


11111111 111111111111111~ III/III 1111"IIIIII~IIIIIIII II
3 8006 10054 2110

A New Method of Two-dimensional

Aerodynamic Design
By

M. J. LIGHTHILL, B.A.,
of the Aerodynamics Division, N.P.L.

Reports and Memoranda No. 2 I 12

April) 1945

Summary.-The main object of this report is to describe and illustrate a fairly simple exact method by which aerofoils
and other surfaces may be constructed to have desired velocity distributions. Its subsidiary interest is as a progress
report on shapes already con.structed, which are described in the Appendices and Figures, but should not be regarded
as the best which, after further development, the method may be capable of producing.
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1. I ntroduction.-'It is well known that many requirenlents for the flow of air past a surface,
e.g. defern1ent of transition or separation of the boundary layer, may be met by imposing certain
conditions on the velocity distribution along the surface, as calculated from the classical potential
theory. Control of velocity distribution is therefore essential in aerodynamic design.

Goldstein's theory of thin aerofoils1 achieves this, but is approximate at best. The exact
theory ofTheodorsen on which it is based is prohibitively long even for the calculation of velocity
distribution from profile shape, and does not afford a method of design. The theory of this
paper is the outcome of a search for an exact method not too long in application.

Consider first an aerofoil in a uniform infinite tvvo-dimensional stream of (( perfect" fluid.
By Riemann's theorem the space outside the aerofoil can be conformally represented on the out­
side of a circle> by a unique analytic function z( C), where z and C are complex variables in the
planes of the aerofoil and the circle respectively, so that the trailing edge corresponds to C = 1,
and I dzldC I~ 1 as I C I~ w. If the complex potential for the flow past the aerofoil is w(z),
then in the circle plane we must have

w = Wa = Ce-ia + l/Ce-ia + i'X log C, (1)

for some a and 'X, the radius of the circle> and the velocity at infinity being taken as unity. Its
derivative is

d1eJa . eia i'X
dC = e-

2a

- C2 + C '

and the Kutta-Joukowsky condition demands that this shall vanish at C
Hence

(2)

l,i.e. that 'X = 2 sin a.

dWa ( ,) ) ( ) • (() ). ()'dC == e-ia C-' + eia C-2 C- 1 = 4ze-ilJ cos "2 - a sIn"2 ' (3)

if ~ = e". But the velocity q in the aerofoil plane is I~:al = 1~~all::I.. In particular the velocity

at zero lift at a point on the surface of the aerofoil is

I
dWoj 2' IdCI- 2' )'d()j 2qo ='(fZ = SIn () dz - SIn () ds -I -d--C:-'--

d c;s (),I

if dz = ds eix ; and at incidence a, the velocity is

cos (!B -(X)
qa = % cos 1()

2

(4)

(5)

Now dwo,!dz = %e-iX , where X is the direction of motion at any point (on the aerofoil it is along
the tangent, so that the two definitions of X are consistent). Hence log qo - ix is an analytic
function in the domain outside the circle, and log qo and X can be expanded in conjugate Fourier
series in () on the circle.

Now P~ d~ round the circle is zero. By (2), with IX = 0, this canb~ written

,( dz ( 1)1 dw
o

1 - C2 dC = 0 . (6)



(it must take this form since qo :;=: 1 at infinity), we have
. dz (;(1 (;(2

Hence, If dw
o

= 1 +, -t- [;2 + ...
dz a2

a1 = O. Ffence log dw
o

= [;2 + ...

3

h'· 1 dwo 1 'But t IS IS - og dz = - og qo + ~X· Thus log qo can be

(8)

expanded in a Fourier series in 0, containing terms in cos nO and sin nO only for n ~ 2. This
fact can be written

[ log go dO = 0, l
[ log go cos 0 dO = 0, ~ (7)

[ log go sin 0 dO ~ o. J
Of these three very important conditions, the first al1).ounts to requiring unit velocity at infinity,
and the latter two to requiring that the aerofoil defined by the function log qo(fJ) shall close up.

The method of this report is to select the relation between log qo and Oi so that it satisfies (7) ;
and then to constrnct the corresponding aerofoil by finding xas the conjugate Fourier series of
log qo, and using (4) to give for the ordinates and abscissae of points on the aerofoil

J2 f2x =- cos xd (cos 0), Y = - sin xd (cos 0) .
~ ~.

After some experience it is possible, for almost all types of velocity distribution wl'lich are
desired in practice, to decide upon the corresponding relation between log qo and e. The whole
art in the applicqtion of the method is to choose this relation, (i) to fulfil well the purposes for
which the aerofoil is to be designed, (ii) simply enough for the purposes of the subsequent
computation.

When the aerofoil has been constructed and the chord found, we know the lift curve slope. For
the circulation is 4n sin rx and so

4nsin rx. p . 1 8n.
CL = 1 Phd = -hd sIn rx . (9)2:P. . C or c or

For very thin aerofoils the chord is asymptotically 4; for thicker ones it is rather less.

Poisson's integral relating conjugate functions is

x(0) = 2
1
n f~n log qo(t) cot ~(e - t) dt ,

being taken as a Cauchy principal value at the singularity e = t.

(10)

(11)

2. Symmetrical Aerofoils.--For symmetrical aerofoils qo is.an even function, X an odd function,
of O. (10) then takes the simpler fornl

(0 = - sin °fn log qo (t) . dt, 1
X ) n. 0 cos e -- cos t

1 fn X (t) sin t I
log ~ (e) = - - . () t dt. Jn 0 cus - cos·

Also the third condition of (7) is automatically satisfied.
(77090) .'\.2
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A fairly simple method of application of the ideas of § 1, which \vas used at first, is the modifica­
tion of a known shape. In Appendices I and II there have been obtained two aerofoils by
modifying a 13 per cent. thick symmetrical ]oukowsky aerofoil. Shapes obtainable by this
method are seen to be most varied. If qjO and Xl are the velocity and direction of flow round the
]oukowsky aerofoil at zero lift, then we take

log q.- log qJo + log qM' }

X = x/+ XM' j
(12)

where XM is the conjugate of log qM' qM is chosen to give a specific type of velocity distribution
at some positive incidence a; this is quite possible since in virtue of (5) we have also

log qa = log qja + log qM' (12a)

However a more efficient method is that of direct design at incidence. This enables us to obtain
aerofoils whose upper surface velocity distribution at a given incidence is, for example, quite
flat for the forward portion of the chord and then either (say) falls off fairly evenly or jumps
down suddenly to another quite flat portion. -

SupPQse in fact we want qa to be such a simple function S. Then by (5) we must have

. cos te
log qo = log (If) ) + log S. (13)·cos "2 - oc

cos ~8
Hence the conjugate and first two Fourier constants of the function log cos (to ~~~ are

important. In Appendix III it is shown that the conjugate is

~ JT log x .d
2 1 x,n 0 X -- (14)

h T ed h f . F() 360 JT log x d h' h .were = tan a tan 2; an t e unction T = n 2 0 x2 _ 1 x, W IC IS the corresponding

value of X in degrees, is tabulated there. F(T) -- 0 deg. at T -- 0 (i.e. e = 0) and = 90 deg. at
T = 00 (i.e. e = n) ; these are the values for an;ordinary cusped aerofoil. The Fourier constants
are also shown to be

In [ cos ~-e ] _ Jtana log x
- L(a) = 0 log cos (te _ a) de -- 2 0 i + x2 dx.

. K(a) = In [lOg ~(~Sll !e -)] cos e de = n sin20: +- sin 20: log. cot (x, II
o cos"2 u -- a

r
j

(15)



(18)

(19)
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The simplest aerofoil of this type is one for which 5 is a step-function. If

log 5 ~ l for {i < 0 <" } (16)

and l - k for 0 < () < fJ ,
then the conditions (7) become

-In - fJk - L( ex) ==: 0 1
, , J ~ (17)

- k sin fJ +- K (('J.) =c 0 J J
which determine land k. Thus such an aerofoil is cOlllpletely detern1ined by the values of rx
and fJ. At /3 J the discontinuity J there is a slot where the boundary layer is sucked away. The
doubly infinite se~ies of suction aerofoils produced by (16) and (17) may be expected to have
thickness very near the minimuIll for low drag at the CL and point of suction obtained.
X for this aerofoil is

F( T) k ! 10 sin ~-I e - ,B I_
n g sin t (e. Ii) .

Examples are discussed in Appendices IV and V.

Another simple case is

log 5 = l for fJ < e < n }

and l - k (cos f) cos fJ) for 0 < (j < fJ .

Since it is found that x varies rather like cos (j J this gives a velocity distribution flat from () = n
to fJ J and thereafter falling off fairly evenly. Conditions (7) become

I" k (sin {i ~- (i cos (i) - L( oc) = 0, } (20)

~- k (t fJ - ! sin 2fJ) + K( rx) = 0 ,

and the conjugate of (19) is - k times

sin (jffJ cos t - cos fJ sin (j ffJ ( 1 cos (j - cos fJ) d-- -----~ dt = - -- + t
n .0 cos () cos t n 0 cos (j - cos t

f3 . cos () - cos sin -! I(j - fJ I
= ;; SIn (j n log sin t ((j + fJ) , (21 )

. fJ. "cos (j - cos sin t I (j - fJ I (22)
giving X = F(T) - k;; SIn () + k n log sin t ((j + (3) .

Examples of this method are given in Appendices VI and VII.

The above two types are special cases of the following :-

log S == a for fJ < (j <n} (23)

and b - c cos (j for 0 < (j < fJ ,

for which 'conditions (7) are

a (n - fJ) + b/1 c sin fJ - L( IX) = 0 ,I
.~ (24)

(b - a) sinfJ tc (fJ + t sin 2fJ) + K(rt.) = 0 , J

ard X = F(T)
1 sin t I0 - fJ I

(a - b+ c cos 0) --log ..1 (0 + fJ)n SIn 2 .

fJ .
C - SIn 0 .

n
(25)



(26)

6.

This case is interesting when p is near to n. Dr. Goldstein suggested that, with this type of
velocity distribution, a thin aerofoil with high maximum lift might be obtained, with suction
near the nose. Appendix VIII shows how far this is achieved.

Other more complicated velocity distributions present little more difficulty. The only
drawback of the Inethod of (~direct design at incidence" based on the function (14) is the
shape of the nose, which depends on the behaviour of the function at infinity. In fact
for f) = n --- 0, .

n cot (X ~ 1 1'< ~ - - --" u og But"s ~ Ao, so
2 no'

x == Jds cos X ~ A J0 log ~ do ~ A 02 log ~ J

·while y ~ s ~ Ao. Hence

1
x ~ Ay2 10g -.

,j Y

(A stands for any positive number, possibly different in each occurrence.)

Thus the radius of curvature is zero at the nose: for finite radius of curvature we have
x ~ Ay 2.

For thinner aerofoils this is a drawback as it leads to large adverse velocity gradients at the
leading edge for the higher incidences, and hence to low n1aximum lifts. For thicker ones such
as that of Appendix IV it is not serious.

I t is due to the fact that near the nose go has been taken as

o 1 (0)3
4 cos ~(J _ A 2. - 62 _-_t--_._.--c-'_----:- _

• cos (~O - a) G~ ~ (~)3 + ...) cos a + (1 ~ H~)2 ...) sin a

= A 2 .0 "" (1 - to cot C( + ...),
SIn a

if 0 = n - O. For a finite leading-edge radius of curvature it is necessary to have

% ,- alo + aso3+ a40
4+ ...

(27)

(28)

To obtain this we must multiply (27) by something of the form 1 + ~o cot tI. + .... A simple
choice is the function

1

e
sin n (n - £i) - 1
~-~-

(Oc n- ~t to n),t
(0 = 0 to n - ;n), J

(29)

for some value of n. Appendix IX shows how far this achieves the desired object and how the
number n must be chosen. In Appendix X the method is used to produce an aerofoil.
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3. CaJnbered Aerofoils.-For cambered aerofoils log qo must be given over the whole circle. The
natural thing is to' design the upper surface for high lift, and the lower surface for CL zero or small
and negative.

A simple way of obtaining this (for a suction aerofoil) is to take log qo as

r I cos le I l r l
~ log cos (!e _ iJ[) (iJ[ < e < n + iJ[) ~ plus ~ l ((I, < ~ < 2n -- f3 2) l.

l 0 (iJ[ < e < - n + iJ[) J II ~ k (- f3 2 < e < f3,) f
(30)

(31)

(32)

The left-hand portion is continuous at (X and n + (X (though its derivative is not). If fJ 1 < (x,

the velocity at incidence (X is flat on the upper surface right up to the slot, while the same thing
is true on the lower surface at zero lift. (Here the leading edge, which divides the two surfaces,
lTIUSt be taken as e =n + (X: it is the stagnation point for the middle of the CL range).

As always we must satisfy conditions (7). Put {} = e - (x. Then conditions' (7) are equivalent
to those obtained by writing {} for e. Now

I
n cos t ({) + (X) In . sin (X • (X

log cos {} d{) = SIn {} ~--~-~-~ d{} = 2 SIn (X log cot -
o cos t ({) + (X) 0 cos {} + cos (X 2 '

while

I
n cos t ({) + (X) • In sin (X

log 1 ({) ) Sin {} d{} = cos {} --~~--- df} = n SIn (X • ••
o cos "2" - (X 0 cos {} cos (X

k{cos (fJ 1 -" (X) - cos (fJ 2 + (X) } = n sin (x.

Hence the latter two of conditions (7) become

k{sin ((I, ~ iJ[) + sin (fi2 + iJ[)} = 2 sin iJ[ log cot ~,1
f

Dividing, we obtain

(
fJ2 - (31 ) 2 (X

cot 2 + (X =;; log cot 2

The function (32 - (31 = 2 [cot--1(~ log cot ~) - (X] IS tabulated in

Table 1. The result is rather surprising. For all values of (x, fJ 2 must
exceed (31 by quite a considerable amount. This means that the
distance of the slot from the trailing edge is n1uch greater on the
lower surface than on the upper surface-in fact the ratio is
(1 - cos (32)/(1 - cos fJl)' In Appen~ix XI the case (X = 20 deg.,
(31 = (X, is worked out and Fig. 9 shows how marked the above­
mentioned effect is. But the CL range (from 0 to 2· 69) obtained with
an aerofoil only 30 per cent. thick is a heavy counterbalancing,
advantage.

(33)

(34)

TABLE 1

0·1 24·94
0·5 31·24
1 34·66
5 43·28

10 45·62
15 45·53
20 44·30
25 42·40
30 40·05
35 37 ·38

When k has been obtained from (33) we calculate l by the first of conditions (7) ;-

2 In - k ((31 + (32) - 2L (~) = 0 . (35)
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Thus if /3 1 is taken equal to rx, there is one aerofoil of this type defined by each value of rx. They
are all qualitatively like that of Fig. 9.

The conjugate of (30) is
. (1) sin t (8 - (31)

X = F (I tan t f) I tan t rx) + k ;;, log sinfTif+-- (32) + canst. (36)

This is denlonstrated in Appendix XII.

To avoid the asymmetry of the aerofoil of Fig. 9, for which the large concave portion on the
lower surface will probably possess a turbulent boundary layer, it is necessary to have the maxi­
Inurn velocities at the two ends of the CL range different, that at the upper end being greater.

This can be achieved by the velocity distribution

log qo= ~ loglcosC~~!!_ ex) I (ex < 0 < n + IX ~ oex) 1
l 0 . (elsewhere) J.

r II + k (n + rx - c5a < 8 < (-I) 'I
plus ~ l2 + k (n + a - c50c < e < 2n - (3) fl , (37)

Lk ( - /3 < f) < (3)

1 · . . sin t (rx + c5rx) hI' d'
W lere c5 IS a small posItJve nun1ber and II - l2 = log -;-·-1.-(---.\:-)' so t at t Jere IS 110 IS­SIn 2- a - ua
continuity at n. + rx - <5a. Conditions (7) are derived and exhibited in Appendix XII, To
obtain the conjugate (10) of (37) the only new thing required is the integral

1 Joa . Isin t (¢- a) I
-2- log. 1 (.J.. + ) cot t (f) + ¢ - n) d~,

n 0 SIn 2- ,'f' . rx

to which we approximate by

(38)

1Joa ( 2~)._--, - - cot 1. (f) + ~
2n 0 a 2

n) d~

2c5 . 2 J6- n +<5a
= - -log sin ~- (f) + c5a - n) +.-:- log sin tf} df}.

n .an O-n

Hence
2c5· 2 ·r6 -

n+oa .
X = It' (T) + -log sin t (f) + c5a - n) - --- log SIn tf}df}

n an., 6-n

- ~ log sin t (8 - (n +a - c5a)) -f- ~ log sin t (8 - (3)

l2 I .] ( ) l2 .+ - og sIn "2 8 - (n + a - c5 a ) - - log SIn t (8 + (3).
n n

(39)

(40)

(41)

1'0 the same order of approxiination l1 - l2 2c5 and we obtain

2J6-
n +oa

, l l
X = F (T) - - log sin if} df} + ~ log sin t (8 - fJ) - ~log sin t (8 + fJ),

an ·6-n. '"' n n'

which is a convenient form. The integral can be replaced by c5 a log sin t (f) - n + tc5 ex), except

near f} - n where we use the table of J: log sin if} df} given in Appendix XII (extracted from a

fuller seven-place table of this function by E. J. Watson).
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In Appendix XIII the case rx = 20 deg., fJ 40 deg. is computed, and the result shown in
Fig. 10. This aerofoil is much thicker than that of Fig. 9; yet its drag is ahnost certainly less
since both slots are well to the rear. In choosing between the two we have then to weigh thickness
against low drag.

Cambered low-drag aerofoils without suction can be constructed just as easily by this Inethod.
For them it is essential to use the arx technique exemplified in (37).

Finally it may be remarked that considerations of pitching moment will often make it desirable
to have negative loading over the rear end of aerofoil. This is of course not hard to achieve.

HenceBut

4. Evaluation of the Moment Coefficient.-By Blasius' Theorem the nose-up mOlnent at zero lift
is the real part of .

tp #(~:O)2 zdz, (42)

the integral being taken round the aerofoil in the positive direction. Choose the axes in the
aerofoil plane so that dwo/dz (itself, not merely its modulus) is unity at infinity. Then it follows
from §1 that

dwo a2 as
log dZ = ,2 + p.+ . . . at , = 00.. (43)

de dwo/dz
dz = dwo/d' ---+ 1 as , ---+ 00..

dwo -"'- a2log d- - 2" as z ---+ 00..
ZZ

(44)

Hence (42) becomes

!pT(l + ~ + O(},))' zdz --!p.2ni.2a,.

Hence if az - b2 + ic2 , the moment at zero lift is - 2npc2 • But (43) can be written

(45)

Hence

log qo - ix = (b 2 + ic2) (cos 20 - i sin 20) +
1 In

C2 = - log qo . sin 20 dO
n -n

(46)

(47)

. nose-up moment at zero lift
Hence finally CMo = ip . P . (chord) 2

4 In .
- - (chord)2 -n log qo . SIn 20 dO . (48)

(The reader is reminded that the word (( chord" here, and throughout this report, stands for a
non-dimensional quantity rather less than four, and is the ratio of the actual chord (as measured)
to the radius of the circle into which the aerofoil can be transformed conformally with no
magnification at infinity.)

(48) makes it possible to determine beforehand the moment coefficient at zero lift of an aerofoil
about to be designed. If CMO = 0 is required, a log qo must be chosen with (48) zero: if some
other value for CMO is stipulated, the problem is hardly more difficult, as the chord can generally
be guessed to 2 or 3 per cent. accuracy before the design calculations are carried out.
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For the mon1ent coefficient at incidences other than zero, the exact expressions afforded by this
theory are more complicated, but we give them for the sake of cOlnpleteness. By (3) we have

(49)

If we choose the origin 0 in the aerofoil plane so that z , ----+ 0 as ,----+ 00, then we have also

z
(50)

Hence tpf (~:--f!)2 zdz can be written as

~P~ (1 + 2;2 + 0(;3) ) [1
4e2ia + 3) e-2ia

, (51)

and its real part is 2np((1 + b2) sin 2(X - c2 cos 2(X).

Thus the moment coefficient at incidence (X about the point 0 defined above is

(CI1;rd)2 [~ cos 20c J"n log qo sin 20 do + sin 2oc(n + r~ log qo cos 20 dO ) ] . (52)

Now lim (z - ') = 2~ In zd(), and after the ordinates and abscissae of the aerofoil have been
c-+ oo n -n

found it is a fairly easy matter to calculate where the origin 0 must be chosen to render this
integral zero-and hence to find the moment coefficient about the usual point of reference.
Clearly 0 will lie, generally speaking, just on the forward side of the mid-chord position.

The aerodynamic centre will be at a distance of

.. C
Ma

- C
MO

hrn C
a-+O La

1 rn

1 + - log qo . cos 2() d()
n· -n

chord (53)

(54)

aerofoil chords forward from the point O. For thin aerofoils (with chord ~ 4, and 0 approxi­
mately at mid-chord) this is of course the quarter-chord point.

5. Symmetrical Channels.-With a few alterations the method of this report can be applied
just as easily to the design of symmetrical channels, indeed more easily owing to the absence of
circulation.

If the flux through a channel is 2h, so that we may assume that the stream function '1jJ is + h
on the upper wall and - h on the lower one; and if the channel is transformed symmetrically
into a circle (the points ± 00 becoming ± 1 respectively), then on the circle '1jJ = + h for 0 < () < n
and '1jJ = - h for - n < () < O. The velocity potential 0/ is the conjugate of this, i.e.

1 In h sin t 1 [ ] n 2h ()0/ = - () t dt = - h log Icos () - cos t I = log cot -2n 0 cos ~ cos non
Hence

ds do/ 2h
q d() = dB = - -;; cosec () . (55)



(56)
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Here ds is an element of length on the channel and q the speed at any point. If xis the direction

of m~tion then log q - ix is an analytic function in the physical plane and hence in the plane of
the cIrcle. Hence log q and X are conjugates of one another in the circle. When they are chosen
we have by (55)

I cos X 2h I sin X 2h
x = - -- - cosec fJ dfJ, Y = --- -- cosec fJ dfJ .q n q n

This" cosecfJ " corresponds to sin fJ in (8). There are no a priori conditions on the choice of log q,
as channels do not" close up ".

The simplest requirement for log q is that it should not decrease as fJ goes frOITI n to O. (This
has application in the design of contraction cones for low-turbulence wind tunnels). If a > 0,
log q = a cos fJ does this, and its conjugate is a sin fJ. a is chosen as t log (VIU), if it is desired
to make q increase from U to V.

But contraction cones should also be short, that is, X must tend to zero as rapidly as possible
at the two ends. Thus, given log (VIU), we want

( dX)'
dfJ &=n

(57)

(58)

to be as small as possible. Nowf (0) - - to log q is a positive function, and f> (t) it = log.(VjU).

. . dx 1 In f (t) sin t
Its conJugate IS dfJ - - fJ t dt. Hence

7l 0 cos cos

1 In f (t) sin t d 1 In f (t) sin t d 2 In (
rt. - ~ t - - - t = - f t) cosec t dt.

n 0 1 - cos t n 0 - 1 - cos t n 0

The minimum of log (~/U) occurs (since cosec t is a minimlllTI at t = !n) whenf (t) is concentrated

near t = tn, or in the notation of Dirac, when f(t) = log (VIU) . 0 (t - tn). This means that log q

is constant on the wall up to the point corresponding to fJ = tn and then jumps up to another

constant value. For this case, (log ~jU) = ~ = 0·64. For the previously mentioned case

log q = canst. + t log (VIU) . cos fJ, we have log (~/V) , 1· 00. For an intermediate case

log q = canst. + {6 log (VIU) . (cos fJ - ! cos 3fJ), which is a non-decreasing function also, we

have log (~/U) = O' 75. This case possibly has merits over the discontinuous case, as it allows

a margin of safety. It is chosen as an example in Appendix XIV, and the shape is drawn in Fig. 11.
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In Appendix XVI a short cone is obtained with a very much smaller adverse gradient. For
this cone

log q = 1log (V/U) . (1 + 2 cos 0 - cos 20), ~

X = ! log (VjU) . (2 sin () - sin 2()). J
(60)

At () = 0 (the wide end) X~ 0 very rapidly; but not nearly so rapidly at () = n (the narrow end).
This was taken because in ITIOSt contraction cones the wide end is far longer than the narrow end,
while the large value of dxjd() at () = n hardly increases the length and yet eliminates altogether
the (large) adverse velocity gradient over the narrow end visible in Fig. 12. With a four to one
ratio the maximun1 adverse gradient is 0·025 working section velocities per working section
diameter. '

6. Cascades.-The method is also applicable to the design of a cascade of aerofoils. If COL­
gruent aerofoils are arranged in the complex z-plane, periodically in 2ni, and w(z) is the complex
potential of flow past them, thendwjdz is periodic in 2ni. Let it have the value u1 - iVI at
infinity on the left and U 2 - iV 2 at infinity on the right. The transfonnation Z = ez gives us a
plane in which there is just one aerofoil, x - - 00 gives Z 0, X= + 00 gives Z = 00. Hence,
. dw dw 1SInce - = _ .. - we have

dZ dz z'

dw U
I

- iVI 'u
2

- iV
2

'
- -'"'-- at Z - 0 and -'"'-- ----at Z - 00dZ- Z -. - Z -. (61)

These are the only singularities outside the aerofoil in the Z-plane. The aerofoil can be trans­
formed into the unit circle in the ~-plane with the trailing edge corresponding to ~ = 1, and
00 to 00. Let Z = 0 become ~ = a. Then

dw U iv U 2 -iv2
-'"'-- 1 1 at ~ _ a and ::e= at ~ = 00 .

d~ I; -a ~

Hence

(62)

(64)

(~ - a) (1 ~ a~) '. ~ - a .
W = W - U I log ~ + ZVI log 1 _ a~ ZV2 log ~ (63)

has no singularity outside or on the circle, has imagir\~ypart constant on the circle, and behaves
like (u2 u I ) log ~ at infinity. Hence U I = U 2 and W is constant everywhere. Hence (dropping
the suffices on u) .

dw (1 a 1). ( 1 a) iV2

dl; = U .~ - a - 1 - a~ - C ~ ZVI ~ - a + 1 - a~ - T

U (a - a~2) - iVI~ (1 - aa) - iV2 (~ - a) (1 - an
~ (~- a) (I-an

By the Kutta-Joukowsky condition t,his must vanish at ~ = 1. Hence it can be factorised as

dw (1 - ~) (a (u + iv2) + a (u - iv2) ~) (65)
d~ I; (~ - a) (1 - al;)

dw
d~

- 2iei ()/2 sin 1:()2A B cos (a + f3 ----'- l()) ei (j/22· 2 2 2

e2iO (1 - 2A cos (a - ()) + A 2)

_ A sin!() cos (a + f32 - !()) . e--i
()

- 4 B 2 1 _ 2A cos (a - ()) + A 2 i (66)
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(67)

(68)

The relation between VI and V 2 is
u (a - a) - iVI (1 - aa) - iV2 (1 - a) (1 - a) = O.

2Ausin rx+ VI (A 2-1) - V2 (A2 - 2A cos rx+ 1)= O.

. A sin rx A sin rx
It gIves VI = V2 when VI = 1 A . u. The angle T = - tan-II . A between the- cos rx - cos rx

or

(70)

(69)

angle of zero deflection and the real axis (in the z-plane) is a measure of the stagger of the cascade.
rx will generally be nearer n than O. A is large if the pitch-chord ratio is large, and near unity
if the latter is small. The second stagnation point on the circle is seen from (66) to be
e =n + 2 (rx+ fJ).

The method of design is to choose log q on the circle so that the resulting values of log (dwjdz)
at a and 00 are correct. By Poisson's integral,

dw 1 rh , + t dt .. t
log dz = 2ni r log q , _ t T + ImagInary cons ant,

the integral being taken round the circle and q standing for its value' at t. Hence

[log dWJ ~ [log dWJ = 1. 1 log q~ ,
dz [;=a dz [;= 00 n l 'f a - t

which, together with
1 fn

2n -n log q de = log B2 , (71)

IS sufficient.

X is, as usual, the conjugate of log q on the circle, and since, by (66), we have

qds _ 4AB sin i e cos (rx+ fJ 2 - i e) (72)
de - 2 1 - 2A cos (rx - e) + A,2 '

the expressions for the ordinates and abscissae of a typical aerofoil of the cascade are
y

x'= f4AqB
2 ~in_~~AC~~s((oc+_fi~) +I~~cos XdO, 1

r (73)

I 4AB2 sinie cos (rx + fJ2 - i 8). d J
Y = -q- 1 - 2A cos (rx - 8) + A 2 SIn X e.

A full discussion of cascade design with a worked example is to be found in R. & M. 2104 2•
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Introduction to Appendices.-As first essays in a method of design the "results of whose applica­
tion could not possibly be known beforehand, the majority of the cOInputations in the following
Appendices were done only to fairly low accuracy. Dale's five-place tables were used and in the
final shape four, and in certain cases three, significant figures only were obtained with any
confidence of accuracy. This was sufficient to give such fundanlental properties as thickness­
ratio, CL range, points of maximum suction and thickness, and general shape, and hence to show
how useful the different variations of the method would be, But a rough design once decided
upon for use as an actual wing should, for the purposes of construction, be cOInputed to greater
exactitude. Appendix IV shows how this can be done, using seven figure tables, a multitude of
points, and the Inost accurate methods of integration available. For the low accuracy com­
putations, I! days was the usual tinle for the construction of an areofoil. For the high accuracy
of Appendix IV,4 or 5 days were needed.

In SOlne of the Appendices cos () is used as an independent variable. This has the advantage

that a great many tables .of the trigonometric functions (including those of the type

! log s~n t[: +:1) have been tabulated against cos () by computors working under Dr. Goldstein
n SIn "2 -
on the Inethod of Ref. 1. But experience has shown that it is wiser to use () itself. This gives the
extra points near the leading and trailing edges which are so d'esirable and greatly facilitates the
integration near the leading edge.

A nlethod of integration which has been frequently used and found satisfactory is shown in the
Table 2 following :-

TABLE 2

x 0 a 2a 3a 4a Sa 6a 7a
---

Y Yo YI Y2 Y3 Y4 Y5 Y6 Y7

3' ~ '< 001:0 '< ~ '< ~aJ oydx
0 0 0 0

I + '< + + + +0

~ + ~ ~
..........

'< '< '<f-' f-' co f-' c~

+ + ~ + + + +f-'

~ ~ + ~ ~t ~ ~
I>:> "" t<l ""+ ~ + + + +
~ + ~ €- ~ ~~ co 0<

'< ~

~ + + +
II ~ ~ .;
~

,..
+ +
~

::;:
QI

+
'<
0>

It is a combination of Simpson's Rule and the cubic (1:3:3:1) rule, and can be carried out
very speedily on an adding machine. More accurate (but more laborious) procedures are
indicated in Appendix IV.

For suction aerofoils integration breaks down near the slot but can be supplemented by our
knowledge of the theory of the logarithmic spiral. This is explained in Appendix II.
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APPENDIX I

] oukowsky Aerofoil modified to give (( Low-drag" Section

A symmetrical Joukowsky aerofoil is obtained from the unit circle by the transfOrmation

z=C-b (1.1 )

and

These give

and

dz (C - 1) (C + 1 - 2b)
dC (C - b)2

2 cos t e (1 - 2b cos () + b2
)

qJO = vi [(1 - 2b) 2 + 2 (1 - 2b) cos () + 1]

3() sin () 1 sin (J

X - + tan--1
- 2 tal1- . .

J =-= 2 cos () + (1 - 2b) cos (J - b

(1.2)

(1.3)

We take b = 0·1, giving thickness ratio approximately 13 per cent. We then plot 10glo (!qJa)
against cos () for a given incidence (x, which we have taken as 2 deg. 30 min. (corresponding
to CL === 0·3), in Table 3, column 1. In column 2 is plotted Xl' and, in column 3, 10glo (sin () /qJ).

d log (1q)
Now we observe froln column 1 that the maximum value of - d 10 ~ Ja on the upper

cos

surface for n ~ () ~ ~ is O· 1005 as far as the table indicates. If therefore we add to 10glo qJ a

functionlog10 qM' whose derivative with respect to cos () is everywhere> 0·1005 in this range,
an aerofoil will be obtained with increasing velocity (at 2 deg. 30 min. incidence) over all
points corresponding to n ~ () ~ n/2. The function chosen was

log,o qM = 0.1012(cos e + ~), (n ~ 0 ~ 2) ,

=O'1OI:~(-coso ~), G~8~0)

I

J
(1.4)

This satisfies conditions (7). Its conjugate is 0·1012. ~ cos 0 log [tan ~ - HThe addition to x,
which we call XM' is conjugate to loge qM' and so in degrees

180 2 I (Jr ())IXM = ----;;-. loge 10 .;;; .0·1012 cos e log tan 4 - 2 I

= 8·500 cos 0 . log ItanG - ;) I . .. (1.5)

The new X = XJ + XM is given in column 4. Now in order to get x andy from (8) we need 2/%.
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But we have

logro (~) = loglo (~) - 0·1012 (± cos 6) - 0·1012 ~ .
~ ~ n

(1.6)

2
But 10°.10128 = 1·1600. Colulnn 5 gives 1·16/qo obtained from column 3 and (1.6). Columns 6

n '

and 7 give~ ..~ cos X (that is 0·58 d- dx Q) and }~~E3 sin X (that is 0·58 d dy 6); and in columns
~" cos u q° cos

8 and 9 these are integrated up fron1 the trailing edge by Simpson's rule (or other rules
as found convenient) to give 0·58 (c -- x) and 0·S8y. It is found that the chord is
2·02852/0·58 = 3·497. .

The expressions X = x/c, Y - y/c are tabulated in columns 10 and 11. The thickness-ratio
is found to be 19· 6 per cent., and

C _ 8n ·sin 2 deg. 30 min. _ 0.3135
L- 3.497 - .,

The velocity distribution at incidence, qUI is given in column 12 and in Fig. 1, where the profile
shape is also shown.
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TABLE 3

,....t

""-l

12

qa

0·4850
1·3310
1·3415
1·3427
1·3429
1·3437
1·3447
1·3458
1·3468
1·3481
1·3489
1·2882
1·2296
1·1733
1·1191
1·0670
1·0166
0·9680
0·9209
0·8750
0·8261

I

~I-

11

o
0·0440
0·0613 i
0·0731
0·0821
0·0885
0·0934
0·0963 I

0·0978
0·0973
0·0949
0·0894
0·0820
0·0726
0·0623
0·0508
0·0389
0·0266
0·0153
0·0051
o

10

x

o
0·0465
0·0927
0·1387
0·1845
0·2300
0·2753
0·3203
0·3651
0·4096
0·4538
004987
0·5452
0·5935
0·6438

. 0·6963
0·7511
0·8086
0·8791
0·9327
1

o
0·0892
0·1244
0·1482
0·1665
0·1795
0·1895
0·1953
0·1984
0·1973
0·1926
0·1814
0·1662
0·1473
0·1263
0·1030
0·0789
0·0540
0·0310
0·0103
o

2·0285
1·9342
1·8404
1·9471
1·6543
1·5620
1·4702
1·3788
1·2879
1·1976
1·1079
1·0169
0·9227
0·8246
0·7226
0·6161
0·5048
0·3882
0·2656
0·1364
o

8 9

O' 58 (c-x) O' 58y

76234 5

XJ(Sin Ii) xI· 16 1 . 16 1 . 16
(deg.) loglO - (deg.) - cos X - sin X

qJ qo qo qo

- I I90 1·21824 90 (0'20866 cosec 0) 0·9463 00
21·26 1'56383 24·83 1·03641 0·9406 0·43517
12·08 1·68708 16·79 0·97698 0·9353 0·28221
7·18 1·76201 12·51 0·95293 0·9303 0·20641
3·89 1·81472 9·49 0·93831 0·9255 0·15471

+ 1·47 1·85435 7·07 0-92771 0·9207 0·11419
- 0·44 1·88512 4·89 0·91931 0·9160 0·07837
- 1·97 1·90931 2·81 0·91232 0·9112 0·04472
- 3·21 1·92816 + 0·69 0·90629 0·9062' +0·01092
- 4·25 1·94247 - 1·71 0·90112 0·9007 -0,02689
1- 5·08 1·95258 - - 5·08 0·89658 0·8931 -0·07938
- 5·74 1·95858 - 8·28 0·93517 0·9254 -0'13467
- 6·23 1·96039 -11'13 0·97610 0·9609 -0'17168
_. 6·58 1·95748 -11,36 1·01933 0·9994 -0'20078
- 6·75 1 ·94905 -12,08 1·06510 1·0415 -0'22289
- 6·75 1·93362 -12'35 1·11348 1·0877 -0,23815
- 6·65 1·90860 -12,25 1·16472 1·1382 -0'24713
- 6·11 1·86898 -11,44 1·21908 1·1949 -0·24184
- 5·34 1·80327 -10·05 1·27667 1·2571 -0'22279
- 4 ·02 1:67469 - 7 ·59 1·33781 1·3261 -0'17671

o - 00 0 1·40267 1·4027 0

1

'1-42144
1·84974

-1·84308
1·83333
1·82328
1·81340
1·80361
1·79386
1·78404
1·77437
1·76453
1·75459
1·74452
1·73430
1·72389
1·71327
1·70241
1·69124
1·67971
1·66758
1·65280

loglo (iqJa)
cos 0

-1
-0,9
-0-8
-0,7
-0,6
-0,5
-0'4
-0,3
-0,2
-0,1

o
+0·1

0·2
0·3
0·4
0·5
0·6
0·7
0·8
0·9
1
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APPENDIX II

Thin]oukowsky Aerofoil modified to give Very Thick Suction Aerofoil

In order to show the flexibility of the method we now choose an incidence about 10 times as
great as that of Appendix I, in fact, sin (X = 0·3. The corresponding value of logio (!qJa) is
shown in Table 4, column 1. To make a suction aerofoil with slot at cos f) = 0·8, and increasing
velocity up to the slot in the upper surface at this incidence we add to logio qIa the function

logloqM = 0·25 cosf) (0 < f) < n)

plus 0·057 (cos 3f) - 1) (2
3
n < f) + n)

plus 0·065 (cos Sf) - 1) (~n, < f) < n)

l
.. (11.1)

{

0·20184
plus

- 0·62731

(COS-I O· 8 < f) < n)

(0 < f) < cos-I 0,8)

The last two numbers are detern1ined by the necessity that the first two Fourier (cosine) constants
of log qM should be zero. The v'alue of qa = qIa qM obtained from this is shown in column 10.
There is a discontinuity in velocity at f) = cos-I O· 8. Boundary-layer suction must be applied
here. I t will be seen that the exact configuration at the point is a (( logarithmic" spiral-in
construction this would be smoothed out.

The corresponding value of XM in degrees will be 180 loge 10 times the conjugate of (11.1).
n

This latter is 0·25 sin 8 + 0·057 [Ji sin 38 + (1 - cos 38) 1(8, ;) + ~: sin 8 - ~3 sin 28]

O 0 5 [ . 5 ( f (4n) 1. n . 2. 2n . 2 1. 2n . 3+ . 6 i SIn f) + 1 - cos 5 f)) f), 5 + 2n SIn 5SIn f) - 3n SIn 5 SIn f) + ~ SIn 5 SIn f)

- ~ sin ~ sin 4f) ] - 0·82915 f( f), cos-I O· 8), .. (11.2)

where

f (f) f)) - 1log ~si_n-=l-,-(f)_+_f)-.::..:-o)
, 0 - n sin l( f) - f)o) ,

giving

x = Xo + 35·8574 sin f) - 5·8766 sin 2f) + 5·1027 sin 3f) - 3·2081 sin 4f)

+ 1·7151 sin 5f) + 7·5199 (1 - cos 3f))f(O, ;)

+ 8· 5753 (1 - cos 50) f (0, 4;) - 109· 3884f (0, cos-I 0·8). .. (11.3)

This is tabulated in column 2. In column 3 is shown logio l/qo' whose antilogarithm is multiplied
in columns 4 and 5 by cos X and sin X respectively, and integrated in colun1ns 6 and 7 to give
ix and ty.
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The integration is harder than before owing to the indeterminacy at the slot. It is advisable
to use the following considerations from the theory of the logarithmic spiral.

The curve whose tangent makes a constant angle 1> with the radius vector must, in polar
co-ordinates r, {}, satisfy

d{}
r dr = tan 1>, or {} = tan 1> log r. (1104)

Then s = r sec 1> and :x = {} + 1> = 1> + tan 1> log (s cos 1». For us therefore tan 1> = 0·82915
log)O; 1> . 62·21. It is also true that for two values of 8 at equal distances from cos-1 0·8 ~ is
approximately the same, and hence {} is. Hence, the points on the aerofoil corresponding to
cos 8 = 0·75, 0·8, 0·85 are approximately collinear; and the distance between the latter two
is equal to 10°'82915 = 6·748 times the distance between the former two. This enables us to
carry out the integrations.

The profile shape and velocity distribution are given in Fig. 2.

" TABLE 4

7 8 9 10

Y X y qa2

0 0 0 1·8561
0·07031 0·0200 0·0560 1·9368
0·10030 0·0378 0·0799 2·0017
0·15015 0·0675 0·1196 2·0588
0·21715 0·1223 0·1729 2·1090
0·26705 0·1749 0·2126 2·1151
0·30690 0·2263 0·2444 2·1281
0·33931 0·276 0·2702 2·1301
0·36609 0·3262 0·2915 2·1319
0·38829 0·3747 0·3092 2·1453
0·40634 0·4221 0·3235 2·1668
0·42039 0·4683 0·3347 2·1943
0·43046 0·5134 0·3428 2·2260
0·43647 0·5571 0·3475 2·2610
0·43822 0·5994 0·3489 2·2982
0·43577 0·6400 0·3470 2·3365
0·42780 0·6787 0·3406 2·3755
0·41390 0·7148 0·3296 2·4139
0·39270 0·7470 0·3127 2·4506
0·36203 0·7715 0·2883 2·4835
0·32297 0·7846 0·2572 2·4976

0·31346 0·7821 0·2496 2·5092
0'37188}

0·24695 0·7650 0·1966 0·37307
0·11904 0·8153 0·0948 ·0·37340
0·04625 0·9033 0·0368 0·37200
0 1 0 0·36013

518
749
473
358
968
425
747
961
55
10
18
72
62
73
80
40
74
10
89
32

22

78
91
46
87

1 2 3 4 5 6

cos e
loglo (~)

1 1 X
loglo aqJa) x

(deg.) fio cos X go sin X 2

I
-1 0·25978 90 00 1·0466 00 0
-0'975 0·23665 58·,81 0·27165 0·9680 1·5973 0·02
-0·95 0·18994 56·44 0·15000 0·7808 1·1771 ()'04
-0·9 0·12894 49·81 0·04083 0·7090 0·8392 0·08
-0'8 0·05815 39·91 1·14403 0·6681 0·5588 0·15
-0'7 0·01297 34·00 1·89688 0·6538 0·4410 0·21
-0·6 1·97877 29·18 1·86344 0·6375 0·3560 0·28
-0·5 1·95054 24·99 1·83998 0·6269 0·2922 0·34
-0·4 i'92589 21·57 1·82114 0·6160 0·2435 0·40
--0'3 1·90361 18·41 1·80294 0·6027 0·2006 0·470
-0·2 1·88296 15·25 1·78519 0·5883 0·1604 0·530
-0·1 1·86342 11·89 i·76781 0·5733 0·1207 0·588

0 1·84467 8·25 1·75074 0·5575 0·0808 0·644
+0·1 1·82644 + 4·17 1·73394 0·5405 +0·0394 0·699

0·2 1·80852 - 0·49 1·71741 0·5217 -0·0045 0·752
0·3 }·79070 - 6·01 1·70112 0·4997 -0·0526 0·803
0·4 1·77288 -12,75 1·68506 0·4723 -0·1069 0·852
0·5 i'75486 -21·51 1·66925 0·4344 -0'1712 0·897
0·6 1·73640 -34·12 1·65368 0·3729 -0'2526 0·938
0·7 1·71720 -56·05 1,63835 0·2429 -0·3607 0·968
0·75 1·70716 -78·48 1·63258 0·0857 -0·4201 0·985

0·8 1·69667 {I ·62328 0·982-00 0·45243 - -

0·85 1·68557 -74,72 0·44499 0·7342 -2·6875 0·960
0·9 1·67345 -47,46 0·43761 1·8520 -2·0183 1·023
0·95 1·65931 -28·40 0·43031 2·3692 -1'2810 1·134
1 1·63274 0 0·42306 2·6489 0 1·255

---.~-"-~~-

(77090) B 2
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APPENDIX III

Calc~tlations for "Direct Design at Incidence "

1 cos te .
og cos (~-e _ a) IS

-
sin eIn log [cos te/> / cos (te/> - a)]

~ ---. ---------c------------·--~------de/>
n 0 cos e - cos e/>

- .. (111.1)

.. (111.2)

[where a = cot a, p = tan ~ , t = tan ~],

pt.
where - = P, - = T. Call thISa a

1joo (1 1) $f(T)=- ----- log(l+P)dP.
no P-T P+T

Then
1joo (1 1)

f' (T) = -;; 0 log (1 + P) . d P _ T + P + f

.. (111.3)

· . (IlIA)

But·
2 jT log X

f (0) = 0, hence f( T) = - -2-~-1dx.
n 0 X -

· . (111.5)

The Fourier constants are determined as follows.

j oo ( 2t) joo 1 2t
K (a) = - 0 log (a + t) d 1 + t2 ~ 0 a + t . 1+ t2 dt

j oo ( a 1+ at) 2dt
= 0 - a +t + 1 + t2 1 + a2

2 [ vi(1 + t2
) -1 ] 00 _ 2 (n )

= 1 + a2 a log a + t + tan t 0 - 1 + a2 2 + a log a.

= n sin2a + sin 2a log cot a. · . (111.6)
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fn cos te rn
/
2 ri - a

- L( (X,) = 0 log cos (te _ d) de = 2 . 0 log cos e de - 2 ., -a

= 2 f: log tan e de

Jtana log x
=2 0 1 + X 2-

dx.

log cos e de

. . (111.7)

F (T) 36? fT l~g xl dx is tabulated in Table 5, for T = 0 to 1.
n oX-

For T > .1, the formula F (T) = 90 - F(~)should be used. For very small T, interpolation

became inaccurate owing to the logarithmic term. and it is advisable to use the expression

{( 1)( x
3

x
5

)
~(x) = 83·98823 t lOglO X X + 3 + 5 + ...

(
X3 x5

)}+ 0·4342945 x + 9 + 25 + . . . . .. (111.8)
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TABLE 5

T F(T) T F(T)

1 45·000 368 0·27 23·153 521
0·98 44·632 376 8 0·26 22·632 533 12
0·96 44·256 384 8 0·25 22·099 546 13
0·94 43·872 392 8 "0·24 21·553 559 13
0·92 43·480 401 9 0·23 20·994 573 14

7 15

0·90 43·079 408 0·22 20·421 588
0·88 42·671 418 10 0·21 19·833 603 15
0·86 42·253 '427 9 0·20 19·230 308
0·84 41·826 437 10 0·195 18·922 312 4

0·82 41·389 447 10 0·19 18·610 317 5
11 4

0·80 40·942 458 0·185 18·293 321
0·78 40·484 468 10 0·18 17·972 325 4

0·76 40·016 480 12 0·175 17·647 331 6

0·74 39·536 491 11 0·17 17·316 335 4

0·72 39·045 504 13 0·165 16·981 340 5
13 6

0·70 38·541 517 0·16 16·641 346
0·68 38·024 530 13 0·155 16·295 351 5

0·66 37"·494 544 14 0·15 15·944 357 6

0·64 36·950 559 15 0·145 15·587 363 6

0·62 36·391 575 16 0·14 15·224 369 6
15 6

0·60 35·816 590 0·135 14·855 375
0·58 35·226 608 18 0·13 14·480 382 7

0·56 34·618 625 17 0·125 14·098 388 6

0·54 33·993 644 19 0·12 13·710 396 8

0·52 33·349 664 20 0·115 13·314 404 8
8

0·50 32·685 340 0·11 12·910 412
0·49 32·345 345 5 0·105 12·498 419 7

0·48 32·000 350 5 0·10 12·079 429 10
0·47 31·650 357 7 0·095 11·650 438 9

0·46 31·293 362 5 0·09 11·212 448 10
6 10

0·45 30·931 368 0·085 10·764 458
0·44 30·563 375 7 0·08 10·306 469 11
0·43 30·188 381 6 0·075 9·837 481 12
0·42 29·807 387 6 0·07 9·356 494 13
0·41 29·420 395 8 0·065 8·862 508 14

6 15

0·40 29·025 401 0·06 8·354 523
0·39 28·624 409 8 0·055 7·831 539 16
0·38 28·215 416 7 0·05 7·292 557 18
0·37 27·799 424 8 0·045 6·735 577 20
0·36 27·375 433 9 0·04 6·158 600 23

7 25

0·35 26·942 440 0·035 5·558 625
0·34 26·502 450 10 0·03 4·933 656 31
0·33 26·052 458 8 0·025 4·277 693 37
0·32 25·594 468 10 0·02 3·584 739 46
0·31 25·126 477 9 0·015 2·845 800 61

11 96

0·30 24·649 488 0·01 2·045 896
0·29 24·161 499 11 0·005 1·149 1149253

0·28 23·662 509 10 0 0
0·27 23·153
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APPENDIX IV

"Direct Design at Incidence" used to produce Fairly Thick Suction Aerofoil. Accurate
Numerical Methods

n 16
In (16) an? (17) we take a = tan-I k, fJ = 36deg. Then K(a) = 65 + 65 log 8 = 0·5601947,

hence k - 0·9530602, and ek = 2·593635. Now X in degrees is

180 .
F(T) + k· n2 loge 10 . [loglO stn t (8 + 36 deg.) - logio sin t (8 - 36 deg.)]. (IV.l)

The expression in square brackets is tabulated in Table 6, column 1. Its coefficient is
evaluated as 40·02292. F( T) was obtained as indicated in Appendix III and the resulting
value of X shown in column 2, reduced to degrees and minutes. Now

2 2 cos (t8 - a) 1 2 sin a
- = f8' 5- = (cot a + tan t 8) . 5 (IV.2)qo cos

Sin 8 (cot a + tan t8) has been tabulated in column 3, and multiplied by cos X and sin X
respectively in columns 4 and 5, to

( 2 sin a)-I dx d (2 sin a)-I dy (IV.3)
5 d8 an 5 d8 .

In columns 6 and 7 these two expressions are integrated up from the two ends (taking 2 deg. as
the unit, instead of 180/n). The method of integration was that of Whittaker and Robinson,
" Calculus of Observations)" page 147, except at the leading edge for x where the logarithmic
singularity makes it inaccurate. Here the following easily verifiable formulae was used :-

(IV.5)

(IVA)

(ay log y + .. .)dy = 1 Simpson- 0·01895 ax2 = 2 Simpson - 0·00479ax2

= 3 Simpson - 0'00214ax2
;

f
3X

(ay log y + .. .)dy = 1 Simpson --:- O·00326ax2
,

x f51:'
= 1 Simpson - 0·000355ax2

, •

3x

where (( n Simpson" means the formula of Simpson)s rule used with 2n + 1 separate values
of the integrand. Simpson's rule was also used near the suction slot.

At the ·slot itself we again employ the theory of the logarithmic spiral. We have eP = tan-I

k 16 deg. 52 min. The mean value of X at 8 = ~5· deg. and 37 deg. is - 67 deg. 21 min.
n
The f) of Appendix II is then 84 deg. 13 min.) and the following equation must hold :-

(c - 36·501295 . 2,593635) - 466·54745 .
54.58371 _ 18.06961 .2.593635 - cot 84 deg. 13Inin.

(remembering that the two parts of 5 in (IV.3) differ by a factor ek ). This gives c = 562·000161,
c being the chord on which the values forward of the slot in column 6 are based. The true chord
is seen from (IV.3) to be

(IV.6)

But

2 sin a n
eZ • 90' c.

fl/810g(1/X) k L(a)
L(a) = 2 0 1 + x2 dx is found to be 0·766715, so l = 5 + -;;:- = 0·434665.

. 4 . e
l

• 90 3 (IV )Hence el = 1· 5445. But CL = 8n; SIn a/chord = = 0·989 6. .. .7c
The final values of X and Y, reduced with respect to the chord, are given in Table 6, columns 8
and 9. It is seen that the aerofoil is 34· 0 per cent. thick and has the suction slot at 83 per cent.
chord. Its shape is shown in Fig. 3.
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TABLE 6
~_.- ~-

1 2 3 4 5 6 7 8 9
fJ loglO sin t

(deg.) (fJ+36 deg.)
X

(8+tan ifJ) cos X .. sin X x y X Y-logIO sin t X sin fJ ..
(fJ-36 deg.) I

~~--~ --~---~_..._---

180 0 90° 2 0 2 0 0 0 0
179 0·0024629 80° 33·82' 2·1394662 0·3507687 2·1105158 - - -
178 0·0049262 74° 36·29' 2·2785870 0·6049074 2·1968263 0·331294 2·10648 0·000589 0·003748
177 0·0073904 69°-54.11' 2·4173192 0·8307282 2·2701173 - - - -
176 0·0098558 65° 58·49' 2·5556168 1·0404885 2·3342153 1·159309 4·37507 0·002063 0·007785

172 0·0197382 54° 36·58' 3·1036528 1·7974607 2·5301456 3·919042 9·22845 0·006973 0·016421
168 0·0296742 46° 58·13' 3·6414413 2·4849053 2·6618302 8·300481 14·42954 0·014770 0·025675
164 0·0396913 41 ° 16·54' 4 ·1663612 3 ·1312054 2·7484760 13·667136 19·84659 0·024319 0·035314
160 0·0498179 36° 46·36' 4·6758532 3·7454379 2·7991598 20·803673 25·39979 0·037017 0·045195
156 0·0600837 33° 3·70' 5 ·1674380 4·3307466 2·8190514 28·884614 31·02285 0·051396 0·055201

152 0·0705203 29° 54·48' 5·6387205 4·8877957 2·8115157- 38·107911 36·65779 0·067808 0·065227
148 0·0811612 27° 9·75' 6·0874026 5·4160558 2·7789949 48·416654 42·25230 0·086151 0·075182
144 0·0920424 24° 43·48' 6·5112995 5·9143970 2·7234044 59· 752213 I 47.75842 0·106321 0·084979
140 0·1032033 22° 31·41' 6·9083452 6·3813939 2·6463273 72·053358 53 ·13161 0·128209 0·094540
136 0·1146868 20° 30·43' 7·2766071 6·8154769 2·5491737 85·255848 58·33036 0·151701 0·103791

--------
132 0·1265408 18° 38·16' 7·6142890 7·2150551 2·4331818 99·292263 63·31575 0·176677 0·112661
128 0·1388187 16° 52·78' 7·9197479 7·5785390 2·2996152 114 ·091997 68·05119 0·203011 0·121087
124 0·1515802 15° 12·82' 8·1914938 7·9044139 2 ·1519062 129·581337 72·50554 0·230572 0·129013
120 0·1648935 13° 37·06' 8·4282032 8·1912738 1·9843513 145·683636 76·64444 0·259223 0·136370
116 0·1788366 12° 4·47' 8·6287230 8·4378246 1·8049856 162·319237 80·43584 0·288824 0·143124
-- ---- -~---

112 0·1934996 10° 34 ·15' 8·7920779 8·6466429 1·6126640 179·409007 83·85556 0·319233 0·149209
108 0·2089876 9° 5·21' 8·9174690 8·8055557 1·4083457 196·868671 86·87842 0·350300 0·154588
104 0·2254241 7° 37 ·15' 9·0042874 8·9247903 1·1938596 214·605987 89·48231 0·381861 0·159221
100 0·2429562 6° 8·82' 9·0521106 9·0000646 0·9692973 232·538223 91·64700 0·413769 0·163073
96 0·2617602 4° 39·71' 9·0607037 9·0307282 0·7364051 250·576510 93·35356 0·445866 0·166109

92 0·2820509 3° 11·08' 9·0300259 9·0160808 0·5016568 268·631596 94·59302 0·477992 0·168315
88 0·3040929 + 1° 35·68' 8·9602269 8·9477964 +0·2519553 286·602279 95·34803 0·509968 0·169658
84 0·3366216 - 0° 21·34' 8·8516467 8·8514759 -0,0549466 304·408562 95·54595 0·541652 0·170011
80 0·3639552 _ 2° 4·64' 8·7048143 8·6990935 -0,3155347 321·967641 95 ·17195 0·572896 0·169345
76 0·3943688 - 3° 54·27' 8·5204437 8·5006678 -0·5801885 339·175099 94·27688 0·603514 0·167752

72 0·4285918 - 5° 52·15' 8·2994350 8·2559294 -0·8486770 355·939460 92·84867 0·633344 0·165211
68 0-,4676195 _ 8° 0·81' 8·0428646 7,98'43276 -1,1212276 372·166646 90·87408 0·662218 0·161698
64 0·5005788 - 9° 54·28' 7·7519809 7·6364400 -1,3334128 387·775315 88·42037 0·689991 0·157332
60 0·5531946 -12° 34·47' 7·4282032 7·2500281 -1'6171852 402·671152 85·47680 0·716497 0·152094
56 0·6172639 -15° 41·86' 7·0731079 6·8093001 -1·9137086 416·740293 81·94876 0·741531 0·145816

52 0·6982160 -10° 29·48' 6·6884250 6·3051247 -2·2316586 429·867011 77·80847 0·764888 0·138449
48 0·8062763 -24° 22·13' 6·2760278 5·7168852 -2·5895456 441·907522 72·99735 0·786312 0·129888
44 0·9644830 -31 ° 15·24' 5·8379274 4·9907023 -3·0289094 452·645840 67·40278 0·805419 0·119934
40 1·2465228 -43° 5·87' 5·3762563 3·9256784 -3'6733067 461·838844 60·67947 0·821777 0·107971
39 1·3665281 -48° 2·44' 5·1822302 3·4648541 -3,8536085 - - - -

38 1·5376077 -55° 1·67' 5 ·1372812 2·9445786 -4·2096454 465·293769 56·79657 0·829189 0·101061
37 1·8335457 -67° 0·76' 5·0158845 1·9588413 -4,6476744 466·547446 54·58371 0·830155 0·097124
36 +co -co 4·8932654 - 466·764958 52·43610 0·830542 0·093303
35 1·8436052 -67° 41·85' 4·7694592 1·8099936 -4,4126707 36·501295 18·06961 0·831546 0·083391
34 1·5167360 -54°45'43' 4·6445056 2·7130796 -3,7696995 35·339370 15·93446 0·836909 0·073538

~,

33 1·3352090 -47° 38·07' 4·5184414 3·0602911 -3'3242942 - - - -
32 1·2047425 -42° 33·44' 4·3913063 3·2353696 -2·9699617 32·307768 12·69499 0·850899 0'058i8728 0·8806252 -30° 9·84' 3·8728252 3·3484087 -1·9460048 25·971342 7·83036 0·880142 0·03613724 0·6797354 -22° 43·13' 3·3403473 3·0812713 -1'2900732 19·516850 4·84126 0·909930 0·02141920 0·5280540 -17° 15·77' 2·7964682 2·6704968 -0,8298673 13·747111 2·54839 0·936557 0·011761

16 0·4021718 -12° 50·53' 2·2438375 2·1877093 -0,4987290 8·879485 1·23885 " 0·959021 0·00571712 0·2914344 _ 9° 6·52' 1·6851460 1·6638961 -0'2672551 5·022575 0·48760 0·976821 0·0022508 0·1899002 - 5° 46·22' 1·1231167 1·1174258 -0·1129195 2·238438 0·11953 0·989670 0·0005524 0·0937136 - 2° 43·58' 0·5604880 0·5598536 ~0·0266599 0·560044 0·00533 0·997415 0·0000250 0 0 0- 0 0 0 1 0
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APPEN·DIX V

Thicker Suction Aerofoil Computed (to Less Numerical Accuracy) by Direct Design at Incidence

As a second example from our doubly infinite series of suction aerofoils with step function
velocity distribution on the upper surface at incidence a, we take a = tan- 1 t, (J - cos-1 0·9.

TABLE 7
-_.~-

el

X y
no:

0 0
- "-

0·032 0·043
45 0·062 0·076
11 0·091 0·098
35 0·119 0·116
02 0·174 0·145
94 0·226 0·169
32 0·278 0·188
26 0·330 0·204
83 0·380 0·216
08 0·430 0·226
02 0·471 0·234
66 0·527 0·239
01 0·575 0·242
06 0·622 0·242
80 0·669 0·240
19 0·715 0·235
18 0·759 0·227
69 0·802 0·215
57 0·842 0·198
50 0·878 0·173
43 0·891 0·157

0·893 0·141
29 0·904 0·051
56 0·950 0·021

1 0

y

o

2 Sl

0·6
4 0·9
1 1·2
7 1·4
2 1·8
8 2·0
2 2·3
6 2·5
1 2·6
7 2·8
7 2·9
8 2·9
2 3·0
8 3·0
5 2·9
1 2·9
3 2·8
5 2·6
6 2·4
1 2·1
2 1·9

3 0·6
o 0·2

o

re
k

)

xel

X (cot o:+tan i8) 11 ... cos X ... sin X -

g.) 2 sin 0:

00 log 00 00 0
·29 13;8882 7·9082 11·4167 -
·75 11·2450 7·7048 8')Q05 0·4
·14 9·3589 7·2589 5·9075 0·77

"·57 8·5119 7·0089 4·8297 1·13
·09 8 ·6·8509 " 4·1310 1·47
·89 7·3805 6·6398 3·2226 2·15
·90 7 6·4949 2·6109 2·80
·53 6·7320 6·3830 2·1394 3·45
·52 6·5275 6·2895 1·7466 4·08
·75 6·3628 6·2059 1·4043 4·17
·06 6·2247 6·1290 1·0885 5·32
·44 6·1055 6·0541 "0·7906 5·93
·76 6 5·9793 0'4979 6·53
·97 5·9045 5·9010 + 0·2030 7·13
·03 5·8165 5·8156 - 0·1045 7·71
·22 5·7338 5·7183 - 0·4219 8·29
·09 5·6547 5·5984 - 0·7958 8·86
·68 5·5773 5·4413 -- 1·2243 9·41
·62 5·5 5·2121 - 1·7561 9·94
;28 5·4201 4·8173 - 2·4842 10·44
·28 5·3333 3·8827 - 3·6563 10·89

1·03 5·2847 2·5596 - 4·6234 11·05
28,55,5'2294 - -

·27 28·11 18·71 -20,98 c-l'19
·28 27·85 24·29 -13·62 c-·0·62

27·24 27·24 0 0

(de

90
55
46
39
34
31
25
21
18
15
12
10
7
4

+ 1
- 1
- 4
- 8
-12
-18
-27
-43
-6
- 00

-48
-29

o

cos 8

-0·1
--0·975
-0·95
-0,9
--0·85
-0,8
-0,7
-0·6
-0·5
-0,4
-0,3
-0,2
-0·1

o
+0·1

0·2
0·3
0·4
0·5.
0·6
0·7
0·8
0·85
0·9
0·95
0·975
1

Everything is carried through (with the sn1aller range of points, and taking cos () instead of
() as independent variable) as in Appendix IV. The greatest inaccuracy occurs in the estimation
of the values of xel/2 sin a and yel/2 sin a at cos () = - 0·95. Near the slot, too, the paucity
of points leads to inaccuracy. By logarithmic spiral theory we obtain c = 12· 4, and hence
the figures in the last two columns of Table 7. The true chordis 2c sin aiel, and hence

CL = 4nellc = 1·88 .

The profile shape and velocity distribution are given in Fig. 4.

APPENDIX VI

Low-drag Wing with Upper Surface Velocity (at Incidence) Q~tite Flat up to Half Chord

We take the conditions of (19), with a tan -1 0·04 and (J = cos- 1 O· 1. The forn1er is chosen
to give CL approximately 0·26, the latter is chosen because it is found that for fairly thin aerofoils
this point. generally corresponds to half chord. (20) then gives k = 0·38234, ek = 1· 4657,
1= 0,2106, el = 1·2345 and (22) becomes (in degrees)

X = F (15 tan ! ()) - 10 .255 sin () + 21 .906 (cos () - cos (3) ! log s~n t(( () - 1_)) • (Vr.l )
n SIn 2- () + (J
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This is tabulated in Table 8, column 1. In column 2 we have

eX _ .1 f1 )in sec a - (1 + tan a tan 2 8) lek(cOSe-COSP) ,

so that columns 3 and 4 (obtained by multiplying this by cos X and sin x) give

1 1 dx d 1 1 dy
2 e sec a d ( ) an 2 e sec a d ( )cos 8 cos 8

Columns 5 and 6 give the integrated values of tOe l sec a. x and ISe l sec a.y. The chord is found
to be

45·5 so that CL = 8n . 10el tan a = 80n . 1·2345 = 0.273 .
10e l sec a 45 .5 25 . 45· 5 '

Columns 7, 8 and 9 give the final figures of shape and velocity distribution which are plotted in
Fig. 5. The thickness 13 per cent. for such a CL range is exceptionally low. But the maximum lift
of the wing is unlikely to be high.

TABLE 8

1 2 3 4 5 6 7 8 9

cos ()
el

... sin X 10elx sec IX 15e~y sec IX X YX - sec IX ... cos X qa
(deg.) qo

-1 90 00 00 00 45·5 0 0 0 1·2034
-0'9 16·05 1·17436 1·1286 0·3247 43·0607 1·716 0·054 0·0251 1·2034
-0·8 11·46 1·12000 1·0977 0·2225 40·8344 2·523 0·103 0·0370 1·2034
-0'7 8·81 1·09522 1·0823 0·1677 38·6544 3·098 0·150 0·0454 1·2034
-0,6 6·86 1·08000 1·0723 0·1290 36·4998 3·545 0:'198 0·0519 1·2034
--0,5 5·25 1·06928 1·0648 0·0978 34·3627 3·880 0·245 0·0568 1·2034
-0,4 3·82 1·06110 1·0587 0·0707 32·2392 4·136 0·291 0·0606 1·2034
-0'3 2·46 1·05451 1·0535 0·0453 30·1270 4·306 0-338 0·0631 1·2034
-0·2 +1·10 1·04899 1·0488 +0·0201 28·0247 4·408 0·384 0·0646 1·2034
-0,1 -0'35 1·04422 1·0442 -0·0064 25·9317 4·425 0·430 0·0648 1·2034

0 -2,01 1·04000 1·0394 -0'0365 23·8481 4·366 0·476 0·0640 1·2034
+0·1 -4,50 1·03618 1·0330 -0,0813 21·7757 4·192 0·521 0·0614 1·2034

0·2 --6'85 1·07283 1·0652 -0,1280 19·6775 3·876 0·568 0·0568 1·1582
0·3 -8,09 1·11108 1·1000 -0,1564 17·5123 3·442 0·615 0·0504 1·1148
0·4 -S'85 1·15077 1·1371 -0'1770 15·2752 2·946 0·664 0·0432 1·0745
0·5 -9,08 1·19221 1·1772 -0·1882 12·9609 2·389 0·715 0·0350 1·0327
0·6 -8'96 1·23491 1·2198 -0·1923 10·5639 1·823 ·0·768 0·0267 0·9940
0·7 -8,41 1·27893 1·2652 -0,1870 8·0307 1·245 0·824 0·0182 0·9567
0·8 -7,34 1·32432 1·3134 -0,1692 5·4521 0·714 0·880 0·0105 0·9208
0·9 -5'46 1·37026 1·3640 -0'1304 2·7747 0·267 0·939 0·0039 0·8863
1 0 1·41070 1·4107 0 0 0 1 0 0,8530

APPENDIX VII

Thicker Version of the Aerofoil of Appendix V I

Taking everything as in Appendix VI except that cot a = 14 instead of 25, we qbtained the
following values of X, Y, qa :-

They are plotted in Fig. 6. The aerofoil is found to be 19· 2 per cent. thick and has a CL range
of 0·508.
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TABLE 9

cos' 0 x
I

y qa

-1 0 0 1·376
-0·9 0·051 0·0368 1·376
-0'8 0·100 0·0543 1·376
-0·7 0·147 0·0666 1·376
-0'6 0·194 0·0763 1·376
-0·5 0·240 0·0836 1·376
-0·4 0·285 0·0893 1·376
-0'3 0·331 0·0930 1·376
-0·2 0·375 0·0954 1·376
-0'1 0·420 0·0960 1·376

0 0·464 0·0950 1·376
+0·1 0·508 0·0915 1·376

0·2 0·552 0·0852 1·300
0·3 0·599 0·0761 1·228
0·4 0·648 0·0656 1·160
0·5 0·699 0·0536 1·095
0·6 0·753 0·0411 1·035
0·7 0·809 0·0281 0·977
0·8 0·869 0·0160 0·923
0·9 0·933 0·0053 0·872
1 1 0 0·823

APPENDIX VIII

.. (VIII.I)

.. (VI~I.2)

Thin Aerofoil with High Maximum Lift, obtained by Forward Suction

Dr. Goldstein's idea was that an ordinary thin aerofoil at a high CL (above the stall) has a
(theoretical) velocity distribution with a very high peak near the leading edge, followed by
a more gradual decline over the main part of the chord. The rear side of this peak possesses a
very steep adverse velocity gradient, which is the cause of the breakaway associated with
stalling. But if the drop fron1 the summit to the foothills is replaced by a sheer precipice, by a
discontinuity in fact where the boundary layer is sucked away, and the remainder of the velocity
curve given an even declivity down to the trailing edge, it is to be hoped (i) that breakaway
will be avoided (ii) that the thickness will not be too much increased.

We may approxim~te to this new velocity distribution with the formula (23) of the main
paper, if 13 is taken near to n.

At first (X, = tan-1 1 was taken (corresponding to CL ~ 2,3). With 13 = 160 deg. equations
(24) give

b = 0·60609 - 0·16448a, j..
c = 0·95553 - 0·32235a.

Now qo = S. (~s !O )' and this is zero at (j = n, rises up to a sharp peak at (j = 13, drops
cos 28 - (X,

sUddenly and begins to rise again, attaining a maximum around (j = 120 deg. or so, and then
falling off down to the trailing edge. The value of the peak at 13 is

ea= cos 1;;13 = 0.3647ea
cos (~-j3 - a)

in our case. It is soon seen on inspection that the absolute maximum of qo will be least when a is
so chosen that the two local maxima are equal. By trial and error it is found that this least
maximum of qo occurs when a = 1· 271 and its value is 1· 3. But of course an aerofoil whose
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maxiInum velocity at zero CL at 1·3 times the velocity at infinity cannot be called a thin aerofoil,
and nothing can be gained by drawing it out.

To reduce this the slot was moved forward to fJ =: 170 deg. This altered (VIII.1) and (VIII.2)
to

b = 0·50470 - 0'06658a, 1 Peak of qo = 0.21917ea •

C - 0·75891 - O·13248a. f

Under these conditions the least maximum is found to be 1· 27, only a slight reduction.

(VIII.3)

It is therefore necessary to aim for a lower CL, and our final aerofoil was designed with
rx = tan-1 1and fJ - 170 deg. We have then

b = 0·28392 - 0'06658a, 1 P ] f 0 41497
C = 0·43597 - 0 . 13248a. J ea \: 0 qo =. e

a
•

.. (VIllA)

The least n1axin1um of qo is 1·19, which gives a = 1· 05352, b = 0·21378, C = 0·29640. We
have by (25)

x (0,83974 + 0·29640 cos e) 110 sin i (e - 170 deg.)
n g sin i (e + 170 deg.)

- O· 27993 sin e + F (! tan i e) . .. (VIII.5)

In degrees it can be written

x = (35,264 12·447 cos e) (loglo sin i (e 170 deg.)

-loglo sin i (e + 170 deg.))- 16·039 sin e + F (1 tan ie). (VIIL6)

Table 10, columns 1-4 give auxiliary functions for the tabulation of X which is carried out in
column 5. Column 6 gives

e
a

sec rx· lJ _ (1 + 1 t IlJ)' () f 1 1SIn {J - 8" an 2{J sIn (b) f 'qo lea - + cos IJ
.. (VIII.7)

the exponential being calculated as antilog (0' 010432 col. 4). In columns7 and 8 this is n1ultiplied
by cos. X and sin X respectively and in columns 9 and 10 integrated by Simpson's rule to give

.. (VIII.8)

respectively.

27 1 x I 27- ea sec rx ( and - ea sec rx • y ..
n C-XJ n

LogarithInic spiral theory (with ep = tan-l a - (b -: C cos fJ) . 9·89 deg.) now

gives C -= 92· 584, yielding the reduced values of X and Y in columns 11 and 12. The true
chord is

92·584 . ;7 .e-a cos rx •. (VIII.9)

and we deduce
C

L
_ 8n sin rx = 27e

a = 0.836 .
chord 92·584

. . (VIII. 10)

Finally qa is tabulated in column 13, and the shape and velocity distribution at incidence plotted
in Fig 7.
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27 f x ! 127... sm X - easec e<: ~ } - ea sec e<:.Y
n lc-xJ n

2

log sin t
e \ (6+ 170 deg.)

(deg.) -log sin t I i tan t6
(6-170 deg')1

3

F

4

35·264
+12·447

cos 6

5

x
(deg,)

TABLE 10

6 7

ea sec e<: sin 6 .. cos X
qo

8 9 10 11

x

12

y

13

qa

0·7453 0·3004
0·8033 0·3531
0·8738 0·3759
0·9490 0·3769
1·2608 0·3687
1·5651 0·3003
1·8482 0 ·2031
2·1020 +0·0910
2·3173 -0·0235
2·4085 -0'1272
2·5968 -0'2103
2·6398. -0'2635
2· 6038 -0· 2824
2·4794 -0'2672
2·2605 -0'2232
1·9461 -0'1621
1·5439 -0'0966
1·0687 -0·0418
0·5419 -0'0085
001

I

180
177·5
175
172·5
170
167·5
165
162·5
160
150
140
130
120
110
100
90
80
70
60
50
40
30
20
10
o

o
0·22130
0·47602
0·84345

0·95149
0·69566
0·56040
0·47270
0·29438
0·21295
0·16492
0·13264
0·10910
0·09090
0·07618
0·06387
0·05328
0·04392
0·03546
0·02766
0·02036
0·01340
0·00665
o

00

5·729
2·863
1·9071
1·4287
1·14137
0·94944
0·81214
0·70891
0·46651
0·34343
0·26806
0·21663
0·17852
0·14897
0·12500
0·10489
0·08753
0·07217
0·05829
0·04550
0·03349
0·02204
0·01094

\0
I

90
72·383
63·090
56·509
51·461
47·410
44·053
41·214
38·765
31·525
26·653
23·052
20·223
17·876
15·870
14·098
12·489
10·992
9·566
8·177
6·791
5·372
3·871
2·201
o

22·817
22·824
22·864
22·923
23·006
23·112
23·241
23·393
23·568
24·485
25·729
27·263
29·040
31·007
33·102
35·264
37·425
39·521
41:487
43·265
44·799
46·043
46·960
47·522

1
47 '711

90·00
66·63
50·81

. 35·08

21·95
23·73
23·28
22·14
16·30
10·80
6·27

+ 2·48
- 0·58
- 2·93
- 4·63
- 5·70
- 6·19
- 6·15
- 5·64
- 4·76
- 3·58
- 2·24
- 0·90

o

0·2500
0·2935
0·3367
0·3795

0·8036
0·8775
0·9512
1·0245
1·3136
1·5936
1·8593
2·1040
2·3174
2·4889
2·6053
2·6529
2·6191
2·4938
2·2715
1·9530
1·5469
1·0695
0·5420
o

o
0·1164
0·2128
0·3106

0·2500
0·2694
0·2610
0·2181

o
0·045
0·170
0·365

91·307
90·727

89·415
86·103
81·858
76·733
70·798
64·160
56·941
49·303
41·429
33·544
25·894
18·762
12·427
7·173
3·236

o

o
0·196
0·397
0·579.

0·849
1·097

1·655
2·794
3·807
4·567
5·011
5·110
4·880
4·368
3·648
2·821
1·988
1·247
0·666
0·278
0·076

o

o
0·0005
0·0018
0·0039
0·0075
0·0138
0·0201

0·0342
0·0700
0·1159
0·1712
0·2353
0·3070
0·3850
0·4675
0·5525
0·6377
0·7203
0·7974
0·8658
0·9225
0·9650

1

o
0·0021
0·0043
0·0063
0·0073
0·0092
0·0118

0·0179
0·0302
0·0411
0·0493
0·0541
0·0552
0·0527
0·0472
0·0394
0·0305
0·0215
0·0135
0·0072
0·0030
0·0008

o

2·8677
2·8677
2·8677
2·8677
1·6581
1·6539
1·6489

~1·6361 \..D
1·6007
1·5540
1·4982
1·4362
1·3704
1·3038
1·2383
1·1763
1·1189
1·0658
1·0235
0·9868
0·9580
0·9373

0·9207
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The thickness is found to be 11 per cent. The minimum of dqaJdx is just over - 1. It is
generally found that an adverse velocity gradient of this magnitude does not produce
separation.

This aerofoil was the prototype of a large series of aerofoils (mostly cambered) with leading­
edge suction. These are discussed in a forthcoming report. The latest ones have (according to
theory) most excellent characteristics for high-speed flight.

APPENDIX IX

The Obtaining of a Leading-edge Radius of Curvature in the Method of Direct Design at Incidence

(29) is equivalent to the choice of log qo as

cos if) rsin n (n - f)) - 1 ( n) I
log --- ---- + log S + ~ - f) = n - - to n Icos (~-f) - <x) 2n tan <X 2n

~'l 0 (0 = 0 to n - ;n) J
x is the conjugate of this. Now the conjugate of the last term is

- sin f) J1l sin n (n - t) - 1 dt
- ~ 1l-1l!2n 2n tan <X cos f) - cos t·

Writing n - f) for f), we find that the conjugate is proportional to

_. J1l/2n 1 - sin nt
I - SIn f) f) t dt .

o cos - cos

(IX.2)

(IX.3)

We use two asymptotic formulae for this expression, when n is fairly large: Firstly, when f)
is -large compared with nj2n it approximates to

sin f) J1l/2n n - 2 f)
f) 1 (1 - sin nt) dt = - -2- cot 2-cos - 0 n

and when f) is small compared with n j2n we proceed as follows :-

(IX.4)

If 1* = J1l/2n sin nf) sin t -sin f) sin nt dt then the derivative of the integrand with respect
o cos f) - cos t '

to () is

(cos f) - cos t) (n cos nf) sin t - cos f) sin nt) + sin f) (sin nf) sin t - sin f) sin nt)
(cos -f) - cos t)2

and so

[
dI*] f1l!21t n sin t - sin nt J1l!2n nt - sin nt-- = ~~ ~
df) e=o 0 1 - cos t - 0 it2

f
1l!2 U - sin u

= 2n 2 du = 0·38718n.
o u

(IX.S)

(IX.6)
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But

f
Ttl2n sin 8 - sin n8 ,sin t

1 -1*+ dt
- 0 cos - cos

. sin! (;n -8). cos 8 - cos ;n
= 1* + log - SIn nO log 1 '0

(
n ) ~ cos

sin! 8 + 2n ,

(IX.7)

(IX.8)

.. (IX.12)

.. '. (IX.9)

.. (IX.14)

.. (IX.I3)

.. (IX.10)

n
1 - cos 2-

n n
=== O· 38718n8 - cot 4n - n8 log - .- !82 . as 8 -+ 0,

=== ( O' 3871~8 - ~) nO - 2n8 log 2:8 .

Now the conjugate of the first term of (IX.1) is

2 ftan a tan te log X _ ~ _ ~ fcot a cot to log X
- 2 1 dx - 2 2 1 dx,no x- no x-

and for 8 = n - fJ, fJ small, this approximates to

~ - ~ (~cot Cl) (log fJ c~t Cl + 1) . ..

Hence this, added to (IX.2), gives

n fJ cot Cl 2e 1 [ ( 4) n J2 - n log fJ cot Cl - 2nn tan Cl ' 0·38718 -;;; nfJ - 2nfJ log 2nfJ

n [1 2e 0·38718 - 4n-I 1 n J
= 2 - fJ cot Cl ; log fJ cot Cl + 2n - ;;; log 2nfJ

= ~2 - fJ cot Cl [! log 4n: - 0 . 14102J
n n co Cl

= ~ - b cot Cl [0' 25418 + log (n tan Cl) J .. (IX.ll)

It is observed that the fJ log ~ term, which was producing the zero radius of curvature, has gone

out owing to our new measures.

The actual value of X near the leading edge has an extra term due to the conjugate of log 5
(see (IX.l)), which will vary according to the type of aerofoil chosen. This will increase the
quantity in square brackets, but it is found that it does so by only a sluall amount, which we will
here write A. Then

[~~Jo=Tt = cot Cl (0,25418 + log (n tan Cl) + A .

. On the other hand
d 2 1 I-sin n (n-e)

S • 4 . 1 ( 1 ) 2n tan adO = ~ SIn 0 = SIn 2-0 cos 2 0 - Cl 5 e

4 · cot aSIn Cl 2n-'
Q e at 0 = 77;,

where Q is the maximum velocity at incidence Cl. Hence ev the radius of curvature at the
leading edge, is given by

cot a

[
dSJ 4 sin2

Cl e 2n

(!L = dx o=n = Q cos Cl (0' 25418 + log (n tan Cl) +- A .
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It is custolnary to refer eL to the chord of the aerofoil, which is rather under 4. Clearly a rough
2

approxiInation to eL/C is log (1'29~6 n tan O()' 1· 2906 being e 0'25418.

For n < 1~~~66 = 0·7748 cot 0(, eL is negative and the leading edge is concave, gIVIng an

unevenness of surface which is very likely to produce turbulence in the boundary layer and is
quite inacceptable. To obtain a large positive ev it is necessary to take n just greater than
0·7748 cot rx, say·the next or next but one integer.'

APPENDIX X

Low-drag Wing as in Appendix V I, but with L~ading-edge Radius of Curvature

We take rx = tan-1 0·04 and fJ = cos-1 0·1 as in Appendix VI, but now we have (IX.I) holding,
which becon1es

cos 1, () r l (fJ < () < n) I
log q = log . ~ + ~ ~

o cos (i() - c£) L l - k (cos () - cos fJ) (0 < () < fJ) j

rsin n2~t~no~ =-1 (" - in < °< ,,) l
+1 0 (0 < °<" - ;n)r

The conditions (7) becon1e

n-2 1In - k (sin fJ - fJ cos fJ) - L (oc) - 4~t- = 0,
n an rx

- k (~13 -! sin 2fJ) - K (rx) + 2 t
1 (2

n2
1sin·2

n
-2~1) = O. jlnanocn- n n-

n Inust be taken just greater than 0·7748 .25 = 19·37. We choose n = 20.
k = 0·40835, l = 0·22328, el = 1·2502.

(X.2)

Then (X.2) gives

We take for our points those defined by cos () = 1,0·9,0·8, ... , - 0·8, ~ 0·9, - 0·925,
-.9' 95, - O· 975, - 1. For all these except the last we use the approximation (IX.4) for the
conjugate of 1 - sin nt. This leads to the expression

X = F (0,04 tan ~O) 23·397 (cos °- cos r:) ! log, ~n t ~o ~ fil
n SIn 2 () + fJ

- 10·952 sin () + 0·32531 tan i() , (X.3)

which is tabulated in Table 11, colum.n 3. The expression

S 1 ( 39n () fJ ) . I
e'sec ex = (1 + 0·04 tan i O) 'I 40 > > r

qo Lantilog (0·17734 (cos () - cos (3)) ((3> (»O) j

is given in column 4, and multiplied by cos X and sin X in colUlnns 5 and 6. By the formulae
of Appendix IX we have

[ dX ] = 25 (0' 03104) + O· 40835 - O· 40835 . 1· 1 ~ ! . tan i f3
d() O=1t n n

=0·99415. (X.4)
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['~~] = 4 sin (f. e 2n t~n a -I - 0 -23888, giving
dO _O=n

(}L = [ds] = 0, 24029.
dx 6=n

e1 sec aAlso the value of cos X at
qo

(j -,]I; is ;~r;:o 0-08 e 2nt~na [dx] 0 = eO' 625 0-08 . 0-99415 = 0-1486.
o de 6=n

This value is very small compared with the other terms in column 5, and leads to a difficulty in
the estimation of the first term of colulnn 7 (columns 7 and 8 are obtained by integrating colunlns
5 and 6 from e - 0 upwards by Silnpson's rule, assisted at certain points by the cubic 1 : 3: 3 : 1
rule). The value 68-1 is probably correct to 3 figures but it is difficult to see how more accuracy
could be obtained, short of taking lnany more points and using a better formula than (IXA)
at some of them. By taking n greater, say 28, the value at 0 = 71', could be made nearer the others,
but the uncertainty would relTIain and (}L be far smaller.

TI ' h d' 68· 1 cos (f. 3The final aerofoil is seen to be 14·1 per cent. thick. . le true c or IS 5 = -63,
1 e1

h
elL d -- 0 -0662, and the CL range l'S 871', sin (f. --' 0 -277. Th h d 1 't 'd' t 'b t'e s ape an ve OCI _y - IS f1 U Ion are

c or 3·63
plotted in Fig. 8.

TABLE 11
--

I

I
1 2 3 4 5 6 7 8 9 10 11

e1sec rx 15el 15el

cos tJ 0·04 tan!8 F
,--

... cosx ... sinx --- (c-x)
cos~y X y qaX qo cos rx

(deg.)

--1 00 190,000 90·00 00 0·1486 00 68·1 0 0 0 0·6692
-0,975 0·35553 27 ·183 29·28 1·35553 1·1823 0·6630 67·407 0·887 0·0102 0·0130 'I' 2502
---0,95 0·24980 22·088 22·98 1·24980 1·1506 0·4879 66·534 1·312 0·0230 0·0193 1·2502
--0,925 0·20265 19·391 19·63 1·20265 1·1328 0·4040 65·678 1·642 0·0356 0·0241 1·2502
-0,9 0·17436 17·605 17·38 1·17436 1·1207 0·3508 64·833 1·925 0·0480 0·0283 1·2502
-0·8 0-12000 13·710 12·28 1·12000 1·0944 0·2382 61·515 2·788 0-0967 0·0409 1·2502
---0' 7 0·09522 11·669 9·39 1·09522 1·0805 0·1787 58·255 3·407 0·1446 0·0500 1·2502
-0,6 0·08000 10·306 7·28 1·08000 1·0713 0·1369 55·027 3·878 0·1920 0·0569 1·2502
-0,5 0·06928 9·286 5-55 1·06928 1·0643 0·1034 51·825 4·237 0·2390 0·0622 1·2502
-0,4 0·06110 8·467 3·99 1·06110 1·0585 0·0738 48·640 4·503 0-2858 0·0661 1·2502
--0,3 0·05451 7·779 2·54 1·05451 1·0535 0·0467 45·473 4·682 0·0323 0·0688 1·2502
-0,2 0·04899 7·181 + 1·08 1·04899 1·0488 +0·0198 42·319 4·783 0·3786 0·0702 1·2502
-0,1 0·04422 6·646 - 0·46 1·04422 1·0442 -0·0084 39·180 4·800 0-4247 0·0705 1·2502

0 0·04000 6·158 - 2·24 1·04000 1·0392 -0'0407 36·054 4·728 0·4706 0·0694 1-2502
+0·1 0·03618 5·702 - 4·90 1·03618 1·0324 -0,0885 32·946 4·540 0·5162 0·0667 1·2502

0·2 0·03266 5·269 - 7·42 1·0757 1·0667 -0·1389 29·799 4·200 0·5624 0·0617 1·2002
0·3 0·02935 4·849 - 8·73 1·1169 1·1040 -0'1695 26·543 3·727 0·6102 0·0547 1·1522
0·4 0·02619 4·436 - 9·48 1·1599 1·1441 -0·1910 23·173 3·192 0·6597 0·0469 1·1061
0·5 0-02309 4-017" - 9·78 1·2046 1·1871 -0,2046 19·676 2·589 0·7111 0·0380 1·0619
0·6 0·02000 3·584 - 9·65 1·2510 1·2333 -0,2097 16·047 1·973 0·7644 0·0290 1·0193
0·7 0·01680 3·116 - 9·07 1·2991 1·2828 -0'2048 12·273 1·340 0·8198 0·0197 0·9785
0·8 0·01333 2·587 -'- 7·91 1·3486 1·3357 -0·1856 8·347 0·759 0·8774 0·0111 0·9394
0·9 0·00918 1·906 - 5·88 1·3991 1·3917 -0,1433 4·255 0·250 0·9375 0·0037 0·9018
1 0 0 0 1·4441 1·4441 0 0 0 1 0 I 0·8658

(77090) o



34
APPENDIX XI

Cambered Suction Aerofoil with Incidence Range 0 to 20 deg.

We take log qo as in (30), with ct, = 20 deg., f31 = ct, = 20 deg., and f32 (in virtue of (34)) = 64·30
deg. Then

k = n sin 20 deg. = 1.19298, ek = 3.2969 , I
1 - cos 84·30 deg. ~

k . 180 log 10 = 50·098 tan 1ct, =0 ·17633 J2 e '2 .
n

(XLI)

Hence x, in degrees, has the form

I I sin t e
F(0'17633tant{}) SO·09810g1o '. 1( 8430d )+const.

SIn "2 {} + " eg.

= F (0,17633 tan tl{) I) - 50·09810glO IO·74139 + 0·67107 cot ~{}I (XL2)

plus a different constant, which we ignore. X is tabulated in Table 12, column 4, after certain
auxiliary quantities have been found.

Now f . 0 (0 )
ds 2 '. .. _ 4 SIn 2cos 2- CI, r e- l I
de = qo SIn 0 - I x ~ ?-

l 2 sin e l e- l+k J

{

sin {} + sin 20 deg. (0 deg. < {} < 180 deg.) I

= . . Isin (340 deg. - lJ) I(180 deg. <f) < 360 deg.) J
r2e- l (0 deg. < {} < 275·70 deg.) I

X ~ ~ ?-
l 2e-l+k (275' 70 deg. < {} < 360 deg.) J

(XL3)

(XI.5)

tel dS'js tabulated in coluInn 5 and multiplied by cos X and sin X in coluInns 6 and 7. These are
dO ,

integrated up fron1 the trailing edge (which is {} = 340 deg.) in colun1ns 8 and 9 to give tel l80 x
n

and tel 180 y, in some co-ordinate system with the trailing edge at the origin. The aerofoil is
n

drawn on the right of Fig. 9. On the left are shown the fairing, centre-line, and velocity dis­
tributions at incidences 0 deg. and 20 deg. The chord is Ineasured to be 164, so

164 2 .
True chord = 57.296 . 1.7931 = 3 ·1926 , (XI.4)

since l = k f31 2n f32 + ~ L(10 deg.) = 0·27936 + 0·30465 - 0·58401 and el = 1·7931. Hence

the CL at incidence 20 deg. is

8n sin 20 deg. = 2·69.
3·1926
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TABLE 12

I
I

1 2 3 4 5 6 7 8 9 10 11

0·17633 0·74139 el

{} tan t {} F +0·67107 - ... sinx ... cosx x y qo qaX qo
(deg.) cot {} /2

0 0 0 00 -00 0·34202 - - 5·443 - 9·756 1'793111.7931
5 0·00770 1·648 16·1116 -,58·83 0·42918 -0'3672 0·2221 5·714 -11,332 1· 7657 . 1·7931

10 0·01543 2·910 8·4117 -43,43 0·51567 -0,3545 0·3745 7·216 -14,944 1·7386 1·7931
20 0·03109 5·071 4·5472- -27'88 0·68404 -0,3199 0·6046 12·194 ~18'349 1·6848 1'1931
30 0·04725 6·988 3·2459 -18'63 0·84202 -0·2690 0·7979 19·185 -21,288 1.631~) 1· 7931
40 0·06418 8·779 2·5851 -11,89 0·98481 -0,2029 0·9637 28·060 .-23'678 1·5767 1·7931
50 0·08222 10·510 2·1805 - 6·45 1·10806 -0,1245 0·1010 38·364 -25,305 1·5206 1·7931
60 0·10180 12·228 1·9037 1·78 1·20805 -0,0375 1·2075 4909781-260140 1·4616 1·7931
70 0·12347 13·980 1·6998 + 2·44 1·28171 +0,0546 1·2805 62·403 -26·038 1·3990 1·7931
80 0·14796 15·799 1.541!' 6·39 1·32683 0·1477 1·3186 75·471 -25 ·044 1·3308 1·7931
90 0·17633 17·734 1·4125 10·22 1·34202 0·2381 1·3207 88·655 -23,093 1·2555 1·7931

100 0·21014 19·841 1·3045 14·06 1·32683 0·3223 1·2871 101· 766 -20,303 1; 1703 1·7931
110 0·25183 22·197 1·2113 18·03 1·28171 0·3967 1·2187 114 ·281 -16,679 1·0717 1·7931
120 0·30541 24·908 1·1288 22·27 1·20805 0·4578 1·1179 126·032 -12,413 0·9541 1·7931
130 0·37814 28·138 1·0543 2609911010806 0·5029 0·9874 136·540 - 7·577 0·8091 1· 7931
140 0·48446 32·155 0·98564 32·47 0·98481 0·5287 0·8308 145·693 - 2,4·20 0·6227 1·7931
150 0·65807 37·442 0·92120 39·23 0·84202 0·5325 0·6522 153·083 + 2·924 0·3698 1·7931
160 1 45·000 0·85972 48·29 0·68404 0·5106 0·4551 158·676 8·145 0 1·7931
170 2·01543 57·444 0·80010 62·30 0·51567 0·4566 +0·2397 162·124 13·029 0·6038 1·7931
180 00 90·000 0·74139 96·51 0·34202 0·3398 -0·0388 163·259 17·064 1·7931 1·7931
190 122·556 0·68268 130·86 0·5 0·3782 --0·3271 161·315 20·696 1·7931 0·6038
200 135·000 0·62306 145·29 0·64279 0·3660 -0'5284 157·007 24·463 - 1· 7931 0
210 142·558 0·56158 155·11 0·76604 0·3224 -0'6949 150·863 27 ·911 1·7931 0·3698
220 147·845 0·49714 163·05 0·86603 0·2525 -0-8284 143·219 30·823 1·7931 0·6227
230 151·862 0·42846 170·30 0·93969 0·'1583 -0'9263 134·414 32·880 1· 7931 0·8091
240 155·092 0·35395 177·69 0·98481 0·0397 -0·9840 124·827 33·908 1·7931 0·9541
250 157·803 0·27150 186·17 1 ..:-0 ·1076 -0·9942 114·892 33·579 1·7931 1·0717
260 160·159 0·17829 197·68 0·98481 -0'2991 -0·9383 I 105 ·164 31·608 1·7931 1·1703
270 162·266 0·07032 220·02 0·93969 -0,6043 -0'7197 , 94 ·176 23·659 1·7931 1·2555
280 164·201 0·05836 226·02 2·85521 -2·0546 -1·9828 I 88·977 14·602 0·5439 0·4037
290 166·020 0·21700 199·26 ['2·52556 -0,8331 -2·3843 66·146 0·907 0·5439 0·4243
300 167·772 0·42094 186·60 2·11921 -0'2436 -2~ 1051 43·559 -4,167 0·5439 0·4433
310 169·490 0·69773 177·32 1·64845 +0'0771 -1·6468 24·641 - 4·860 0·5439 0·4612
320 171·221 1·1024 169·10 1·12761 0·2133 -1'1071 10·896 - 3·238 0·5439 0·4782
330 173·012 1·7631 160·67 0·57251 +0·1896 -0-5404 2·588 - 1·128 0·5439 0·4948
340 174·929 3·0644 150·56 0 0 ° ° ° 0·5439 0·5110
350 177·090 6·9289 134·97 0·57251 -0,4052 +0·4045 2·136 - 2·215 0·5439 0·5273
355 178·352 14·629 119·98 0·85330 -0,7392 0·4263 4·550 - 4·560 0·5439 0·5356
360 180·000 00 -00 1·12761 -

I
- 5·443 - 9·756 0·5439 0·5439

(77090)
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APPENDIX XII

Calculations for Cambered Aerofoils

By (10), the X corresponding to (30) is

1 In Icos t (cjJ + oc) I 1 J{Jl .
2n 0 log cos t (cjJ _ oc) cot t (8 - cjJ) dcjJ - 2n {J2 k cot i (8 - eP) dcjJ.

The first term can be written (with a = cot -}oc, t = tan t 8, P = tan teP)

1 Joo Ia - p I 1 + tp dp
; 0 log a + p . t _p . 1+ p2 - g(a, t) .

Now
CJ 1Joo (1 1)1+ tp dp

CJa g (a, t) =;;; 0 a - p - a + p t - P . 1 + p2

.. (XILI)

.. (XII.2)

[

1 + at 1 1
1 Joo t - a~ a - t-- +-

-n fJ a-p t-p

-1 +ap
J + a2

1 +p2

1 at 1 1 1 + ap J
t + a 1 a2_ a + t 1 + a2

a + p t - P - 1 + p2 dp

1 [ 1 at 1 1 1
-; - t - a 1 -f- a~ log Ia- PI - a _ t log It - PI -1 + a2 tan-1 p

1
a + t log It - PI

(XII.3) .

But g (0, t) = 0. Hence

2 Ja t x
g (a, t) =;;; 0 t2 _ x2log t dx - tan-1 a

2 ralt log y . .= - -'-_>0-
2
dy - tan-1 a

n-o l-y

n

2

Hence (36) holds.

(XIL4)
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To get the Fourier constants of (37) we want

.. (XIL5)

.. (XII.B)

fn-aa ICOS!(f} +0(;)1 . sin!(O(;-oO(;) ("[-aa. sinO(;'
log cos 1 (f) ) cos f} df} = SIn 00(; log . 1 ( + 0 ) + I sIn f} f} + df}o 2, - 0(; SIn '2 0(; 0(; ~ 0 cos cos 0(;

. sin ! (0(; - 00(;)
= SIn 00(; log . '1 ( + 0 )SIn 2" 0(; 0(;

. (cot! (0(;+ 00(;) .
+ sIn 0(; log ( t 1 ( 0) = Aco 2 0(; - 0(;

and

I
n
- aa ICOS!(f}+O(;)I' sin!(O(;-oO(;) fn- aa sinO(;

log . 1 (f) ) sIn f} df} = - cos 00(; log. 1 ( + 0 ) - cos f} f} + d{}o cos 2- - 0(; SIn 2" 0(; 0(; 0 cos cos 0(;

sin! (0(; - 00(;) .
- cos 00(; log . 1 ( +.>l ) ~ (n - 00(;) sIn 0(;sIn 2 0(; uO(;

sin~- (0(; - 00(;)
- cos 0(; log. 1 ( + 5, ) = - B , ..SIn "2 0(; uO(;

and also
n - aa + a n - aa - a

I
n
-.aa :cos 1_ (f) 0(;) I (f-2 f-2)log 2 df} = 2 - -a/2 log Icos f} Idf}o cos! (f) - 0(;) ,a/2

(fa~ aa Ja/2)
= 2 a_a)og Isin f} Idf} - 2 0 log cos {}df} = - C. (XII.7)

2

Conditions (7) are then

II (sin ({3 - 0(;) - sin 00(;) + l2 (sin ({3 + 0(;) + sin 00(;) = A, I
II (cos ({3 - 0(;) + cos 00(;) - l2 (cos ({3 + 0(;) + cos 00(;) = B, SL
2nk + II (n + 0(; - 00(; - (3) + l2 (n (3 - 0(; + 00(;) = C.

Finally we tabulate in Table 13 the function

X(fJ) = - ~ J: loge sin; dB, which occurs in (41).

. ~ (XII.8)

TABLE 13

f) X f) X f) X
(deg.) (deg.) (deg.)

-_._--

0 0 3190 10 0·19107 1329 55 20 0·30526 959 ·28
1 0·03190 2420 770 11 0·20435 1278 50 21 0·31785 933 26
2 0·05609 2129 291 12 0·21714 1232 46 22 0·32418 908 25
3 0·07738 1940 189

I
13 0·22946 1190 43 23 0·33326 884 24

4 0·09678 1800 140 14 0·24136 1150 4,0 24 0·34210 861 23
5 0·11478 1688 112 15 0·25286 1113 37 25 0·35071 839 22
6 0·13166 1595 93 16 0·26399 1079 35 26 0·35911 818 21
7 0·14761 1516 80 17 0·27478 1046 32 27 0·36729 798 20
8 0·16276 1446 70 18 0·28524 1016 31 28 0·37528 779 19
9 0·17722 1384 62 19 0·29539 987 30 29 0·38306 760 19

55 28 30 0·39066 18
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APPENDIX XIII

Cambered Suction Aerofoil with Slots Approximately Opposite

Using the velocity distribution of (37) with a =20 deg., f3 = 40 deg., we obtain the four
simultaneous equations forn1ed by (XII. 8) and 11 -l2 = log (sin i (a + oa) / sin !(a - oa), from
'which we are to find III 12 , k and o. We solve them by findingthe solution of (XII.8) for 0 = 0
(thus obtaining 0 approximately), and then obtaining the final value of 0 by trial and error. The
result is:- .

o = 0·176 I = 1·24371 = 0·8917 k = - 0·5448, 1 . '2' '. .. (XIII.1)

By (41) we have therefore

X = F (0,17633 tan l&) + 328·28 [x (n. - -8) - X (n - {} - 3·52 deg.)]
- 52·23Ioglocosec! (f) ~ 20 deg.) + 37·451og1o cosec ~- (f) + 60 deg.) , (XIII.2)

where for In - {} I ;;? 30 deg. we can replace the second tenn by

14·78 loglo sec! ({) + 1· 76 deg.) . (XIII.3)

This X is computed in Table 14, column 1. In column 2 we have

r·
sin C(1 ( e-(z1-l2) I

ds el2+k •
J sin (e - a)

~ J_!el2 +k - = - SIn e = .... tinles 1 (XIII.4)
~ de qo I . . .

l SIn e j l el2

where e-(1I-l2) = 0·7032, and el2 = 2·4393. This is multiplied by cos X and sin X in columns 3
and 4} and in colun1ns 5 and 6 these are integrated from 0 deg. and 180 deg. in the regions behind

. 1 . 27 d 27and before the slot respectIve y, to gIve - el2+k x an - el2+k y.
n n

It is observed that two constants a and b appear. These are determined by logarithmic spiral
theory. At the slot at f} = 20 deg., c/> . tan-l IIIn = 21· 60 deg., and f (x (22· 5 deg.) +
X (17,5 deg.)) - c/> = - 95·98 deg.

Hence

[5,673 - (5·395 -b)J tan 5·98deg. = 36·455 - a .. (XIII.5)
" 1

Atthef) - - 60deg.slot,c/> = tan-1
_

2 = 15·85deg. and! (x (- 62·5deg.) + X (- 57·5deg.))
n

+ c/> = 236·65 deg. Hence

[(- 1·825 - b) - (- 4·358)J cot 56·65deg. = a - 35·469 ...

and

C
L

= 8n sin 20 deg. = 2.85.
3·02

Thus the aerofoil's CL range is froln 0 to 2·85.

.. (XIII.6)
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TABLE 14
_---·---·____ ww __

2 3 4 5 6

e X ds
(deg.) (deg.) tbH ... cos X . sin X x Y

de
---_._--_.__._--~---------_._--~----~-_.-------~--_ ..---------~-~------~--------~-_._._-------_.,-_._ .._'---- ----_._-~,--_._-.,.------

I

180 120·76 0·34202 -0·1749 0·2939 0 0
177·5 110·32 0·30071 -0·1044 0·2820 -0,108 0·213
175 92·72 0·30181 -0'0143 0·3015 -0·152 0·431
172·5 82·57 0·33231 +0·0430 0·3295 -0·137 0·668
170 75·22 0·36263 0·0925 0·3506 -0·089 0·923
160 56·44 0·48104 0·2659 0·4009 +0·454 2·060
150 44·83 0·59213 0·4199 0·4175 1·487 3·295
140 36·40 0·69255 0·5574 0·4110 2·957 4·542
130 29·42 0'77922 0·6787 0·3828 4·815 5·739
120 23·49 0·84954 0·7791 0·3386 7-'008 6·823
110 18·11 0·90134 0·8567 0·2802 9·467 7·757
100 13·02 0·93307 0·9091 0·2102 12 ·123 8·492·
90 8·01 0·94375 0·9345 0- i315 14·895 9·009
80 2·88 0·93307 0·9319 +0·0469 17·702 9·275
70 2·61 0·90134 0·9004 -0'0410 20·457 9·287
60 8-79 0·84954 0·8396 -0,1298 23·075 9·029
50 16·23 0·77922 0·7482 -0'2178 25·464 8·509
40 - 26·16 0·69255 0·6216 --0 ·3053 27·529 7·722
30 - 42·47 0·59213 0·4368 -0·3998 29·135 6·670
27·5 - 49·09 0·56524 0·3701 -0,4272 29·438 6·361
25 - 58·45 0·53772 0·2814 -0,4582 29·685 6·029

slot 22·5 - 74·28 0·50963 0·1381 -0,4906 29·846 5·673
--+ 20 - 00

17·5 - 74-49 1·56781 0·4193 -1,5107 fe'609 5,395,
15 -,- 58·87 1·46563 0·7577 1· 2546 6·150 4·361
12·5 49·78 1·36225 0·8796 -1,0402

1
5 '532 3·503

10 - 43·36 1·25787 0·9145 -0,8636 4·852 2·791
0 - 28·44 0·83429 0·7336 -0,3973 2·330 0·964

trailing - 10 - 19·54 0·42358 0·3992 ·~0·1417 10·604 0·196 /
____+- 20 - 1l'88"l 0 0 0 a-~ 0 0 ~-bedge +168·12J

-- 30 175·96 0·42358 -0,4225 +0·0298 10·629 0·084
- 40 184·34 0·83429 -0,8319 -0,0631

1 2 '522 +0·566
- 50 197 ·15 j'21965 1·1654 -0,3596 5·545 --0'4Q8
- 52·5 202·15 1·31064 -1,2139 -0,4515 1 6 '437 -0'792
- 55 209·04 1·39913 -1,2232 -0,6791 1 7 .356 1·209
- 57·5 220·58 1·48495 1·1278 -0,9660 L8·246 -1'825 j

--+ '- 60 00

slot - 62·5 221·03 0·67559 -0'5096 -0,4435 27·223 ·--4 ·356
- 65 209·98 0·70711 -0,6125 -0,3533 26·709 ~A'655

- 67·5 203·57 0·73728 -0,6758 -0,2948 26·314 -4'896
- 70 199·06 0·76604 -0,7240 -0'2502 25·789 -5'100
- 80 188·26 0-86603 -0,8570 -0,1244 23·402 --5'650
- 90 181·85 0·93969 -0'9392 -0,0303 20·698 ~--5'878

-100 177·07 0·98481 -0,9835 +0·0503 17·804 -5·845
-110 173·01 1 -0·9926 0·1217 14·832 --5·586
-120 169·24 0·98481 -0,9675 0·1839 11 .89~3 -5'124
-130 165·44 0·93969 -0·9095 0·2360 9·060 --4 ·493
-140 161·31 0·86603 -0,8204 0-2775 6·457 -3'719
-150 156·43 0·76604 -0,7021 0·3063 4·167 ----2·840
-160 149·93 0·64279 -0,5563 0·3221 2·272 --·1·894
-170 140·37 0·5 -0,3851 0·3189 0·854 --0·927
-172·5 136·93 0·46175 -0,3373 0·3153 0·581 -0·692
-175 132·79 0·42262 -0,2871 0·3101 0·349 -0·454
-177,5 127·63 0·38268 -0'2$36 0·3031 0·151 -0'227
-180 120·76 0·34202 -0,1749 0·2939 0 0

a = 36·361
b - 1·178

(77090) E
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APPENDIX XIV

Contraction Cone with Wall Velocity always Increasing

We take a 4 : 1 velocity ratio, so that U = 0·5 and V = 2·0 say. The velocity distribution is

log q = !6 log 4 (cos a - 1t cos 3a) , (XIV.I)

which we con1pute as q = antilog (0·33866 cos a - 0·03763 cos 3a). The corresponding value of
X is 196 log 4 (sin a - 1t sin 3a) which, in degrees, is 44·679 sin f) - 4·964 sin 3a. We have

X (0) 0= X (n ~. 0) and q (6) ~- (1 ) , so we only tabulate them between 0 and:n;. By (56) we
qn-a 2

. cos X SIn Xwant to Integrate --- cosec a and --- cosec a. To get the values for n - a, we also tabulate
q . q

q cos X cosec a and q sin X cosec a. In Table 15, columns 3, 4, 5 and 6 are integrated by Sin1pson's
rule in colun1ns 7, 8, 9 and 10 respectively. The values of x and yare measured from the point

corresponding to f) = ~. To n1easure y from the axis, we need only express the condition that

at x = + 00 Y is four times its value at x = - 00. The final values of X and Y (measured thus
and reduced to make Y == 1 at X = - (0) are given in columns 11 and 12. The shape and velocity
distribution are shown in Fig. 11.



'-J
'1o
'.0.s

TABLE 15

~
>--l

6·8041 3·8843
00 4

I

I

I

I I' I I1 2 3 4 5 6 7 8 9 10 11 12

I q sin X sin X
I Ie q cos X cos X

i

I
(deg.) I X q. sin e sin e q sin e q sin e x y

I
x 1 y X YI

II I I I

I
I ! I i I I! I90 49°38.6' 1 I 0·6475 I 0.7620 e 0·6475 0·7620 0 0 o 0 1 1I

i =1'~3980 48° 18' , 1·1956 0·8076 0·9065 0·5650 0·6341 1·0289
70 44° 28' 1·4073 1·0688 1·0491 0·5397 0·5297 4·9467 5·4371 - 3·4472 - 3·8281 II -1·5516 1·0581
60 38° 41·6' I 1·6102 1·4512 1·1623 0·5628 0·4483 I -1,1084 1·1184
50 31 ° 44·6' I 1·7795 1·9755 1·2222 0·6238 0·3859 13·7958 12·3576 - 6·8619 - 6·5369 II -0·8475 1·1832
40 24° 25·2' i 1·8976 2·6880 1·2205 0·7465 0·3389

I 19.6353
. ,-0·5082 1·3347

30 17° 22·5' : 1·9648 3·7503 1·1735 0·9715 0·3048 i 30·2736 -11·4432 - 8'58321, -0,2553 1·5353
25 l;ic° 5· ')' I 1·9824 4·5497

I

1·1430 1·1577 0·2908 1·8189-:t ........ I il 0
20 10° 58·9' I G 1·9925 5·7190 1·1098 1·4405 0·2795 44·1076 23·0629 -14·9646 - 9·4569 II ·3664 2·2216
15 8° 3·2' . 1·9976 7·6420 1·0813 1·9151 0·2710 II 1 ·0218 2·7341
10 5° 16·6' I 1·9995 11·4659 1·0589 2·8679 0·2649 67·9841 26·3099 -20·9490 -10·2711 I 2·2422 3·2732
7·5 3° 55·9' I ' 1·9999 15·2858 1·0506 3·8218 0·2627 I 3.2668 3·5270
5 2° 36·6' I 1·9999 22·9225 1·0449 5·7312 0·2613 91·8670 27·8864 ·9206 --10·6654 Ii 5·0352 3·7675i I
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APPENDIX XV
Finite Contraction Cone with S11~all A dverse Velocity Gradient

The log q corresponding to (59) is

~ fTll2 (1 - cos (t - (3)) [ __si~ t _"""_ __sin _t__ ] dt
n fJ cos fJ - cos t cos fJ + cos t .,..

This is calculated to be

2a [/ (i- (13 fJ)) -1- / (~- (fJ - (3) / (t (n - (3 - fJ)) - / (t (n + (3 - 6)) + sec fJ cos (3/ (in fJ)
n

+ (cos (3 log 2 - (n- 2(3) sin (3) cos fJJ , (XV.2)

where / (6) = sin20 log cosec O. We take (3 = 1 deg. For this it is a fair approxin1ation to (XV.2)
to on1it all ternIS of order (32. This redl1ces it to

log q - 2a [2/ (to) - 2f (t (n - 0)) sec 8/ (in - 8) (log 2 - n sin (3) cos 8J. .. (XV.3)
n .

Now for a 4 : 1 contraction ratio we must haveq(O)jq (nj2) = 2, or

log 2 . :a (log 2 - n sin (3), giving a- ~. ~: ~~~~~ 1.7057. The square bracket of (XV.3) is

tabulated in Table 16, column 1 and q in column 2. X in degrees is 97· 73 (1 cos (8 - (3)) in

( (3, (nj2)) and this is tabulated in colulnn 3. q cosec cos X, q cosec fJ sin x, ! cosec 8 cos X ! cosec fJ
q 'q

sin X were tabulated in subsequent colurnns (not reproduced here) and integrated to give the values
of x andy in colunlns 4-7. The values in square brackets where the integrand becomes infinite
like 2 cosec 0 and i cosec ~ respectively were obtained by using the known integral of cosec o.
The radius of the narrowest part is seen to be 28· 111 in the scC!-le of colulnns 4-7, and the length
of contraction cone is 381·974, or 13·588 tinIes as lnuch. Values of X and 17 (reduced with
respect to the radius of the slnallest part) are in Table 17.

TABLE 16

67·974 [69·471J 16·358
67·863 (41· 714) 16·337
67·352 29·853 16·208
66·351 23·178 15·991
64:823 18·580 . 15·664
62·722 15 ·107 15·26()
60·023 12·358 14·755
56·687 10 ·100 14 ·186
52·722 8·205 13·519
48·132 6·575 12·787
42·989 5·173 11·952
37·368 3·948 11·044
31·434 2·888 10·016
25·324 1·971 8·891
19·278 1·203 7·612
13·483 0·583 6·178
8·199 +0·139 4·506
3·609 -0·092 2·536
0 0 0

2 3

e I q x
(deg.) (deg.)

-----~._---~,~---_._.-

0 0·2772 2 0
5 0·2822 2·025 0·23

10 0·2924 2·079 1·20
15 0·3051 2·144 2·90
20 0·3188 2·219 5·33
25 0·3324 2·295 8·45
30 0·3447 2·368 12·26
35 0·3550 2·430 16·71
40 0·3623 2·474 ~1'78

45 0·3659 2·497 27·43
50 0·3652 2·492 33·61
55 0·3586 2·451 40·28
60 0·3459 2·374 47·40
65 0·3258 2·258 54·89
70 0·2967 2·100 62·70
75 0·2569 1·901 70·80
80 0·2033 1·662 79·08
85 0·1281 1·377 87·52
90 0 1 96·02

--~... _---_._.-.,-'--_.'_._--------

4

x

[312·503J
(203'719)
154·031
124·376
102·518
84·888
69·945
56·948
45·515
35·461
26·696
19·208
13·000
8·072
4·388
1·892

+0·455
-0·095

°

5

y

6

x

7

y
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The maximum of - dqjds, i.e. the maximum adverse velocity gradient, occurs at' f) =::::: 30 deg.,
i.e. at (2· 032, 1· 057), when it is 0·75. This is not very great and, it n1ay be hoped, will not
ll1aterially increase turbulence. The n1axin1Uln velocity gradient on the wider end (which is of
course the forward end) is much less, about a tenth of this: this is as it should be. Shape and
velocity distribution are drawn in Fig. 12.

TABLE 17

x

o
0·987
1·409
1·646
1·810
1·934
2·032
2·112
2·179
2·237
2·287
2·331
2·369
2·401
2·429
2·451
2·466
2·475
i'471
2·468
2·487
2·539
2·627
2·758
2·934
3·155
3·421
3·733
4·090
4·497
4·959
5·491
6·118
6·896
7·951
9·718

13·588

y

1
1·001
1·005
1··013
1·025
1·039
1·057
1·077
1·101
1·127
1·157
1·189
1·226
1·266
1·311
1·362
1·422
1·492
1·582
1·710
1·874
2·062
2·268
2·483
2·700
2·911
3·111
3·294
3·457
3·598
3·717
3·813
3·888
3·942
3·978
3·996
4

APPENDIX XVI

Short Contraction Cone with Small Adverse Velocity Gradient

Taking log q and X as in (60) with VjU = 4, we obtain the contraction cone of Fig. 13. The
velocity distribution is shown to have only a very slight adverse gradient, and this con1bined
with the shortness of the cone makes it a very satisfactory one for practical use. Tables are
Olnitted for this cone. .



44

SurnJinary of Apj)end£ces

Appendices I, VI, VII and X (corresponding to Figs. 1,5,6 and 8) deal with ordinary low-drag
wings. VI and VII give CL ranges (for given thickness and point of nlaxil11um suction) well above
those of any previous aerofoils that have been designed. But they suffer fronl the defect that the
curvature at the nose is logarithlnically infinite, which l11ay influence maxinlum lift (though this
has yet to be shown experilrtentally). I has a finite leading-edge radius of curvature (equal to

--------------.----"- .. 2.~hords)but suffers badly on CL range, though with more careful design the thickness might
be reduced slightly. The Inethod of X is perhaps a l110re prornising way out of the difficulty,
but is hardly quite satisfactory in its present form.

Appendices II, IV, V, XI and XIII deal with suction wings. Boundary-layer suction enables
us to obtain greater thickness and hence greater lift (and, one nlay add, storing capacity) without ­
increased drag. It is also believed that it l11ay reduce the cOlnpressibility stall by localising the
shock wave at the slot, where it cannot cause separation of the boundary layer since it is all
sucked away. Appendix II was chosen as an illustration of the wide possibilities of the method
and perhaps cannot be taken seriously. But the other four (of thicknesses 34, 48, 30 and 41 per
cent. respectively) ~eenl to nle, and to nlY colleagues at the N.P.L., serious practical suggestions
for general future types of wing shape. In the field of cambered aerofoils XIII is probably
preferable to XI, and the nlethod of XIII should be followed up extensively to produce cambered
versions of all types of aerofoil. Such cambered aerofoils should of course include call1bers of all

. 111agnitudes, not just those that make the bottom of the incidence range zero.

Of the contraction cones obtained, the first two were respectively too long and with too large
an adverse velocity gradient. The third, a compronlise, seems likely to be very satisfactory in

. practice.

Finally the idea of Appendix VIII (leading-edge suction) nlay be noted as one which, when
developed (as has been done in a forthcoming report), produces very valuable thin wings with
high l11axinlunl lift for high-speed flight.
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FIG. 6.-Thickness 19·2 per cent.
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