 and 42) 

Since t h e  amplitude cpl cannot go toward i n f i n i t y  with R-+w - t h i s  
would render a l l  our ca lcu la t ions  devoid of physical  sense - t he re  
follows that C1 i s  a t  most of  t he  order  of magnitude aR, that there-  
fo re  the exponent 
manner a l so  can be seen from equation ( 4 1 ) ) .  
equations (42)  and ( 4 0 ) )  that t h e  l a w  of r e s i s t ance  
usua l ly  assumed i n  hydraulics represents  an upper limit f o r  a l l  imSgi- 
nable laws of res i s tance  of turbulence which i s  independent of t h e  w a l l  
cha rac t e r i s t i c s .  One may conclude a s  an  assumption that t h e  law 
7 - u  7/4 i s  v a l i d  only f o r  smooth w a l l s  - it was f o r  those only that 

c. 

5 of equation (40)  must be U (which i n  a c e r t a i n  
Hence follows (compare 

T = const.U2 

w e  obtained T) 

however, more and more approaches the'quadratic law.29  
t h e  amplitude w i l l  be independent of R and of t h e  magnitude of 
t h e  wall disturbances;  moreover, f o r  rough w a l l s  t h e  boundary conditions 
w i l l  no longer cause 'pl t o  be r e a l  i n  f i rs t  approximation a s  corre- 
sponds t o  equation ( 4 4 ) .  

w'( - that t h e  l a w  of res i s tance  f o r  rough walls, 
For rough w a l l s  

"Compare the  more exact inves t iga t ions  by Von Ka/rdn, elsewhere, 
and the experimental inves t iga t ions  by S c h i l l e r ,  same per iodica l  3, 
page 2 ,  1923. 
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Nothing is  changed i n  t h e  conclusions of t h i s  paragraph i f  t h e  
equations (39) a r e  taken as a b a s i s  ins tead  of t h e  d i f f e r e n t i a l  equa- 
t i o n s  (38). 

3. The Turbulent Motion Outside of t h e  Immediate 

Proximity of t h e  Wall 

It i s  e s s e n t i a l  f o r  t h e  motion a t  t h e  tunnel center  that 
i s  composed of those two in t eg ra l s  o f  (7a) which appear i n  case of 
f r i c t i o n l e s s  f l u i d ,  thus f o r  equation (8).  
The most important c h a r a c t e r i s t i c  of 
that it s a t i s f i e s  - except f o r  magnitudes of t h e  order  
(a ,R)- l  - t h e  condition 

'pl here 

(Compare p a r t  I, sec t ion  2.) 
'p1 following from t h i s  f a c t  is  

'p2 and 

This results, according t o  Abel's theorem, from t h e  f a c t  that, 
except f o r  magnitudes of t he  order 'p2 and (a)-', 'plr, and 'pli 

( t h e  real and imaginary pa r t  of 
equation (8). 

'pl) are so lu t ions  of t h e  d i f f e r e n t i a l  

Hence it can be concluded that t h e  equations (38) and (39) a r e  not 
su f f i c i en t  f o r  establishment of t h e  motion over t h e  e n t i r e  tunnel  width 
but  that we have t o  go back t o  equation (37) and t o  t h e  system of equa- 
t i o n s  which corresponds t o  it. f o r  Couette 's  case. 

This ,  i n  general ,  involves a complication of t h e  mathemt ica l  
problem. 
easily because t h e  first equation ( 3 9 ) ,  except f o r  magnitudes of t h e  

with equation ( 5 2 ) .  
of i t s  der iva t ion  from Abel's theorem is' cor rec t  only up t o  magnitudes 
of order  

magnitudes of t h e  order cpZ2. This requirement is s a t i s f i e d  if we put 

Only i n  Couette 's  case maykhe problem be solved comparatively 

order  w' /C,  thus  ( a R ) -  314 and 'p2 2 , compare equation (371, agrees 

Whereas, therefore ,  equation (52) i n  consequence 

cp2, i n  Couette's case equation (39) should s t i l l  be v a l i d  up t o  

'p2 = 0 (53) 
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T h i s  equation i s  therefore  t o  be regarded as so lu t ion  f o r  Couet te 's  
case, of t h e  d i f f e r e n t i a l  equation w e  took as a basis. 

According t o  equation (53) it would fcllow f o r  'pl from (37) 

The system applying t o  Couette 's  case i s  not equation (37) but a more 
complicated one which w e  are not going t o  wri te  down. W e  do, however, 
s tate about it t h a t  it leads,  l i k e  (37) ,  f o r  
t i o n  (54) and thus t o  the  r e s u l t  

cp2 = 0 t o  t h e  solu- 

Here, a, b, and y a r e  any complex constants.  For w then follows 
from the second equation (39) or,  respect ively,  from i t s  reduced 
form (8) 

w - c = aley2' i ble Y l Y  . 
Since a t  one of t h e  w a l l s  t he re  should be w - c = 0, and s ince,  on 
t h e  other  hand, w should be odd i n  t h e  neighborhood of y = 0, it 
follows that w, simply by t h e  vanishing of yl and a su i t ab le  
increase of al and bl, must degenerate t o  a l i n e a r  p ro f i l e .  

Thus, w e  obtain the important r e s u l t  that f o r  Couet te 's  case t h e  
bas ic  p r o f i l e  of the turbulent  motion takes an e s s e n t i a l l y  l i n e a r  
course over t h e  e n t i r e  tunnel  width - however, s t rongly devia t ing  from 
t h e  laminar p r o f i l e ,  it w i l l  be much f l a t t e r  than t h e  laminar one - 
khat, however, (compare 11, sec t ion  2)  a t  t h e  edge it c l ings  again 
l i k e  t o  t h e  w a l l g .  

w 

We shall now tu rn  t o  t h e  more complicated case of a flow between 
two walls a t  rest ,  thus exac t ly  t o  the system (37).  
we must na tu ra l ly  be content with rough approximations. F i r s t ,  w e  

For a so lu t ion  



. 

. 
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can cancel i n  equation (37)  t h e  r igh t  s ides  of a l l  t h ree  equations,  
namely t h e  f r i c t i o n  terms; t h i s  is f u l l y  j u s t i f i e d  by t h e  considera- 
t i o n s  of Part I, sec t ion  2. Then we equate p/a = 0 (compare 
equation (44c) ). 

We thus obtain f o r  ~9 i n  t he  place of t h e  second equation (37)  

cpl'?W - w?pl - u 2 wcpl - cp2' (qy' - u 2 q )  - 2cp2(T1?" - a 2- cpl ') + 2q1' (cp2f1 - 

If we develop 'pl as so lu t ion  of the equation ( 5 7 )  in powers of a 2 
on one hand and powers of 
that cpl i s  t o  be odd (compare (44b)) and w r i t e  'pl = cplo + cpll t h e r e  
r e s u l t s  with only t h e  l i n e a r  terms taken i n t o  considerat ion 

cp2 on the other ,  and i f  we f u r t h e r  note 

Natural ly  '4 i s  herein not f u l l y  determined - t h e  constant f a c t o r  a 
assumed as real  which does not s ignify a l imi t a t ion  remains undetermined. 

If we subs t i t u t e  t h i s  value of rpl i n t o  the  s impl i f ied  first 
equation ( 3 7 ) ,  namely ' 
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w e  obtain, w i t h  'p2i denoting t h e  imaginary p a r t  of 'p2, t h e  r e s u l t  

Now, however, a s  follows from t h e  t h i r d  equation (37) and from t h e  
f a c t  that 'p1 i s  real i n  f i rs t  approximtion,  'p2i s a t i s f i e s  t he  
equation 

thus 

If we subs t i t u t e  t h i s  value of 
fur ther  consider that f o r  t h e  l e f t  s ide  of equation (61)  and 
therewith the  constant on the  right s ide  i s  zero ( t h i s  s i g n i f i e s  f o r  
t he  constant of t he  r i g h t  s ide  of equation (60) only t h a t  it i s  i n  
f irst  approximation zero, t h a t  i s ,  small of t h e  order ql'p22 
a q1'p2, respect ively,  o r  

'p2i i n to  equation (63) and i f  we 

y = 0 

o r  
2 4 a cpl , w e  ob ta in  

which f u l l y  agrees  with (34) .  

Th i s  equation, it i s  t rue ,  becomes, l i k e  equation (54) , t r i v i a l  
i n  t he  neighborhood of t h e  point  y = 0; it i s  the re  f u l f i l l e d  
ident ica l ly  s ince q is  an  odd funct ion of y. Thus it cannot permit 
t he re  a determination of w. This leads f o r  t h e  symmetrical p r o f i l e  
(64) t o  a remarkable d iscont inui ty  a t  t h e  point  
p ro f i l e  such a d iscont inui ty  cannot be seen from t h e  d i f f e r e n t i a l  
equations.) I f  one in tegra tes  (37a) one obta ins ,  as shown above, 
a f t e r  a s ing le  in tegra t ion  the  equation 

y = 0. (For t h e  odd 
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where 
i s  of t h e  order of magnitude 
The l e f t  s ide  of equation ( 6 5 )  disappears, however, with cpl and cp2 
(which, as we know, are odd functions of 

C (compare pp. 41 and 42), Blasius' l a w  of r e s i s t ance  being va l id ,  
(m)3I4, thus a t  any r a t e  very  la rge  . 

y) a t  t h e  point  y = 0. Thus 

w If = c  y=o 

must be v a l i d  there .  This s i g n i f i e s  that w ~ = ~ ' '  i s  very l a rge  

( 4 a . R )  3/4)  and that therefore  w a t  t h e  point  y = 0 shows a sharp 
break3' ( rad ius  of curvature -(aB)-314). 
t h i s  point  t he  course of 
be e s s e n t i a l l y  l i nea r .  

A t  a small d is tance  from 
w must, according t o  equation (64) ,  again 

W e  obtain t h e  r e s u l t :  For t h e  flow between two waJls a t  rest as 
wel l  - and sure ly  t h i s  m y  be applied a l s o  t o  t h e  flow i n  t h e  tube - 
t h e  p r o f i l e  i s  l i n e a r  approximately over t h e  e n t i r e  tunnel  width; a t  
t h e  center ,  however, it shows a sharp break (it c l ings  t o  t h e  w a l l s  
with t h e  y117 l a w ) .  (Compare figure 3.) 

The physical  cause of t h e  sharp break i s  t h e  f a c t  that t h e  gradient  
of t he  turbulent  momentum t r a n s f e r  fo r  y = 0 
of symmetry and t h a t  therefore ,  because t h e  gradient  of the e n t i r e  
momentum t r a n s f e r  over t h e  tunnel  width i s  constant,  t h e  gradient  of 
t h e  laminar momentum t r a n s f e r ,  that is 

disappears f o r  reasons 

w", must be very l a rge  there .  

4, F ina l  Remarks and Summary of t h e  Physical Resul ts  

Our inves t iga t ions  s t i l l  show two importamt gaps. F i r s t ,  they  do 
7'17 p r o f i l e  t.0 t h e  l i n e a r  p r o f i l e  not y i e l d ' t h e  t r a n s i t i o n  from the  

v a l i d  i n  t h e  center  part. Second, they a r e  l imi ted  t o  l a rge  values  
of R and thus do not y i e ld  t h e  m i n i m u m  value of R ,  e i t h e r ,  i f  such 
a minimum value e x i s t s  f o r  which the  turbulen t  motion i s  s t i l l  possible .  
The f i r s t  of these  two gaps i s  most d i f f i c u l t  t o  f i l l  i n  (compare 
page 48); w e  cannot even ind ica te  a method which would s a t i s f a c t o r i l y  
. 

30Professor Prandt l  w a s  so  kind as t o  point  out t h i s  break t o  me 
on t h e  b a s i s  of empir ical  material. 
c a l l y  than according t o  ca lcu la t ion  r e s u l t s ,  which is  e a s i l y  explained by 
t h e  f a c t  that the assumption (a ) ,  page 38, concerning t h e  symmetry of t h e  
v o r t i c e s  and disturbances a l s o  does not exac t ly  correspond t o  a c t u a l  
conditions.  

The break seems less sharp empiri- 
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solve t h i s  p a r t i c u l a r  problem. One may attempt t o  piece t h e  two 
a.pproximations toge ther  t h a t  come from t h e  w a l l  and from t h e  tunnel  
center.  This would have t o  be done by means of t h e  condi t ion that 

be continuous; however, t h e  convergence of t h e  developments (43)  and 
( 5 0 )  is  hardly s u f f i c i e n t  thus t o  guarantee a somewhat defined approxi- 
mation. A t  any r a t e  t h e  u l t imate  r e s u l t ,  t h e  p r o f i l e  w, i s  s t i l l  t o  
a great deal dependent on t h e  type of jo in ing  t h e  two a.pproximations. 
F ina l ly ,  it must be regarded as dubious whether such an exact carrying 
out of t h e  formulation (page 39) would y i e l d  e s s e n t i a l l y  new physical  
r e s u l t s  i n  agreement with experience s ince  these  statements c e r t a i n l y  
represent a very s t rong idea l i za t ion  of a c t u a l  conditions.  

‘I 1 

a t  the respec t ive  junct ion rpl, (Pl” vl”, T1  , w, and w’ a r e  t o  

In con t r a s t ,  f i l l i n g  i n  of t h e  second gap does not o f f e r  any 
bas i c  d i f f i c u l t i e s  whatsoever; a l l  necessary expedients a r e  contained 
i n  P a r t  I and once t h e  p r o f i l e  w i s  completely known, t h e  methods 
described i n  P a r t  I a r e ,  on p r inc ip l e ,  s u f f i c i e n t  t o  ca l cu la t e  according 
t o  Part  I, sec t ion  6, t h e  minimum value of R f o r  which t h e  turbulen t  
motion is possible .  One could, f o r  instance,  ca l cu la t e  t h e  c r i t i c a l  
Reynolds number f o r  a p r o f i l e  obtained, according t o  t h e  method 
mentioned above, by piecing toge ther  t h e  two approximations, o r  one 
could base t h i s  i nves t iga t ion  on t h e  empir ica l ly  observed p r o f i l e  and 
thus  ca lcu la te  t he  Reynolds number i n  a semiempirical manner. I n  any 
case one w i l l  - t h e  inves t iga t ions  i n  Pdrt  I made t h i s  probable and 
d i r e c t  ca lcu la t ions ,  here not reproduced, confirmed it - a r r i v e  a t  
t h e  same order  of magnitude of t h e  c r i t i c a l  Reynolds number, namely 
R - 103. The exact value of R w i l l ,  it i s  t r u e ,  s t i l l  be too  
dependent on t h e  manner i n  which t h e  p r o f i l e  w a s  obtained t o  permit 
comparisons with experience. For that reason w e  d id  not perform here 
such a ca l cu la t ion  of R. 

Let us f i n a l l y  summarize w h a t  may be concluded as physical  r e s u l t  
from o u r  inves t iga t ions  concerning t h e  turbulence problem. In  Part I 
w e  recognize that t h e  l a m i n a r  motion and i t s  s t a b i l i t y  condi t ion are 
not of e s s e n t i a l  s ign i f icance  f o r  t h e  turbulence problem and t h e  
c r i t i c a l  Reynolds number. In  Part 11, however, w e  inves t iga ted  t h e  
turbulent  motion i tself  and may hence give a f e w  data on t h e  turbulen t  
state of motion. I n  general ,  t h e  v e l o c i t y  d i s t r i b u t i o n  over t h e  
e n t i r e  tunnel  i s  of t h e  simplest  type; it i s  - according t o  t h e  t e s t  
conditions - l i n e a r  o r  constant ( s e c t i o n  3) .  
f o r  symmetrical flow between two w a l l s  a t  rest, a sharp break; a t  
t h e  walls t h e  flow c l ings ,  f o r  t h e  p r o f i l e ,  t o  t h e  w a l l s  
( sec t ion  2 ) .  
that  the 1/7 p r o f i l e  is v a l i d  u n t i l  far  i n t o  t h e  tunnel i n t e r i o r .  
turbulent  o s c i l l a t i o n s  a r e  f o r  Couet te’s  case almost harmonic i n  t h e  
i n t e r i o r  of t h e  tunnel  ( s e c t i o n  3, equation (53)) ;  i n  t h e  proximity 

A t  t h e  center  t h e r e  i s ,  

The ca l cu la t ions  do not d i sc lose  anything about t h e  f a c t  
The 
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of t h e  walls a l l  o s c i l l a t i o n s  w i l l  occur. The v e l o c i t y  of t h e  waves 
agrees  with t h e  w a l l  ve loc i ty  (sect ion 2, equations (44) - (44~)); f o r  
Couette 's  case the re  e x i s t  two groups of tu rbulen t  o s c i l l a t i o n s ,  one 
of which agrees,  with respect  t o  i t s  ve loc i ty  of propagation, with one 
of t h e  w a l l s ,  whereas t h e  o ther  group possesses t h e  v e l o c i t y  of t h e  
o ther  wall. Thus t h e  turbulen t  disturbances show, supe r f i c i a l ly ,  t h e  
character  of a w a l l  disturbance. It must, however, be emphasized that 
these  disturbances a r e  capable of existence as f r e e  o s c i l l a t i o n s ,  inde- 
pendently of w a l l  roughness and similar influences.  The amplitude of 
t h e  turbulen t  waves considerably increases toward t h e  walls ( t h i s  
follows from equation (44), sec t ion  2)  and goes toward zero only 
d i r e c t l y  a t  t h e  w a l l .  

The wave length of t h e  occurring o s c i l l a t i o n s  (Part I, sec t ion  8) 
is ,  with respect  t o  order of magnitude, equal t o  ( r a t h e r  somewhat 
l a r g e r  than)  t h e  tunnel  width. The minimum value of t h e  Reynolds num- 
be r  (Part I, sec t ion  8) f o r  which turbulence i s  s t i l l  possible ,  l ies - 
with respect  t o  order of magnitude - near 103. 
Blas ius '  seems t o  r e s u l t ,  under c e r t a i n  presupposit ions,  as 
t h e  l a w  of r e s i s t ance  f o r  smooth walls. For rough w a l l s  it probably 
approaches ( sec t ion  2) t h e  hydraulic l a w  i 'U u2. The purpose of t h e  
present  report  w a s  not so much t o  es tab l i sh  these  r e g u l a r i t i e s ,  t o  a 
grea t  p a r t  known before,  as it was t o  prove that a l l  r e s u l t s  obtained 
so f a r  (seemingly p a r t l y  contradicting each o the r )  can be undformly 
described mathematically with t h e  aid of simple bas ic  assumptions. 

From t h e  p r o f i l e  q1l7, 
7 cv u 7/4 

I wish t o  express here my deepest g ra t i t ude  t o  my revered teacher ,  
Professor  Somerfeld,  f o r  suggesting t h i s  repor t  and f o r  frequent 
as s i  s tanc  e. 

Translated by Mary L. Mahler 
National Advisory Committee 
f o r  Aeronautics 
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