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Summary.—The main object of this report is to describe and illustrate a fairly simple exact method by which aerofoils
and other surfaces may be constructed to have desired velocity distributions. Its subsidiary interest is as a progress
report on shapes already constructed, which are described in the Appendices and Figures, but should not be regarded
as the best which, after further development, the method may be capable of producing.
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1. Introduction.—1It is well known that many requirements for the flow of air past a surface,
e.g. deferment of transition or separation of the boundary layer, may be met by imposing certain
conditions on the velocity distribution along the surface, as calculated from the classical potential
theory. Control of velocity distribution is therefore essential in aerodynamic design.

Goldstein’s theory of thin aerofoils® achieves this, but is approximate at best. The exact
theory of Theodorsen on which it is based is prohibitively long even for the calculation of velocity
distribution from profile shape, and does not afford a method of design. The theory of this
paper is the outcome of a search for an exact method not too long in application.

Consider first an aerofoil in a uniform infinite two-dimensional stream of ““ perfect ™ fluid.
By Riemann’s theorem the space outside the aerofoil can be conformally represented on the out-
side of a circle by a unique analytic function 2(¢), where z and ¢ are complex variables in the
planes of the aerofoil and the circle respectively, so that the trailing edge corresponds to ¢ = 1,
and | dz/dl | —1as | { | —oo. If the complex potential for the flow past the aerofoil is w(z)
then in the circle plane we must have

w=1w, = e+ 1/te* +ixlog ¢, .. .. . .. (1)
for some o and #, the radius of the c1rcle and the velocity at infinity being taken as unity. Its
derivative is
dw, e p el
ot mEtE .. .. .. e el (2
and the Kutta- Joukowsky condition demands that this shall vanish at ¢ = 1 i.e. that x = 2sin a.
Hence '

o d : 0 0

dzg" = (e7m ¢4 ¢ (72 (¢ — 1) = 4de™™ cos (Q — oc) sing . .. (3)
dw,| |d¢ . o
if { = ¢*. But the velocity ¢ in the aerofoil plane is d 7~ In particular the velocity

at zero lift at a point on the surface of the aerofoil is

2 g s o
qo:%zzslned—il:ZSlne l 2 , .. .. .. (4)
ld cos 0],
if dz = ds ¢ ; and at incidence o, the velocity is
cos (36 — «) :

9= %" "cos 16

Now dw,/dz = g, where x is the direction of motion at any point (on the aerofoil it is along
the tangent so that the two definitions of x are consistent). Hence log g, — 7y is an analytic
function in the domain outside the circle, and log ¢, and x can be expanded in conjugate Fourier
series in 0 on the circle.

d
Now 99 Zi% d¢ round the circle is zero. By (2), with « = 0, this can be written

dwo<1 ﬂ)dc O
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Hence, 1f§ =1 —|— g - CZ 3+ ... (it must take this form since ¢, = 1 at infinity), we have

d
a, = 0. Hence log% = Eﬁ 4+ ... But this is — log Elz—“ = — log ¢, + ix. Thus log g, can be

expanded in a Fourier series in. 0, containing terms in cos #8 and sin 76 only for n = 2. This
fact can be written

~

f; log g, d0 = 0,

(7)

N

Jyn log g, cos 6 db = 0,

Jn log g, sin 6 df = 0.
Of these three very important conditions, the first amounts to requiring unit velocity at infinity,
and the latter two to requiring that the aerofoil defined by the function log ¢,(6) shall close up.

The method of this report is to select the relation between log ¢, and 0-so that it satisfies (7) ;
and then to construct the corresponding aerofoil by finding y as the conjugate Fourier series of
log g,, and using (4) to give for the ordinates and abscissae of points on the aerofoil

2 ' 2 . : "
xzjé;cosxd(cos@),yijé;smxd(cos 90). .. .. e 8)

After some experience it is possible, for almost all types of velocity distribution which are
desired in practice, to decide upon the corresponding relation between log g, and 0. The whole
art in the application of the method is to choose this relation, (i) to fulfil well the purposes for
which the aerofoil is to be designed, (ii) simply enough for the purposes of the subsequent
computation.

When the aerofoil has been constructed and the chord found, we know the lift curve slope. For
the circulation is 4= sin « and so

c, 4 sin . p. 1 87
~ 1p . 1?. chord ~ chor

For very thin aerofoils the chord is asymptotically 4 ; for thicker ones it is rather less.

dsmoc .. .. .. .. .. .. 9

Poisson’s integral relating conjugate functions is

1 = |
X(e):%j_ﬂloggo(t)cot%(@—t)dt, o

being taken as a Cauchy principal value at the singularity 6 = ¢.

2. Symmelrical Aerofoils.—For symmetrical aerofoils ¢, is.an even function, y an odd function,
of 6. (10) then takes the simpler form

sin 6 (= log g, (f) ]
x(0) = —— J,o cos 0 — cos 1%

1 f ) sin ¢
o oS 6 cos 9 — cos ¢

(11)
log ¢, (0 — . Jl

Also the third condition of (7) is automatically satisfied.

(77000) A2
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A fairly simple method of application of the ideas of § 1, which was used at first, is the modifica-
tion of a known shape. In Appendices I and II there have been obtained two aerofoils by
modifying a 13 per cent. thick symmetrical Joukowsky aerofoil. Shapes obtainable by this
method are seen to be most varied. If ¢,, and y, are the velocity and direction of flow round the
Joukowsky aerofoil at zero lift, then we Ttake

log ¢, = log g;, -+ log q,,,
(12)

X = x5+ xu> J

where x,, is the conjugate of log ¢,,. ¢,, is chosen to give‘a specific type of velocity distribution
at some positive incidence o ; this is quite possible since in virtue of (5) we have also

log g, = log ¢;, + log q,, . . . .. .. .. .. .. (12a)

However a more efficient method is that of divect design at incidence. This enables us to obtain
aerofoils whose upper surface velocity distribution at a given incidence is, for example, quite
flat for the forward portion of the chord and then either (sav) falls off falrlv evenly or jumps
down suddenly to another quite flat portion.

Suppose in fact we want g, to be such a simple function S. Then by (5) we must have

. cos 0 » :
log qozlog.m —[—log S. .. . .. .. .. .. (13)
. . ' : . cos 0
Hence the conjugate and first two Fourier constants of the function log cos (10 — o) are
important. In Appendix III it is shown that the conjugate is
2 (T log x
jox__l O e )

360 ‘(T log x

0 F
where T'= tan o tan 5; and the function F(T) = { 4x, which is the corresponding

value of y in degrees, is tabulated there. F(T) = 0deg.at T = 0 (i.e. = 0) and = 90 deg. at
T = oo (i.e. 6 = x) ; these are the values for an-ordinary cusped aerofoil. The Fourier constants
are also shown to be

‘ . 0
K(a) = JO [logas—c(g% J cos 0 df =z sin®a -+ sin 2u log cot «,

— r___/
=
wn
N

a cos 46 e log
“LW):L,DOgcos( 10 — )}d" 2J 2%
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The simplest aerofoil of this type is one for which S is a step-function. If

log S =lfor g <9 <=
| | (16)
and/ — kfor0 <9 < 8, V
then the conditions (7) become
'anﬁk—ll(oc) =0,
(17)

— ksin f + K(a) =0, |

which determine / and k. Thus such an aerofoﬂ is completely determined by the values of «
and . At §, the discontinuity, there is a slot where the boundary layer is sucked away. The
doubly infinite series of suction aerofoils produced by (16) and (17) may be expected to have
thickness very near the minimum for low drag at the €, and point of suction obtained.

x for this aerofoil is

®

sin 10 — 8]

F(T) + & 2 log g 106 T A (18),
Examples are discussed in Appendices IV and V.
Another simple case is
logS=1Ilforp <0 <=
(19)
and [ — k& (cos O — cos ) for O <0 < .

Since it is found that x varies rather like cos 8, this gives a velocity distribution flat from 6 = =
to g, and thereafter falling off fairly evenly. Conditions (7) become

In —k(sin g — fcos ) — L(x) =0, | (20
— k(3 p— 1 sin2p) + K(a) =0,
and the conjugate of (19) is — & times
sin 6 (Acost — cos B sin 0 (# cos 0 — cos f
T o Jocosﬁ——cftd T a J()(ml 1 cos 0 = cos z‘)dt
B . cos 9 — cosp sint|6 —p|
= sin 0 — — o Snl(0F g’ (21)
. LB cos § — cos f, sin L]0 — B . 90
g1v1ngX:F(T)—ky;sm6+k - 8 i 1 10 p) .. .. ( )
Examples of this method are given in Appendices VI and VII.
The above two types are special cases of the following :—
logS=uatfor f <0 <=
(23)
and b —ccos 0 for0 <0 < f,
for which conditions (7) are
a(x— B) +bp —csin p— L{a) =0,
| ! .. . .. .. .o (24)
(b — a)sin g — fe (B + Lsin 28) + K(o) = 0,
oL 1 sin 1|6 — B B .
andX:F(T)+(a—b+ccosﬂ)7i1gs—ln—.f—(lﬁﬁl)~67;51rle. .. (25)
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This case is interesting when g is near to . Dr. Goldstein suggested that, with this type of
velocity distribution, a thin aerofoil with high maximum lift might be obtained, with suction
near the nose. Appendix VIII shows how far this is achieved.

“Other more complicated velocity distributions present little more difficulty. The only
drawback of the method of ‘' direct design at incidence ” based on the function (14) is the
shape of the nose, which depends on the behaviour of the function at infinity. In fact
for 6 —x — o,

cot 1
%5 logs . Butes = A4, so

_n_az
Y=o 7,

1 1
x::jdscosx ﬁAJ(S 10g3d6 ﬁAéﬂogg,
while y = s = 44. Hence
1 X
xﬂAyzlogjj. .. .. .. .. . .. .. (26)
(4 stands for any positive number, possibly different in each occurrence.)
Thus the radius of curvature is zero at the nose: for finite radius of curvature we have
x == Ay: ‘
For thinner aerofoils this is a drawback as it leads to large adverse velocity gradients at the

leading edge for the higher incidences, and hence to low maximum lifts. For thicker ones such
as that of Appendix IV it is not serious.

It is due to the fact that near the nose g, has been taken as

cos 30 6_€}5<g>3+”'

" cos (30 — a) A<g~%<%>3+“.>cosa+<1 __%<%>2+,,,)sinoc

0
T 2sin «

(1—%6cota+...), .. .. .. B 7

if @ =x — 6. TFor a finite leading-edge radius of curvature it is necessary to have
Go = ;0 + a,0° + a,0* + ... . .. .. .. .. .. .. (28)

To obtain this we must multiply (27) bv something of the form 1 -+ 14 cot o . ... A simple
choice is the function ,

sinn(yl— o) —-} )
2n tan a
¢ (9 o ’(O:z) ‘I
2n ’

1 <9=:0wn-%),J

for some value of #n. Appendix IX shows how far this achieves the desired object and bow the
number # must be chosen. In Appendix X the method is used to produce an aerofoil.

(29)
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3. Cambered Aerofoils—For cambered aerofoils log ¢, must be given over the whole circle. The
natural thing is to-design the upper surface for high lift, and the lower surface for C, zero or small
and negative.

A simple way of obtaining this (for a suction aerofoil) is to take log ¢, as

cos $0

log | o5 (10 — o)

(30)

(0 < 0 <n—l—oc)1p1u5 (l(ﬁl<9<2nﬁz)}

0 (0 <80 < —x + a) | Ll—Fk(—B,<0 <8y

The left-hand portion is continuous at « and = + « (though its derivative is not). If g, < «,
the velocity at incidence « is flat on the upper surface right up to the slot, while the same thing
is true on the lower surface at zero lift. (Here the leading edge, which divides the two surfaces,
must be taken as § = & + «: it is the stagnation point for the muddle of the C, range).

As always we must satisfy conditions (7). Put¢ = 6 — «. Then conditions (7) are equivalent
to those obtained by writing ¢ for 6. Now :

cos + o) i sin o . o
J log € cos f 0 T %) COS 9 dd = J sin 9 cos 9 I cos « a9 = 2 sin « log cot 3 .. (31
while
cos 1 (9 + «) sin o )
f log ——%—-@m)smﬁdﬁ* ——f cosﬁcosmadﬁ = —asino.. .. (32)

Hence the latter two of conditions (7) become

. . o o )
k{sin (B, — a) + sin (B, + «) } = 2 sin « log cot 5,
{sin (8, ) (Bs )} s 9 (33)
k{cos (f, — a) —cos(f,+ &)} == sin .
Dividing, we obtain
By — B 2 o '
cot(—?—z*——l+oc>:7;10gcot2 W e .. . . . (34)
9 . TABLE 1
The function p,— f, =2 [COt'”l (— log cot Q) — oc} is tabulated in
T o deg. (By — By) deg.
Table 1. The result is rather surprising. For all values of «, g, must 01 2494
exceed p; by quite a considerable amount. This means that the 0-5 31-24
distance of the slot from the trailing edge is much greater on the 1 34-66
lower surface than on the upper surface—in fact the ratio is 5 43-28
(1 — cos $,)/(1 — cos $,). In Appendix XI the case a«—= 20 deg., ig ﬁg‘gg
B, = «, is worked out and Fig. 9 shows how marked the above- 20 4130
mentioned effect is. But the C, range (from 0 to 2-69) obtained with 25 4940
an aerofoil only 30 per cent. thick is a heavy counterbalancing . 30 40-05
advantage. 35 37-38

When £ has been obtained from (33) we calculate / by the first of conditions (7) :—
x
Sl—k(f+ ) —2L(3)=0. .. L (3
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Thus if g, is taken eqﬁal to a, there is one aerofoil of this type defined by each value of «. They
are all qualitatively like that of Fig. 9.

The conjugate of (30) is ,
: 1 sin 4 (0 — g,
=F (|tan {9 |tan § o) + & (?) log ﬁn;%ﬁfk% + const. .. .. (36)

This is demonstrated in Appendix XII.

To avoid the asymmetry of the aerofoil of Fig. 9, for which the large concave portion on the
lower surface will probably possess a turbulent boundary layer, it is necessary to have the maxi-
mum velocities at the two ends of the C, range different, that at the upper end being greater.

This can be achieved by the velocity distribution

cos 30
cos (40 )

log g, = rlog‘——h—%——j—; (o< b <a+ ot — ) ]
i 0 : (elsewhere) ,i>

(L+k(@+oa—da<b<p) 1

plus d btk 4+a—da<b<2a—p L (3
R(— B<b<p) J
: : in 4 ) . . .
where ¢ is a small positive number and /, — /, = log ziz = ECL i 623’ so that tbere is no dis-
2

continuity at = + « — da. Conditions (7) are derived and exhibited in Appendix XII. To -
obtain the conjugate (10) of (37) the only new thing required is the integral

1 e sin & (¢ — )
EAR e

to which we approximate by

t10 ¢ —a)dd, .. .. .. .. .. (38

»»»»» g | () cot 40 + ¢ — ) as

26 . 2 O+ 0t .
) = — —logsin § (§ + do — =) + &;JO_H log sin 49 dd. i o (39)
Hence
L 26 ) ' 2 0—n4-da S 1
x = F (1) + ;1og sin 3 (& + doo — @) — o jk log sin §ddd

-—f—;log sin 4 (6 — (= + o — da)) —}f—;logsm (6 — B)

Z .
—l‘—ilogsin%(0~(n+ocwéoc))—%logsin—%(b‘—l—ﬂ). .. .. (40)
To the same order of approximation /; — Z2 = 26 and we obtain
v 2 6—n+da, l ‘
x = F (T — poll log sin 19 d¥ + log sin § (6 — B) — ;:log sin £ (0 4+ B), .. (41)

which is a convenient form. The integral can be replaced by 6« log sin 4 (¢ — = 4 $éa), except
near ¢ = & where we use the table of f ' log sin 19 d9 given in Appendix XII (extracted from a
fuller seven-place table of this function 0by E. J. Watson).
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In Appendix XIII the case o = 20 deg., p = 40 deg. is computed, and the result shown in
Fig. 10. This aerofoil is much thicker than that of Fig. 9; yet its drag is almost certainly less
since both slots are well to the rear. In choosing between the two we have then to weigh thickness
- against low drag. '

Cambered low-drag aerofoils without suction can be constructed just as easily by this method.
For them it is essential to use the d« technique exemplified in (37).

Finally it may be remarked that considerations of pitching moment will often make it desirable
to have negative loading over the rear end of aerofoil. This is of course not hard to achieve.

4. Evaluation of the M ome%t Coeffictent.—By Blasius’ Theorem the nose-up moment at zero hft

is the real part of
dw,\?
%p4;<d70> ZdZ, .. - .. A .. - . (42)

the integral being taken round the aerofoil in the positive direction. Choose the axes in the
aerofoil plane so that dw,/dz (itself, not merely its modulus) is unity at infinity. Then it follows
from §1 that

dw, a, '
logd—z-—~~+53+ .. at ¢ =oo. .. .. .. . .. .. (43)
But zC fig ;ZZ las ¢ —>o. Hence
0
1oggz°“§§asz—>oo ce .. .. .. .. .. o (44)

Hence (42) becomes

a AN ‘
(15 + 0(5)) ads = tp.2mi 2, .. .. . . (4
Hence if a, = b, + ic,, the moment at zero lift is — 2mpc,. But (43) can be written ,
logqo—-ix:(b +icz)(00520——z’sin20)—|— e .. .. .. (46)
1 .
Hence &=~ log g, - sin 20 d6 .. .. .. .. .. .. . (47)
, nose-up moment at zero lift
Hence finally C,,, = Ip . 1°. (chord)®
4 i .
—mj_nlogqo.51n26d0. o ce - . (48)

(The reader is reminded that the word “ chord " here, and throughout this report, stands for a
non-dimensional quantity rather less than four, and is the ratio of the actual chord (as measured)
to the radius of the circle into which the aerofoil can be transformed conformally with no

magnification at infinity.)

(48) makes it possible to determine beforehand the moment coefficient at zero lift of an aerofoil
about to be designed. If C,, = 0 is required, a log ¢, must be chosen with (48) zero: if some
other value for C,, is stipulated, the problem is hardly more difficult, as the chord can generally
be guessed to 2 or 3 per cent. accuracy before the design calculations are carried out.
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For the moment coefficient at incidences other than zero, the exact expressions afforded by this
theory are more complicated, but we give them for the sake of completeness. By (3) we have

dw, /dC el | e o [ ePe 1 gta ] 1 :|

g = T — e 1+ P +0(Cg> 49
If we choose the origin O in the aerofoil plane so that z — ¢ — 0 as { — o, then we have also

dw,jdz _m[ R | 1 }

dw,dz e 1+ T T +’0 <E3> . .. .. .. .. (50)

2 .
Hence %‘Pfﬁ (g%) zdz can be written as

(150 ()] TR 0 () Je

— Lp . 2mi (2a, + ¥ — de¥ 4 3) g% .. . .. . (51)

and its real part is 2mp((1 + b,) sin 2 — ¢, cos 2a). .

Thus the moment coefficient at incidence « about the point O defined above is

4 ' w X . 1
(chord): [~ cos Za JM log g, sin 26 d9 -+ sin 2a (n + J* log g, cos 20 40 )} S (52)

1 7
Now lim (z — ¢) = %J_ 2d@, and after the ordinates and abscissae of the aerofoil have been

0

found it is a fairly easy matter to calculate where the origin O must be chosen to render this
integral zero—and hence to find the moment coefficient about the usual point of reference.
Clearly O will lie, generally speaking, just on the forward side of the mid-chord position.

The aerodynamic centre will be at a distance of

1 =~
Cp—Cpe 13 AL” log ¢, . cos 20 d6

11;13 o o N 1)

aerofoil chords forward from the point O. For thin aerofoils (with chord = 4, and O approxi-
mately at mid-chord) this is of course the quarter-chord point.

5. Symmetrical Channels.—With a few alterations the method of this report can be applied
just as easily to the design of symmetrical channels, indeed more easily owing to the absence of
circulation.

If the flux through a channel is 24, so that we may assume that the stream function ¢ is 4 4
on the upper wall and — % on the lower one ; and if the channel is transformed symmetrically
intoacircle (the points - oo becoming - 1 respectively), then on thecircle y = + hfor0 < 6 <=

and y = — hfor —a < 6 < 0. The velocity potential ¢ is the conjugate of this, 7.e.
1 hsint 1 - Zh 0
J'o cos 0 — cos t dt = [h log|cos 6 — cos tl] log cot IR (54)

Hence

d h
qdz ;Zq; -—~%cose00. .. .. .. .. .. .. .. (55)
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Here ds is an element of length on the channel and ¢ the speed at any point. If y is the direction
of motion then log g — ix is an analytic function in the physical plane and hence in the plane of
the circle. Hence log g and y are conjugates of one another in the circle.  When they are chosen
we have by (55)

B cos x 2h sin x 24 '
xA——J p ;cosec@{d@, y:—J 7 - cosec 0 df . .. (56)
This “ cosec 8 ” corresponds to sin 0 in (8). There are no a prior: conditions on the choice of log g,
as channels do not ““ close up .

The simplest requirement for log ¢ is that it should not decrease as 6 goes from = to 0. (This
has application in the design of contraction cones for low-turbulence wind tunnels). If a > 0,
log ¢ = a cos 0 does this, and its conjugate is @ sin 0. a is chosen as % log (V/U), if it is desired
to make ¢ increase from U to V.

But contraction cones should also be short, that is, x must tend to zero as rapidly as possible
at the two ends. Thus, given log (V/U), we want

dx Ax\ |
oc:(%gzougéo:n “ . .o .. .. o e .. (57)

d . 7
to be as small as possible. Now f (0) = — 7 10g g 1s a positive function, and fo f(¢) dt = log (V/U).
dy 1 f()sint '
Its conjugate is d_)(; =~ JO &% dt. Hence
1 f(f)sint 1 f(t)sint 2
@ =_ Omdt*a}f{m}fﬂ‘&joﬂﬁ cosec t dt. .. (58)

The minimum of io—g(doffm occurs (since cosec £ is a minimiim at ¢ = 4a) when f (¢) is concentrated
near ¢ = 4z, or in the notation of Dirac, when f(¢f) = log (V/U) . é (t — =). This means that logg

is constant on the wall up to the point corresponding to 6 = J= and then jumps up to another
o 2

constant value. For this case,m == 0-64. TFor the previously mentioned case
log g = const. 4~ §log (V/U) . cos 6, we have 1»6%—{;/—/»[—]—) = 1-00. For an intermediate case

log ¢ = const. + % log (V/U) . (cos 68 — } cos 36), which is a non-decreasing function also, we

o . . . N . :
have fog (VU ~ 0-75. This case possibly has merits over the discontinuous case, as it allows

a margin of safety. Itischosen asan examplein Appendix XIV, and the shape is drawn in Fig. 11.

Another problem in the design of contraction cones is this; if a certain amount of adverse
velocity gradient is allowed, but not too much, how much more favourable are the shapes
obtained ? In Appendix XV, a finmite contraction cone (i.e. one whose walls from some point
onwards on both sides are straight and parallel to the axis) is constructed, using a value of x

as follows :— :
x=0for0 <6 < g \L
Jr

and a[l —cos (6 — p)]for g < 0 <2’J

where g is small and x(0) = x(= — 6). The maximum adverse velocity gradient obtained is
found to be 0-75 working section velocities per working section diameter—rather a high value,
though it occurs very close to the working section.

(59)
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In Appendix XVI a short cone is obtained with a very much smaller adverse gradient. For
this cone .
log ¢ = +1log (V/U) . (1 + 2 cos 6 — cos 26),
(60)
x = + log (V/U) . (2sin § — sin 20). J

At 0 = O (the wide end) x — 0 very rapidly ; but not nearly so rapidly at 6 = = (the narrow end).
This was taken because in most contraction cones the wide end is far longer than the narrow end,
while the large value of dy/d0 at 6 = = hardly increases the length and yet eliminates altogether
the (large) adverse velocity gradient over the narrow end visible in Fig. 12. With a four to one
ratio the maximum adverse gradient is 0-025 working section velocities per working section

diameter.

6. Cascades.—The method is also applicable to the design of a cascade of aerofoils. If cor-
gruent aerofoils are arranged in the complex z-plane, periodically in 2=7, and w(z) is the complex
potential of flow past them, then dw/dz is periodic in 2m¢. Let it have the value u; — 7v, at
infinity on the left and #, — iv, at infinity on the right. The transformation Z = ¢* gives us a

plane in which there is just one aerofoil, ¥ = — o gives Z = 0, x = + o gives Z = . Hence,
since % = %j . El we have

gga%}MMZZOwda%%%mzzw.“ O (:34
These are the only singularities outside the aerofoil in the Z-plane. The aerofoil can be trans-
formed into the unit circle in the ¢-plane with the trailing edge corresponding to ¢ = 1, and
o toow. LetZ = 0 become { = a. Then

dw __ u, — 19, . Uy — 10, B
Gt g Ml=eand =" at L= L 0 (62)
Hence
— 1 —a
W:w»—ullog(c a)C( : dz)—kzmlogf C+w210g<j .. .. (63)

has no singularity outside or on the circle, has 1 1mag1ngry part constant on the circle, and behaves
like (u#, — u,) log ¢ at infinity. Hence u, = u, and W is constant everywhere. Hence (dropping

the suffices on #)
dw 1 a 1
ar ~"\r—a 1Zar ) w( 1—a£>
(e — @) — it (1 —ad) — v, (¢ —a> (1—ag) .. (64)
== [ (i—a) (1—az) h

By the Kutta-Joukowsky condition this must vanish at ¢ = 1. Hence it can be factorised as

dw (1 —2¢)(a(u+ 1v,) + @ (u — 1v,) {) i '
g \ . .. ‘e .. .. (65)

at (¢ —a)(l —a?)
If a = Aé*, u + v, = B¢, u, + iv, — B,e2, and ¢ = ¢%, then this becomes

dw  — 2 sin §0.24A B, cos (a - f, — 16) **

ac ¢ (1 — 24 cos (o — ) + A?) (

in 1 1 i
_ gap,Sind0cos o+ fp — 36) e L (es)

1 — 24 cos (. — 0) + A* 1
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The relation between v, and v, is

wla—a —iv, (1 —ad) —iv,(1 —a) (1 —a)=0. .. .. .. (87)
or :
24u sin o + v, (A* — 1) — v, (A* — 24 cos o+ 1) =0. .. .. (88)
, A s
It gives v, = v, when v, = f—il—zl—r;gg—a u. The angle 7= — tan™! 1—'2——%.%& between the

angle of zero deflection and the real axis (in the z-plane) is a measure of the sfagger of the cascade.
o will generally be nearer o than 0. A is large if the pitch-chord ratio is large, and near unity
if the latter is small. The second stagnation point on the circle is seen from (66) to be
0 =n 4+ 2 (a+ B).

The method of design is to choose log ¢ on the circle so that the resulting values of log (dw/dz
at @ and « are correct. By Poisson’s integral,

C + d ,
log dz 90 561 -+ imaginary constant, .. ce .. (89)
the integral being taken round the circle and ¢ standing for its value at . Hence
u— 1w, ZZE‘”J [ de - _1 dt
08 u — 10, o [Iog dz li=a log dz T log 6] o T T (70)
which, together with
‘ 1
Q;J_nloquezlogli, (T

is sufficient. |
x is, as usual, the conjugate of log g on the circle, and since, by (66), we have

ds sin 10 cos (a0 + f, — 30) 9
926 = P21 " 9d cos (a — 0) F A S

the expressions for the ordmates and abscissae of a typical aerofoil of the cascade are

4AB sin §6 cos (o + B, — 16) b
xoﬂf 1—2Acos(oc—0)—{~A2COSXd0 |

. . .. (78
4AB,sin 30 cos (ot fy —40) o R
= J 1 —2/1 cos (a+0)+A2SIHX J

A full discussion of cascade design with a worked example is to be found in R. & M. 21042.
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Introduction to Appendices.—As first essays in a method of design the results of whose applica-
tion could not possibly be known beforehand, the majority of the computations in the following
Appendices were done only to fairly low accuracy. Dale’s five-place tables were used and in the
final shape four, and in certain cases three, significant figures only were obtained with any
confidence of accuracy. - This was sufficient to give such fundamental properties as thickness-
ratio, C, range, points of maximum suction and thickness, and general shape, and hence to show
how useful the different variations of the method would be, But a rough design once decided
upon for use as an actual wing should, for the purposes of construction, be computed to greater
exactitude. Appendix IV shows how this can be done, using seven figure tables, a multitude of
points, and the most accurate methods of integration available. For the low accuracy com-
putations, 1} days was the usual time for the construction of an areofoil. For the high accuracy
of Appendix IV, 4 or 5 days were needed.

In some of the Appendices cos 0 is used as an independent variable. This has the advantage

that a great many tables of the trigonometric functions <including those of the type

. l 0 ‘

%l gnn—f]%t%) have been tabulated against cos ¢ by computors working under Dr. Goldstein
1o —

on the method of Ref. 1. But experience has shown that it is wiser to use 0 itself. This gives the

extra points near the leading and trailing edges which are so desirable and greatly facilitates the

integration near the leading edge.

A method of integration which has been frequently used and found satisfactory is shown in the
Table 2 following :— ‘

TABLE 2

x |0 a 2¢ 3¢ 4a S5a 6a Ta
Y Y Y1 Yo Y5 Yo Vs Y o Yr
e ade R ‘e
DR RN
+ + ¥ + + 4+ +
N
SO R S S
£ + F £ ¢ ¢
g+ T+
s -
N Sh
& 2
+
=

It is a combination of Simpson’s Rule and the cubic (1:3:3:1) rule, and can be carried out
very speedily on an adding machine. More accurate (but more laborious) procedures are
indicated in Appendix IV.

®

For suction aerofoils integration breaks down near the slot but can be supplemented by our
knowledge of the theory of the logarithmic spiral. This is explained in Appendix II.
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APPENDIX I
Joukowsky Aerofoil modified to give * Low-drag ™ Section

A symmetrical Joukowsky aerofoil is obtained from the unit circle by the transformation

(14‘——87) RS )

2=10—0b+

dz  (—1)(¢+ 1 —2b) ,
and Fi GEE R .. .. .. .. . (1.2

g 2 cos $0 (1 — 2b cos 0 -+ b?)
These give 95 = V(1 —2b6)* + 2 (1 — 2b) cos 0 + 1]

d 30 t . sin 0 94 ., sino
an T B R § Q7 B o

i o . (13

We take b = 0-1, giving thickness ratio approximately 13 per cent. We then plot log,, (1¢,.)
against cos 0 for a given incidence «, which we have taken as 2 deg. 30 min. (corresponding
to C, == 0-3), in Table 3, column 1. In column 2 is plotted x;, and, in column 3, log,, (sin 6/q,).

d logm (%QJa)

Now we observe from column 1 that the maximum value of — 4 cos b

on the upper
surface form = 0 > gis 0-1005 as far as the table indicates. If therefore we add to log,, ¢, a
function log,, ¢,, whose derivative with respect to cos 0 is everywhere > 0-1005 in this range,
an aerofoil will be obtained with increasing velocity (at 2 deg. 30 min. incidence) over all
points corresponding to = = 6 > a/2. The function chosen was

, 2
log,, 9, = 0- 1012(005 & + j;), <7t >0 > g) , 1
, (L4)
T
=0-1012(—coss+5), (53z020).
This satisfies conditions (7). Itsconjugateis0-1012. 7% cos 0 log tanz—[ — g . The addition to ,
which we call y,,, is conjugate to log, ¢,,, and so in degrees
180 2 A T 0
Xu = -10g, 10 ~.0-1012 cos 0 log}tan (Zl —— Q)}
7 0 '
:8-5900036.10g‘tan<4—2>l . .. .. - .. .. (L.5)

The new x = x; + x, 1 given in column 4. Now in order to get x and y from (8) we need 2/g,.
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But we have

ﬁll\:)

logm< ) logw( )— 0-1012 (= cos 6) — 0-1012 (1.6)

, 2
But 10™* ~ = 1-1600. Column 5 gives 1-16/g, obtained from column 3 and (.6). Columns 6

and 7 give 1-16 cos X (that s 0-58 _d_x_) and 116 sin X (that is 0-58 dy ) ; and in columns
%o 0 9o s 0

8 and 9 these are integrated up from the trailing edge by S1mpsons rule (or other rules

as found convenient) to give 0-58 (¢ — x) and 0-58y. It is found that the chord is

2-02852/0-58 = 3-497.

The expressions X = x/c, Y = y/c are tabulated in columns 10 and 11. The thickness-ratio
is found to be 19-6 per cent., and

8z sin 2 deg. 30 min.

C, = 3497 — 0-3135.

The velocity distribution at incidence, g,, is given in column 12 and in Fig. 1, where the profile
shape is also shown. ,




(06022)

TABLE 3

| i .
1 2 3 4 5 | 6 7 8 9 10 | 11 12
. cos 0 . i
o 11 X sin @ % 1-16 1-16 1-16 . = C . |
logye (34s4) (deg.) Llogm< - > (deg.) P | % cos X 7 sin Z |0-58 (¢ x)l 0-58y X ‘ Y 7.

—1 1-42144 90 1-21824 90 (0-20866 cosec 8) | 0-9463 leo) 2-0285 0 0 0 0-4850
—0-9 1-84974 21-26 1-56383 24-83 1-03641 0-9406 0-43517 1-9342 0-0892 0-0465 | 0-0440 1-3310
—0-8 *1-84308 12-08 1-68708 16-79 0-97698 0-9353 0-28221 1-8404 0-1244 0-0927 0-0613 1-3415
—0-7 1-83333 7-18 1-76201 12-51 0-95293 0-9303 0-20641 1-9471 0-1482 0-1387 0-0731 1-3427
—0-6 1-82328 3-89 | 1-81472 9-49 0-93831 0-9255 015471 1-6543 0-1665 0-1845 0-0821 1-3429
—0-5 1-81340 |4 1-47 | 1-85435 7-07 0-92771 0-9207 0-11419 1-5620 0-1795 0-2300 0-0885 1-3437
—0-4 1-80361 |— 0-44 1-88512 4-89. 0-91931 0-9160 0-07837 1-4702 0-1895 0-2753 0-0934 1-3447
—0-3 1.79386 |— 1-97 1-90931 2-81 0-91232 0-9112 0-04472 1-3788 0-1953 0-3203 0-0963 1-3458
—0-2 1-78404 |— 3-21 1-92816 |+ 0-69 0-90629 0-9062 - |+0-01092 1-2879 0-1984 0-3651 0-0978 1-3468
—0-1 1-77437 |— 4-25 1-94247 — 1-71 0-90112 0-9007 .|—0-02689 1-1976 0-1973 0-4096 0-0973 1-3481
0 1-76453 — 5-08 1-95258 |— 5-08 0-89658 0-8931 |—0-07938 1-1079 0-1926 04538 0-0949 1-3489
+0-1 1.75459 |— 5-74 1-95858 |— 8-28 0-93517 0-9254 |—0-13467 1-0169 0-1814 0-4987 0-0894 1-2882
6-2 1-74452 | — 6-23 196039 |—11-13 0-97610 0-9609 |—0-17168 0-9227 0-1662 0-5452 00820 1-2296
0-3 1-73430 |— 6-58 1-95748 |—11-36 1-01933 0-9994 |—0-20078 0-8246 0-1473| 0-5935 0-0726 1-1733
0-4 1-72389 — 6-75 1-94905 |—12-08 1:06510 1-:0415 |—0-22289 0-7226 0-1263 0-6438 00623 | 1-1191
0-5) 1-71327 — 6-75 1-93362 |—12-35 1-11348 1-0877 |—0-23815 0-6161 0-1030 0-8963 0-0508 1-0670
0-6. 1-70241 |— 6-65 1-90860 |—12-25 1-16472 1-1382 |—0-24713 0-5048 0-0789 0-7511 0-0389 1-0166
0-7 1-69124 |— 6-11 1-86898 |—11-44 1-21908 1-1949 |—0-24184 0-3882 0-0540 0-8086 0-0266 0-9680
0-8 1-67971 |— 5-34 1-80327 |—10-05 | 127667 1-2571 |—0-22279 0-2656 0-0310 0-8791 0-0153 0-9209
09 1-66758 | — 4-02 1-67469 |— 7-59 1-33781 1-8261 |—0-17671 0-1364 0-0103 0-9327 0-0051 0-8750
1 1-65280 0 — @ 1) 140267 1-4027 0 0 0 1 0 ' 0-8261

L1



APPENDIX II
Thin Joukowsky Aerofoil modified to give Very Thick Suction Aerofoil

In order to show the flexibility of the method we now choose an incidence about 10 times as
great as that of Appendix I, in fact, sin « = (0-3. The corresponding value of log,, (3¢;.) is
shown in Table 4, column 1. To make a suction aerofoil with slot at cos § = 0-8, and increasing
velocity up to the slot in the upper surface at this incidence we add to log, g,, the function

-~

log, gy = 0-25cos 6 (0 < 6 < x)

plus  0-0587 (cos 30 — 1) <%37E <0+ n)

' 4
plus  0-065 (cos 50 — 1) (—5’3 <8 < 71:) g (IL.1)
0-20184 (cos™0-8 < 0 < =)
plus '
— 0-62731 (0 <6 <cos™0-8) |

The Jast two numbers are determined by the necessity that the first two Fourier (cosine) constants
of log ¢, should be zero. The value of g, = g,, g,, obtained from this is shown in column 10.
There is a discontinuity in velocity at 6 = cos™ 0-8. Boundary-layer suction must be applied
here. It will be seen that the exact configuration at the point is a ““logarithmic ” spiral—in
construction this would be smoothed out.

The corresponding value of X, in degrees will be lf—jg log, 10 times the conjugate of (IL.1).

This latter is 0-25 sin 6 -~ 0-057 l:% sin 30 + (1 — cos 36) f )—l———si 6 — l;—Ssin 20:‘

. 2
+ 0-065 {% sin 56 + (1 — cos 56)f<0 >—{— 5 s1n551n 0 — o sin 5 sin 26 - *sm 25 sin 36

2 )
— Zsin g sin 40] — 0-82915 f(6, cos™0-8), .. .. .. .. .. .. .. (12
where
1. sin (60 + 6,)
0, 0,) =-1 ",
J (9, 6,) 78 sin 50 — 0,)

giving

¥ = %o - 35-8574 sin 0 — 58766 sin 20 - 5-1027 sin 36 — 3-2081 sin 40
+ 17151 sin 56 4 7-5199 (1 — cos 30) £ (o, %”
47
+ 85753 (1 — cos 5) £ (0, —5~) —109-3884(0,cos10-8). .. (IL3)

This is tabulated in column 2. In column 3 is shown log10 1/g,, whose antilogarithm is multiplied
in columns 4 and 5 by cos x and sin X respectively, and integrated in columns 6 and 7 to give
$x and }y.
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The integration is harder than before owing to the indeterminacy at the slot. It is advisable
to use the following considerations from the theory of the logarithmic spiral.

The curve whose tangent makes a constant angle ¢ with the radms vector must, in polar
co-ordinates 7, @, satisfy

9
7%:tan¢,or0:tan¢logr. . .. .. .. .. .o (IL4)

Then s =7 sec ¢ and x = & + ¢ = ¢ + tan ¢ log (s cos ¢). For us therefore tan ¢ = 0-82915
log10; ¢ = 62-21. It is also true that for two values of 6 at equal distances from cos™ 0-8 x is
approximately the same, and hence ¢ is. Hence, the points on the aerofoil corresponding to
cos 6 = 0-75, 0-8, 0-85 are approximately collinear ; and the distance between the latter two
is equal to 1055 — 6.748 times the distance between the former two. This enables us to

carry out the integrations.

The profile shape and velocity distribution are given in Fig. 2.

TABLE 4
1 2 3 4 5 6 7 8 9 10
cos 0
x 1 1 1. x v
logyy (34.) (deg.) logy, < é;) 70 08 X 7,50 X 5 2 X Y 9a
—1 0-25978 90 o) 1-0466 o) 0 0 0 0 1-8561
—0-975 | 0-23665 58-81 | 0-27165 | 0-9680 1-5973 | 0-02518 | 0-07031 | 0-0200 | 0-0560 | 1-9368
—0-95 0-18994 56-44 | 0-15000 | 0-7808 1-1771 | 0-04749 | 0-10030 | 0-0378 | 0-0799 | 2-0017
—0-9 0-12894 49-81 | 0-04083 | 0-7090 0-8392 | 0-08473 | 0-15015 | 0-0675 | 0-1196 | 2-0588
—0-8 0-05815 39-91 | 1-14403 | 0-6681 0-5588 | 0-15358 | 0-21715 | 0-1223 | 0-1729 | 2-1090
—0-7 0-01297 34-00 | 1-89688 | 0-6538 0-4410 | 0-21968 | 0-26705 | 0-1749 | 0-2126 | 2-1151
—0-6 1-97877 29-18 | 1-86344 | 0-6375 0-3560 | 0-28425 | (0-30690 | 0-2263 | 0-2444 | 2-1281
—0-5 1-95054 | 24-99 | 1-83998 | 0-6269 0-2922 | 0-34747 | 0-33931 | 0-276 | 0-2702 | 2-1301
—0-4 1-92589 21-57 | 1-82114 | 0-6160 0-2435 | 0-40961 | 0-36609 | 0-3262 | 0-2915 | 2-1319
—0-3 1-90361 18-41 | 1-80294 | 0-6027 0-2006 | 0-47055 | 0-38829 | 0-3747 | 0-3092 | 2-1453
—0-2 1-88206 15-25 | 1-78519 | 0-5883 0-1604 | 0-53010 | 0-40634 | 0-4221 | 0-3235 | 2-1668
—0-1 1-86342 11-89 | 1-76781 | 0-5733 0-1207 | 0-58818 | 0-42039 | 0-4683 | 0-3347 | 2-1943
0 1-84467 8-25 | 1-75074 | 0-5575 0-0808 | 0-64472 | 0-43046 | 0-5134 | 0-3428 | 2-2260
+0-1 1-82644 |+ 4-17 | 1-73394 | 0-5405 | +0-0394 | 0-69962 | 0-43647 | 0-5571 | 0-3475 | 2-2610
0-2 1-80852 | — 0-49 | 1-71741 | 0-5217 | —0-0045 | 0-75273 | 0-43822 | 0-5994 | 0-3489 | 2-2082
0-3 1-79070 | — 6-01 | 1.70112 | 0-4997 | —0-0526 | 0-80380 | 0-43577 | 0-6400 | 0-3470 | 2-3365
0-4 1-77288 | —12-75 | 1-68506 | 0-4723 | —0-1069 | 0-85240 | 0-42780 | 0-6787 | 0-3406 | 2-3755
0-5 1-75486 | —21-51 | 1-66925 | 0-4344 | —0-1712 | 0-89774 | 0-41390 | 0-7148 | 0-3296 | 2-4139
0-6 1-73640 | —34-12 ) 1-65368 | 0-3729 | —0-2526 | 0-93810 | 0-39270 | 0-7470 | 0-3127 | 2-4506
0-7 1-71720 | —56-05 | 1-63835 | 0-2429 | —0-3607 | 0-96889 | 0-36203 | 0-7715 | 0-2883 | 2-4835
0-75 1-70716 | —78-48 | 1-63258 | 0-0857 | —0-4201 | 0-98532 | 0-32297 | 0-7846 | 0-2572 | 2:4976
= 1-62328 2-5092
0-8 }-69667 — 00 {0'45243 — — 0-98222 | 0-31346 | 0-7821 | 0-2496 O~37188}
0-85 1-68557 | —74-72 | 0-44499 | 0-7342 | —2-6875 | 0-96078 | 0-24695 | 0-7650 | 0-1966 | 0-37307
0-9 1-67845 | —47-46 | 0-43761 | 1-8520 | —2-0183 | 1-02391 | 0-11904 | 0-8153 | 0-0948 | 0-37340
0-95 1-65931 | —28-40 | 0-43031 | 2-3692 | —1-2810 | 1-13446 | 0-04625 | 0-9033 | 0-0368 | 0-37200
1 1-63274 0 0-42306 | 2-6489 0 1-25587 | 0 1 0 0-36013

(77090) B2



20
APPENDIX III
Calculations for “ Direct Design at Incidence”

1
cos 30

The conjugate of - log mis
sin 0 (~log [cos }¢/cos (3¢ — a)] “
- [ oBLeE e cosg @ (L)
2 = log (a + ) 2dp |
n(l_(_tZ) 01__252_41_?2'1_!—?2, .o .. . ..(III.Z)
[+2 1+

¢ 0
where @ = cot o, p = tanz,t:tan—é ,

_2qrloga+p) . 2T 10g(1+P)dP ... ..y

e e L),

whereé = P,E — T. Call this
a a

. f(T)=%J5<P1T—PiT>log(1+}D)dP
Then

f’(T):~y—1;fjlog(1+P).d(P_lT—FPj_T)
:%Jn1+P(P_T+PJ1rT>dP
_o[(P—T_1+P>1+T+<1+P—P+T>T——1:]dp
J2leT Ly
But £(0) = 0, hence (T ‘__zj[k’gX v . ..'..(1i1.5)~

The Fourier constants are determined as follows.

K (@) — — | log a—}—td(l_*_tz) fod it

L) e

1_|2_ [&zl f\%l:——t)—}—tan“ltr 1+a<2+aloga>

:nsmoc—{—‘sin2oclogc0to¢. .. . . I .. (I1L.6)
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i cos 30

7t/2 T
— L(o) = JO log cos (10 — d) o = 2[0 log cos 0 d6 — 2 d[z log cos 0 dQ

—a

:2jolog tan 6 d6

tana,logx :
=2 [ N 08 &)

360 JT log x

F(T) = i dx is tabulated in Table 5, for T =0 to 1.

For T > 1, the formula F (T) =90 — F (T) should bé used. For very small 7, interpolation

became inaccurate owing to the logarithmic term and it is advisable to use the expression
1 XX
F(x) — 83-98823 { (ogu, )x+5+5+-..)

' 3 5
+0-4342945x+%+;‘—5+...)}. . .ams)
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24-161 11
93.662 g0 10
23-153

TABLE 5
F(T) T F(T)
45-000 0-27 23153 5,
44-632 g 8 0-26 22632 oog 12
44-956 o 8 025  22:099 2o 18
43-872 ooy 8 0-24  21-553 g 13
43-480 Sor 9 023 20994 5 14
7
43079 022 20-421 sgq
42671 4og 10 0-21  19-833 ooa 16
42953 Y30 9 0-20  19-230 g0
41-826 4o 10 0-195 18-922 5y 4
41-389 407 10 019 18:610 5y 3
11
40-942 0-185 18-298 4,
40-481 40 10 018  17-972 o5 4
40-016 o0 12 0-175  17-647 50 6
39-536 5o, 11 0-17  17-316 405 4
39-045 50y 13 0-165 16-981 449 5
13 6
38-541 0-16  16-641 4
33-024 o1 13 0-155 16295 g5 5
37.494 o) 14 0-15  15-044 g7 6
36-950 ong 15 0-145 15-587 gy ©
36-391 op 16 0-14  15-224 g 6
15 6
35-816 0135  14-855 4
35-226 oo0 18 013 14:480 sg9 7
34-618 oos 17 0-125 14-098 oge 6
33-993 ooy 19 0-12  13-710 goo 8
33-349 ooy 20 0115 13:314 joy 8
32-685 011 12:910 4,
32.345 o0 5 0-105 12498 0 7
32-000 oa0 5 010 12:079 490 10
31-650 oo 7 0-095 11-650 159 ©
31-293 o0 5 0-00 11212 40 10
362 6 448 10
30-931 0-085 10-764 45q
30-563 oo 7 0-08  10-306 oo 1
30-188 o2 6 0-075  9-837 gq1 12
29-807 Sov 6 0:07  9:3% o, 17
29-420 o7 8 0-065 8- I
395 s 508 15
29-025 0-06 8354 g9
98624 400 8 0-055  7-831 oo 16
28-215 416 7 0-05 7-202 g5, 18
97799 ype 8 0-045 6735 2y 20
27375 4ag O 004 6158 goq 2
7
26-942 0-035  5-558 o
26502 4o 10 0-03 4933 grg 51
26-052 o0 8 0-025  4-277 goa 87
95501 o0 10 0-02 . 3:584 poo 46
95-126 o 9 0-015  2-845 Lo 6l
477 1 ' 800 96
24649 yoq 0-01  2:045 o
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APPENDIX IV

“ Direct Design at Incidence” wused to produce Fairly Thick Suction Aemfozl Accurate
Numerical Methods

In (16) and (17) we take o = tan™ §, p = 36 deg. Then K(«) = g—S + églog 8 = 0-5601947,
hence & = 0-9530602, and ¢* = 2-593635. Now yx in degrees is

180
FT)+4+ k- — 10g, 10 - [logyy sin § (6 + 36 deg.) — log,, sin § (0 — 36 deg.)]. .. (IV.1)

The expression in square brackets is tabulated in Table 6, column 1. TIts coefficient is
evaluated as 40-02292. F(T) was obtained as indicated in Appendix III and the resulting
value of y shown in column 2, reduced to degrees and minutes. Now

2 2cos (30 — o) 1 2 ¢in «
7 00(55%9 )-EZ(CO‘EOL+‘E&H%9). - .. (VY

Sin 0 (cot o + tan }6) has been tabulated in column 3, and multiplied by cos x and sin x
respectively in columns 4 and 5, to

2sin o\ dx d 2sin a7 dy
S a0\ S ) do-

In columns 6 and 7 these two expressions are integrated up from the two ends (taking 2 deg. as
the unit, instead of 180/z). The method of integration was that of Whittaker and Robinson,
“ Calculus of Observations,” page 147, except at the leading edge for x where the logarithmic
singularity makes it inaccurate. Here the following easily verifiable formulae was used :—

(IV.3)

( lay log vy + . . .)dy = 1 Simpson — 0-01895 ax® = 2 Simpson — 0-00479ax*

= 3 Simpson — 0-00214ax* ;
fw (ay log y + .. .Jdy = 1 Simpson — 0-00326ax?,

’ Lx — 1 Simpson — 0-000355a%%, -+ .. .. .. .. .. (IV.4)
where ““# Simpson ~’ means the formula of Simpson’s rule used with 2» + 1 separate values
of the integrand. Simpson’s rule was also used near the suction slot. ;

At the slot itself we again employ the theory of the logarithmic spiral. We have ¢ = tan™!
;:— + 16 deg. 52 min. The mean value of y at 6 = 35 deg. and 37 deg. is — 67 deg. 21 min.
The ¢ of Appendix II is then 84 deg. 13 min., and the following equation must hold :—

(c — 36-501295 . 2-593635) — 466-54745
54-58371 — 18-06961 . 2-593635
(remembering that the two parts of S in (IV.3) differ by a factor ¢#). This gives ¢ = 562-000161,
¢ being the chord on which the values forward of the slot in column 6 are based. The true chord
is seen from (IV.3) to be

= cot 84 deg. 13 min. (IV.5)

2sin o =
18 L '
But L(a) =2 I?g 4(_1/ *) 4x is found to be 0-766715, s0 [ — + -f;"i) — 0-434665.
0
4.¢.90
Hence ¢ = 1-5445. But C, = 8v sin afchord = ~* "= = 0-98936. .. (IV.7)

The final values of X and Y, reduced with respect to the chord, are given in Table 6, columns 8
and 9. It is seen that the aerofoil is 34-0 per cent. thick and has the suction slot at 83 per cent.
chord. Its shape is shown in Fig. 3.
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TABLE 6
1 2 3 4 5 6 7 8 9
0 log,o sin %
(deg.)|(6-+36 deg.) (84tan 16) . :
(—Iogm sin & 2 % sin § .. €OS g . sin x x Y X Y
(6—36 deg.)
180 | 0 90° 2 0 2 0 0 0 0
179 | 0-0024629 | 80° 33-82' | 2-1394662 | 0-3507687 | 2-1105158 —_ — —_ —
178 | 0-0049262 | 74° 36-29" | 2-2785870 | 0-6049074 | 2-1968263 0-331294 | 2-10648 | 0-000589 | 0-003748
177 | 0-0073904 | 69°54-11" | 2-4173192 | 0-8307282 | 2-2701173 — — —_ —
176 | 0-0098558 | 65° 58-49" | 2-5556168 | 1-0404885 | 2-3342153 1-159309 | 4-37507 | 0-002063 | 0-007785
172 1 0-0197382 | 54°36-58' | 3-1036528 | 1-7974607 | 2-5301456 3-919042 | 9-22845 | 0-006973 | 0-016421
168 | 0-0296742 | 46°58-13" | 36414413 | 2-4849053 | 26618302 8-300481 | 14-42954 | 0-014770 | 0-025675
164 | 0-0396913 | 41°16-54' | 41663612 | 3-1312054 | 27484760 | 13-667136 | 19-84659 | 0-024319 | 0-035314
160 | 0-0498179 | 36° 46-36" | 46758532 | 3-7454379 | 2-7991598 | 20-803673 | 25-39979 | 0-037017 | 0-045195
156 | 0-0600837 | 33° 3:70" | 5-1674380 | 4-3307466 | 2-8190514 | 28-884614  31-02285 | 0-051396 | 0055201
152 1 00705203 | 29° 54-48" | 5-6387205 | 4-8877957 | 2-8115157.| 38-107911 | 36-65779 | 0-087808 | 0-065227
148 | 0-0811612 | 27° 9-75" | 6:0874026 | 5-4160558 | 2-7789949 | 48-416654 4225230 = 0-086151 | 0-075182
144 1 0-0920424 | 24° 43-48' | 6-5112995 | 5-9143970 | 2-7234044 | 59-752213 | 47-75842 | 0-106321 | 0-084979
140 | 0-1032033 | 22° 31-41" | 6-9083452 | 6-3813939 | 2-6463273 | 72-053358 | 53-13161 | 0-128209 | 0094540
136 | 0-1146868 | 20°30-43" | 7-2766071 | 6-8154769 | 2-5491737 | 85-255848 | 58-33036 | 0-151701 0-103791
132 | 0-1265408 | 18°38-16" | 7-6142890 | 7-2150551 | 2-4331818 | 99-292263 | 63-31575 | 0-176677 | 0-112661
128 | 0-1388187 | 16°52-78" | 7-9197479 | 7-5785390 | 22996152 | 114-091997 | 68-05119 | 0-203011 | 0-121087
1241 0-1515802 | 15°12-82" | 8-1914938 | 7-9044139 | 21519062 | 129-581337 | 72-50554 | 0-230572 | 0-129013
120 | 0-1648935 | 13°37-06' | 8-4282032 | 8-1912738 | 1-9843513 | 145-683636 | 76-64444 | 0-259223 | 0136370
116 | 0-1788366 | 12° 4-47" | 8-6287230 | 8-4378246 | 1-8048856 | 162-319237 | 80-43584 | 0-288824 | 0-143124
1121 0-1934996 | 10°34-15’ | 87920779 | 8-6466429 | 1-6126640 & 179-409007 | 83-85556 | 0-319233 | 0-149209
108 | 0-2089876 9 5-21" | 8-9174690 | 8-8055557 | 1-4083457 | 196-868671 | 86-87842 | 0-350300 | 0- 154588
104 | 0-2254241 7°37-15" | 9-0042874 | 8-9247903 | 1-1938596 | 214-605987 | 89-48231 | 0-381861 | 0-159221
100 | 0-2429562 6° 8-82" | 9-0521106 | 9-0000646 | 0-9692973 | 232-538223 | 91-64700 | 0-413769 | 0-163073
- 96 | 0-2617602 4°39-71" | 9-0607037 | 9-0307282 | 0-7364051 | 250-576510 | 93-35356 | 0-445866 | 0-166109
92 | 0-2820509 3°11-08" | 9-0300259 | 9-0160808 | 0-5016568 & 268-631596 | 94-59302 | 0-477992 | 0-168315
88 | 0-3040929 |4 1°35-68' | 8-9602269 | 8-9477964 |1-0-2519553 & 286-602279 | 95-34803 | 0-509968 | 0-169658
84 | 0-3366216 |— 0°21-34" | 8-8516467 | 8-8514759 —0-0549466 | 304-408562 | 95-54595 | 0-541652 | 0-170011
80 | 0-3639552 |— 2° 4-64" | 8-7048143 | 8-6990935 | —0-3155347 | 321-967641 | 95-17195 | 0-572896 | 0-169345
76 | 0-3943688 | — 3°54-27" | 8:5204437 | 8-5006678 |—0-5801885 | 339-175099 | 94-27688 | 0-603514 | 0-167752
72| 0-4285918 |— 5°52-15' | 8-2994350 | 82559294 |—0-8486770 | 355-939460 | 92-84867 | 0-633344 | 0-165211
68 | 0-4676195 |— 8° 0-81’ | 8-0428646 7-9643276 |—1-1212276 | 372-166646 | 90-87408 0-662218 | 0-161698
64 | 0-5005788 |— 9°54-28" | 7-7519809 | 7-6364400 |—1-3334128 | 387-775315 | 88-42037 | 0-689991 | 0-157332
60 | 0-5531946 | —12° 34-47" | 7-4282032 | 7-2500281 |—1-6171852 | 402671152 | 85-47680 | 0-716497 = 0-152094
56 | 06172639 |—15°41-86" | 7-0731079 | 6-8093001 |—1-9137086 | 416-740293 | 81-94876 | 0-741531 | 0-145816
52 | 0-6982160 |—10°29-48" | 6-6884250 | 6-3051247 |—2-2316586 | 429-867011 | 77-80847 | 0764888 | 0-138449
48 | 0-8062763 | —24° 22-13" | 6-2760278 | 5-7168852 |—2-5895456 = 441-907522 | 72-99735 | 0-786312 | 0-129888
44 | 0-9644830 |—31°15-24" | 5-8379274 | 4-9907023 | —3-0289094 | 452-645840 | 67-40278 | 0-805419 | 0-119934
40 | 1-2465228 | —43° 5-87' | 5:3762563 | 3-9256784 |—3-6733067 | 461-838844 | 60-67947 | 0-821777 | 0-107971
39 | 1-3665281 |—48° 2-44' | 5-1822302 | 3-4648541 |—3-8536085 — — - —
38 | 15376077 |—55° 1-67" | 5-1372812 | 2-9445786 |—4-2096454 | 465-293769 | 56-79657 | 0-829189 | 0-101061
37 | 1-8335457 | —67° 0-76" | 5-0158845 | 1-9588413 |—4-6476744 | 466-547446 | 54-58371 | 0-830155 | 0-097124
36 + 00 — a0 4-8932654 — — 466-764958 | 52-43610 | 0-830542 | 0-093303
35 | 1-8436052 | —67° 41-85" | 4-7694592 | 1-8099936 |—4-4126707 | 36-501295 | 18-06961 | 0-831546 | 0-083391
34 | 1-5167360 | —54°45-43" | 4-6445056 | 2-7130796 |—3-7696995 | 35-339370 = 15-93446 | 0-836909 | 0-073538
33 | 1-3352090 |—47° 38-07' | 4-5184414 | 30602911 |—3-3242942 - -— . —
32| 1-2047425 | —42° 33-44" | 4-3913063 | 3-2353696 | -2-9699617 | 32307768 | 12-69499 | 0-850899 | 0-058687
28 | 0-8806252 | —30° 9-84' | 3-8728252 | 3-3484087 |—1-9460048 | 25-971342 | 7-83036 | 0-880142 | 0-036137
24 1 0-6797354 | —22° 43-13' | 3-3403473 | 3-0812713 |—1-2900732 | 19-516850 | 4-84126 | 0-909930 | 0-021419
20| 0-5280540 | —17° 15-77' | 2-7964682 | 2-6704968 |—0-8298673 | 13-747111 | 2-54839 | 0-936557 | 0-011761
16 | 0-4021718 |—12°50-53’ | 2-2438375 | 2-1877093 |—0-4987290 8-879485 | 1-23885 | 0-959021 | 0-005717
121 0-2914344 | — 9° 6-52' | 1-6851460 | 1-6638961 |—0-2672551 5-022575 | 0-48760 | 0-976821 | 0-002250
8 1 0-1899002 | — 5°46-22' | 1-1231167 | 1-1174258 |—0-1129195 2-238438 | 0-11953 | 0-989670 | 0-000552
g 0-0937136 | — 2°43-58' | 0-5604880 | 0-5598536 |—0-0266599 0-560044 | 0-00533 | 0-997415 | 0-000025
0 0 0 0 0 0 0 1 0
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APPENDIX V
Thicker Suction Aerofoil Computed (to Less Numerical Accuracy) by Divect Design at Incidence

As a second example from our doubly infinite series of suction aerofoils with step function
velocity distribution on the upper surface at incidence «, we take « = tan=1%, § = cos= 0-9.

TABLE 7
" xé e
cos 0 2z (cot a-}-tan 36) !i } ... cos g . .sin g X Y
(deg.) S 2 sin « 2 sin o
—0-1 90 o0 log oo oo 0 0 0 S0
—0-975 55-29 13-8882 7-9082 11-4167 — — — —_
—0-95 46-75 11-2450 7-7048 8-1905 0-4 0-6 0-032 0043
—0-9 39-14 9-3589 7-2589 5-9075 0774 | 0-945 0-062 0-076
—0-85 34-57 8-5119 7-0089 4-8297 1-131 1-211 0-091 0-098
—0-8 31-09 8 - +6-8509 . 4-1310 1-477 | 1-435 0-119 0-116
—0-7 25-89 7-3805 6-6398 3-2226 2-152 1-802 0-174 0-145
—0-6 21-90 7 6-4949 2-6109 2-808 | 2-094 0-226 0-169
—0-5 18-53 6-7320 6-3830 2-1894 3-452 | 2-332 0-278 0-188
—0-4 15-52 6-5275 6-2895 1-7466 4-086 | 2-526 0-330 0-204
—0-3 12-75 6-3628 6-2059 1-4043 4-171 2-683 0-380 0-216
—0-2 10-06 6-2247 6-1290 1-0885 5-327 | 2-808 0-430 0-226
—0-1 7-44 6-1055 6-0541 . 0-7906 5-937 | 2-902 0-471 0-234
0 4-76 6 5-9793 0:4979 6-538 | 2-966 0-527 0-239
+0-1 + 1-97 5-9045 5-9010 + 0-2030 7-182  3-001 0-575 0-242
0-2 — 1-03 5-8165 5-8156 T— 0-1045 7-718 | 3-006 0-622 0-242
0-3 — 4-22 5-7338 5-7183 — 0-4219 8-205 | 2-980 0-669 0-240
0-4 — 8-09 5-6547 5-5984 — 0-7958 8-861 2-919 0-715 0-235
0-5. —12-68 5-5773 5-4413 — 1-2243 9-413 | 2-818 0-759 0-227
0-6 —18-62 5-5 52121 — 1-7561 9-945 | 2-669 0-802 0-215
0-7 —27:28 5-4201 4-8173 — 2-4842 10-446 | 2-457 0-842 0-198
0-8 —43-28 5-3333 3-8827 — 3-6563 10-891 2-150 0-878 0-173
0-85 —61-03 5-2847 2-5596 — 4-6234 11-052 1-943 0-891 0-157
0-9 — 28-55,5-2294 — — —_ — 0-893 0-141
0-95 —48-27 28-11 18-71 —20-98 c—1-193 | 0-629 0-904 0-051
0-975 —29-28 27-85 2429 —13-62 c—0-620 | 0-256 0-950 0-021
1 0 27-24 27-24 0 0 0 1 0

Everything is carried through (with the smaller range of points, and taking cos 0 instead of
0 as independent variable) as in Appendix IV.. The greatest inaccuracy occurs in the estimation
of the values of x¢//2 sin « and ye!/2 sin « at cos 8 = — 0-95. Near the slot, too, the paucity
of points leads to inaccuracy. By logarithmic spiral theory we obtain ¢ = 12-4, and hence
the figures in the last two columns of Table 7. The true chord is 2¢ sin «/¢', and hence

C, = 4né'jc = 1-88.
The profile shape and velocity distribution are given in Fig. 4.

APPENDIX VI
Low-drag Wing with Upper Surface Velocity (at Incidence) Quite Flat wp to Half Chord

We take the conditions of (19), with « = tan-' 0-04.and g = cos~' 0-1. The former is chosen
to give C, approximately 0-26, the latter is chosen because it is found that for fairly thin aerofoils
this point generally corresponds to half chord. (20) then gives &k = 0-38234, ¢ = 1-4657,
L= 0-21086, ¢ = 1-2345 and (22) becomes (in degrees)

x = F (55 tan 36) — 10-255sin 0 -+ 21-906 (cos 6 — cos f) ; log (VL1)
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This is tabulated in Table 8, column 1. In column 2 we have
gseCa: (1 4 tan « tan 10) {;k(cos{,_cosﬁ)} , .. .. .. .. (VL2)
0
so that columns 3 and 4 (obtained by multiplying this by cos y and sin y) give
dx dy
1,0 1.
3¢’ sec o (cos 0] and 1é sec o (cos )

Columns 5 and 6 give the integrated values of 10¢' sec «.x and 15¢ sec . v. The chord is found
to be
45-5
10¢’ sec

8z . 10¢' tan o« 80z . 1-2345

so that ; — 455  ~ 95.455

= 0-273 .

Columns 7, 8 and 9 give the final figures of shape and velocity distribution which are plotted in
Fig. 5. The thickness 13 per cent. for such a C, range is exceptlonaﬂy low. But the maximum lift
of the wing is unlikely to be high. ‘

TABLE 8
1 2 3 4 5 6 7 8 9
1
cos 6 X £ seCa |...cosX| ...sin y | 10ew sec « | 15y sec « X Y s
(deg) o .
—1 90 o) o) 0 - 45-5 0 0 0 1-2034
—0-9 16-05 1:17436 1-1286 0-3247 43-0607 1-716 0-054 | 0-0251 | 1-2034
—0-8 11-46 1-12000 1-0977 0-2225 40-8344 2-523 1 0-103 | 0-0370 | 1-2034
—0-7 8-81 1-09522 1-0823 0-1677 38-6544 3:098 0-150 | 0-0454 | 1-2034
—0-6 6-86 1-08000 1:0723 0-1290 36-4998 3:545 0198 | 0-0519 | 1-2034
—0-5 5-25 1-06928 1-0648 0-0978 34-3627 3-880 0-245 | 0-0568 | 1-2034
—0-4 3:82 1-06110 1-0587 0-0707 32-2392 4-136 0-291 | 0-0606 ! 1-2034
—0-3 2-46 1-05451 1:0535 0-0453 30-1270 4-306 0:338 | 0-0631 | 1-2034
—0-2 4110 1-04899 1-0488 --0-0201 28-0247 4-408 0-384 | 0:0646 | 1-2034
—0-1 —0-:35 1-04422 1-0442 —0-0064 25-9317 4-425 0:430 | 0-0648 | 1-2034
0 —2-01 1-04000 1-0394 —0-:0365 23-8481 4-366 0-476 | 0-0640 | 1-2034
+0-1 —4-50 1-03618 1-0330 —0-0813 21-7757 4-192 0:521 | 0-0614 | 1-2034
0-2_ | --6-85 1-07283 1-0652 | —0-1280 19-6775 3:876 0-568 | 0-0568 | 1-1582
0-3 | —8:09 1-11108 | 1-1000 —0-1564 17-5123 3-442 0-615 | 0-0504 | 1-1148
0-4 —8-85 1-15077 | 1-1371 —0-1770 15-2752 2-946 0-664 | 0-0432 | 1-0745
0-5 —9-08 1-19221 1-1772 —0-1882 12-9609 2-389 0-715 | 0-0350 | 1-0327
0-6 —8-96 1-23491 1-2198 —0-1923 10-5639 1-823 0-768 | 0:0267 | 0-9940
0-7 —8-41 1-27893 1-2652 —0-1870 8-0307 1-245 0-824 | 0-0182 | 0-9567
0-8 —7-34 1-32432 1-3134 —0-1692 5-4521 0-714 0-880 | 0-0105 | 0-9208
0-9 —5-46 1-37026 | 1-3640 —0-:1304 2-7747 0-267 0-939 | 0-0039 | 0-8863
1 0 1-41070 1-4107 0 0 0 1 0 08530

APPENDIX VII
Thicker Version of the Aerofoil of Appendix VI
Taking everything as in Appendix VI except that cot « = 14 instead of 25, we obtained the
following values of X, Y, ¢, :—

They are plotted in Flg 6. The aerofoil is found to be 19-2 per cent. thlc:k and has a C; range
of 0-508.
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TABLE 9
cos 0 X Y Ja
—1 0 0 1-376
—0-9 0-051 . 0-0368 1-376
—0-8 0-100 0-0543 1-376
—0-7 0-147 0-0666 1-376
—0-6 0-194 - 0-0763 1-376
—0-5 0-240 0-0836 1-376
—0-4 0-285 0-0893 1-376
—0-3 0-331 0-0930 1-376
—0-2 0-375 - 0-0954 1-376
—0-1 0-420 0-0960 1-376
0 0-464 0-0950 1-376
+0-1 0-508 0-0915 1-376
0-2 0-552 0-0852 1-300
0-3 0-599 0-0761 1-228
0-4 0-648 0-0656 1160
0-5 0-699 0-0536 1-095
0-6 0-753 0-0411 1-035
0-7 0-809 0-0281 0-977
0-8 0-869 0-0160 0-923
0-9 0-933 0-0053 0-872
1 1 0 0-823

APPENDIX VIII
Thin Aerofoil with High Maximum Lift, obtained by Forward Suction

Dr. Goldstein’s idea was that an ordinary thin aerofoil at a high C, (above the stall) has a
(theoretical) velocity distribution with a very high peak near the leading edge, followed by
a more gradual decline over the main part of the chord. The rear side of this peak possesses a
very steep adverse velocity gradient, which is the cause of the breakaway associated with
stalling. But if the drop from the summit to the foothills is replaced by a sheer precipice, by a
discontinuity in fact where the boundary layer is sucked away, and the remainder of the velocity
curve given an even declivity down to the trailing edge, it is to be hoped (i) that breakaway
will be avoided (ii) that the thickness will not be too much increased.

We may approximate to this new velocity distribution with the formula (23) of the main
paper, if g is taken near to =. '

At first « = tan—" { was taken (corresponding to C, = 2-3). With p = 160 deg. equations
(24) give :

b — 0-60609 — 0- 164484,
¢ = 0-95553 — 0-32235a. e e e (VLY
cos 10

Now g, = S - , and this is zero at 6 = =z, rises up to a sharp peak at 0 = g, drops

cos (30 — o)
suddenly and begins to rise again, attaining a maximum around 6 = 120 deg. or so, and then
falling off down to the trailing edge. The value of the peak at g is

1

o— _C953F  _0.36474 .. .. .. .. .. .. (VIiLY
cos (3 —o) >

in our case. It is soon seen on inspection that the absolute maximum of ¢, will be least when a is

so chosen that the two local maxima are equal. By trial and error it is found that this least

maximum of g, occurs when a = 1-271 and its value is 1-3. But of course an aerofoil whose
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maximum velocity at zero C, at 1-3 times the velocity at infinity cannot be called a thin aerofoﬂ
and nothing can be gained by drawing it out.

To reduce this the slot was moved forward to § = 170 deg. This altered (VIIIL.1) and (V1I1.2)
to

b = 0-50470 — 0-06658q, | Y .

¢ — 0-75891 — 0- 132484 | Peak of g, == 0-21917¢" . .. .. (VIIL3)

Under these conditions the least maximum is found to be 1:27, only a slight reduction.

It is therefore necessary to aim for a lower C,, and our final aerofoil was designed with
o= tan—* {and g = 170 deg. We have then

b = 0-28392 — 0-06658a, A, .
b= 0392 — 0 u66a8a, } Peak of ¢, — 0-41497¢* . .. .. (VIIL4)
The least maximum of ¢, is 1-19, Wh1ch gives a = 1-05352, b = 0-21378, ¢ = 0-29640. We
have by (25)

= (0-80974 -+ 029640 cos 0) L log o LG 70

—0-27993sin 0 + F (Jtant0)... .. .. .. .. (VIIL5)

In degrees it can be written
x = (35-264 + 12-447 cos 0) (log,, sin 4 (6 — 170 deg.)
— log,, sin % (0 + 170 deg.)) — 16-039 sin 6 + F (} tan 36) . (VIIL.6)

Table 10, columns 1-4 give éuxiliary functions for the tabulation of ¥ which is carried out in
column 5. Column 6 gives

o . . 1
¢ Sqic OCSIHHZ(I—l—%taIl %‘6) Slna{e(a—b)+cosﬁ}’ t o te o (VIII7)

the exponential being calculated as antilog (0010432 col. 4). In columns 7 and 8 this is multiplied
by cos x and sin x respectively and in columns 9 and 10 integrated by Simpson’s rule to give

27 .
— €7 SeC o
T

] .
C_x_xjand2—75“sec<x.y ce . . .. (VIILS)

7T

respectively. Logarithmic spiral theory (with ¢ = tan— % (b —ccos p) . 9-89 deg.> now
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gives ¢ = 92-584, yielding the reduced values of X and Y in columns 11 and 12. The true
chord is

. 2 e .. .. .. .. .. (VIIL9
92584 g5 - 07" 008 0 ( )

and we deduce

: 8z sin « 27¢" : '
— — —0- . .. = .. .. ..(VIIL.10
Ce chord 92.584 0-836 ( )

Finally ¢, is tabulated in column 13, and the shape and velocity distribution at incidence plotted
in Fig 7,



TABLE 10

1 2 3 4 5 6 7 8 9 10 11 12 13
30 35261 27
eg. . @ : i
‘de ) (—leog sin %) 1 tan 16 F —5—102-4517 dx ) erseCa .o l..€os x| ... siny = 3asecu{f_x 27 i cec wy| X Y s
981 (6-170 deg.) cos 6 (deg. 0 = ,
180 0 o) 90 22-817 90-00 0-2500 0 0-2500 0 0 0 0 2-8677
1775 0-22130 5-729 72-383 | 22-824 66-63 0-2935 0-1164 0-2694 0-045 0-196 0-0005., 0-0021 | 2-8677
175 0-47602 2-863 63-090 | 22-864 50-81 0-3367 0-2128 | 0-2610 0-170 0-397 0-0018 | 0-0043 | 2-8677
172-5 0-84345 1-9071 56-509 | 22-923 | 35-08 0-3795 0:3106-, 0-2181 0-365 0-579. 0-0039 | 0-0063 | 2-8677
170 1-4287 51-461 | 23-006 — — - e — — 0-0075 | 0-0073 | 1-6581
1675 0-95149 1-14137 | 47-410 | 23-112 21-95 0-8036 0-7453 0-3004 91307 0-849 0-0138 | 0-0092 | 1-6539
165 0-69566 0-94944 | 44-053 | 23-241 23-73 0-8775 0-8033 0-3531 90-727 1-097 0-0201 | 0-0118 | 1-6489
162-5 0-56040 0-81214 | 41-214 | 23-393 23-28 0-9512 0-8738 0-3759 — — — — —
160 0-47270 0-70891 | 38-765 | 23-568 22-14 1-0245 0-9490 0-3769 89-415 1-655 0-0342 | 0-0179 | 1-6361
150 0-29438 0-46651 | 31-525 | 24-485 16-30 1-3136 1-2608 0-3687 86-103 2794 0-0700 | 0-0302 | 1-6007
140 0-21295 0-34343 | 26-653 | 25-729 10-80 1-5936 1-5651 0-3003 81-858 3-807 0-1159 | 0-0411 | 1-5540
130 0-16492 0-26806 | 23-052 | 27-263 6-27 1-8593 1-8482 0-2031 76-733 4-567 0:1712 | 0-0493 | 1-4982
120 0-13264 0-21663 | 20-223 | 29-040 |+ 2-48 2-1040 2-1020 |{+0-0910 70-798 5:011 0-2353 | 0-0541 | 1-4362
110 0-10910 0-17852 | 17-876 | 31-007 — 0-58 2-3174 2-3173 |—0-0235 64-160 5-110 0-3070 | 0-0552 | 1-3704
100 0-09090 0-14897 | 15-870 | 33-102 |— 2-93 2-4889 2-4085 |—0-1272 56-941 4-880 0-3850 | 0-0527 | 1-3038
90 0-07618 0-12500 | 14-098 | 35-264 |— 4:63 2-6053 2-5968 |—0-2103 49-303 4-368 0-4675 | 0-0472 | 1-2383
80 0-06387 0-10489 | 12-489 | 37-425 |— 5:70 2-6529 2-6398 .|—0-2635 41-429 3-648 0:5525 | 00394 @ 1-1763
70 0-05328 0-08753 | 10-992 | 39-521 |— 6-19 2-6191 2-6038 |—0-2824 33-544 2821 0-6377 | 0-0305 | 1-1189
60 0-04392 007217 9-566 | 41-487 — 6-15 2-4938 2-4794 | —0-2672 25-894 1-988 0-7203 I 0-0215 . 1-0658
50 0-03546 0-05829 8-177 | 43-265 |— 5-64 2-2715 2-2605 |—0-2232 18-762 1-247 0-7974 | 0-0135 | 1-0235
40 0-02766 0-04550 6-791 | 44-799 |— 4-76 1-9530 1-9461 —0-1621 12-427 0-666 0-8658 | 0-0072 | 0-9868
30 0-02036 | 0-03349 | 5-372 | 46-043 | — 3-58 1-5469 1-5439 |—0-0966 7-173 0-278 0:9225 0-0030 | 0-9580
20 0-01340 0-02204 3:-871 | 46-960 |— 2-24 1-0695 1-0687 |—0:0418 3-236 0-076 0-9650 0-0008 | 6-9373
10 0-00665 0:01094 2:201 | 47-522 — 0-90 0-5420 0-5419 |—0-0085 — ' — e — —
0 0 0 0 47-711 0 0 0 0 0 0 1 0 0-9207

66
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The thickness is found to be 11 per cent. The minimum of dg,/dx is just over — 1. It is
generally found that an adverse velocity gradient of this magnitude does not produce
separation.

This aerofoil was the prototype of a large series of aerofoils (mostly cambered) with leading-
edge suction. These are discussed in a forthcoming report. The latest ones have (according to
theory) most excellent characteristics for high-speed flight.

APPENDIX IX
The Qbtaining of a Leading-edge Radius of Curvature in the Method of Direct Design at Incidence

(29) is equivalent to the choice of log g, as

cos 16 (sinn(z —0) — 1
log o (g0 — )+ 08 S + | M grn, (=g, o) | X
(IX.1)
7\ |
Lo | <B:Ot0n—~—27¢>J
x is the conjugate of this. Now the conjugate of the last term is
“sin 6 (" sinn (z — ) — 1 dat
T om Ja—ape o 2ntan « cos 6 — cost’ o . - (IX2
Writing # — 0 for 0, we find that the conjugate is proportional to
f s sin 74 ‘
I=sing] COS@_Costd L axs3)

We use two asymptotic formulae for this expression, when # is fairly large : Firstly, when 0
is large compared with =/2n it approximates to

Sin0 7/2n . n_._2 0
cosp 1), (I—sinm)dt=—"5 Zcoty .. .. .. .. .. (IX4)

and when 0 1s small compared with z/2% we proceed as follows :—

=2 sin n0 sin ¢ — 'sin 6 sin #é

0 cos 0 — cos ¢

If I* = f dt, then the derivative of the iﬁtegrand with respect

to 6 is

(cos 6 — cos {) (n cos nf sin ¢ — cos 0 sin nt) + sin 0 (sin %0 sin ¢ — sin 0 sin n?) IX.5
(cos 6 — cos t)* - -~ (1X9)

and so

f"m” nsin £ — sin nt f/% nt — sin nit o
0 1 — cost i

[@!_"f] _
a6 lo=o

)2 -t .
:2nj0 S — 0-38718n .. .. .. axe)

0
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But / ;
al2n gin § — sin #0 sin
I‘I*—I—J cos 0 — cos ¢ dt
T T
sin%(z—%——e . cos 6 — cos 5
= I* -+ log ’ - — sin 76 log [ cos 6
sin %(6 + 5,
. 1 — cos oe
= (-387181n0 — cot i 70 log I as 6 — 0,
) 4 7
| —“——(0-38718—;)%0 — 2n0 log 5 5 . .. .. o (IXN7)
Now the conjugate of the first term of (IX.1) is
2 tan ¢ tan 36 logx 7 cot g cot 44 108’ x ‘ }
= ld____j R, . . L. (X9
and for 6 = = — ¢, & small, this approximates to
a  2/0 2
Q_%<QCOta><10g6cotoc+l)‘ .. .. .. .. .. .. .o (IXL9)
Hence this, added to (IX.2), gives
n dcota 2e 7
T bt 2 [ (08— ) — 2w log o] L (X.10)
7 1 2e 0-38718 — 4= 1 7
g dcota| logyTiy T % ~ 1o g
7 1 4dne ‘
—5— 9 cot a o8 ot e 0-14102]
=’—;—acota_0-25418+1og (n tan oc)] . . . . (IXA1T)

1 : . .
It is observed that the ¢ log 5 term, which was producing the zero radius of curvature, has gone
out owing to our new measures.

The actual value of y near the leading edge has an ‘extra term due to the conjugate of log S
(see (IX.1)), which will vary according to the type of aerofoil chosen. This will increase the

quantity in square brackets, but it is found that it does so by only a small amount, which we will
here write A. Then

d .
l:d—)g]o = cot o (0-25418 - log (ntan o) + A . .. .. .. o (IX12)
. On the other hand
ds _ 2 1—sinn (r—0)
d; q‘Sin 0 — 4 sin %,9 Cos (%—0 . OC) %e 21 tan o
i)
4 si ota
— Sgloc 2n t@—-—ﬂ, . .. .. .. . . (IXIS)

where Q is the maximum veloc1ty at incidence «. Hence ¢,, the radius of curvature at the
leading edge, is given by

cot a

w[‘fi} o 4 sin®x e X
0 = |dydoen ~ Qcos @ (0-25418 +log (ntan o) -4 - - (IX14)
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It is customary to refer o, to the chord of the aerofoil, which is rather under 4. Clearly a rough

062

approximation to g, /c is Iog (1-2906 7 tan ) * '1 -2906 being ¢4,

cot o
For n < 1-2908 — = 0-7748 cot a, ¢, is negative and the leading edge is concave, giving an
unevenness of surface which is very likely to produce turbulence in the boundary layer and is
quite inacceptable. To obtain a large positive g,, it is necessary to take n just greater than
0-7748 cot «, say-the next or next but one integer."

APPENDIX X
Low-drag Wing as in Appendix VI, but with Leading-edge Radius of Curvature

We take o = tan™"0-04 and # = cos™0-1 as in Appendix VI, but now we have (IX. 1) holding,
which becomes

cos 16

1 1 ‘ (p <0 <)
log g, = OgW—{—il—k (cos 0 —cos B) (0 < 6 < p)

sinn (z —0) — 1 T, ]
2% tan o n~%< <n

+< . '(X.l)
<O<0<7z—— j

The conditions (7) become

ln — k (sin f — g cos B) — L (o) — e :[;n O,l

<

H

(X.Q)

. 1 n .oz n
— Rk GF —asin 26) — K{a) + 9,50 oc( 2__1811’1*27‘1-—%5__?):0-‘1

n must be taken just greater than 0-7748 . 25 = 19-37. We choose n = 20. Then (X.2) gwes
k = 0-40835, I = 0-22328, ¢ = 1-2502.

We take for our points those defined by cos 6 = 1,0-9,0:8, ..., — 08, — 0-9, — 0-925,
— 0-95, — 0-975, — 1. For all these except the last we use the approximation (IX.4) for the

conjugate of 1 — sin nf. This leads to the expression

x = I (0-04 tan £6) + 23-397 (cos 0 — cos B) llog sin 3 z (0 — B)
4

sin 1 (6 + ﬁ)
— 10-952 sin 0 + 0-32531 tan 10 , .. .. . (X.3)
which is tabulated in Table 11, column 3. The expression
: 397 1
! 1 > 0> 8
e—~——S;C % — (1 4+ 0-04 tan 1) J 40 ) %
0

[ antilog (0-17734 (cos 0 — cos f#)) (B> 6=0)
is given in column 4, and multiplied by cos y and sin x in columns 5 and 6. By the formulae
of Appendix IX we have

[%J = 25 (0-03104) + 0- 40805 — 0-40835 . 118 L an g
0=

= 0-99415 . .. e . .. .. .. .. (X.4)
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. “d L '
But [ggl — 4 sin e @@ T ()-23888, giving
oL = [EZ—S} = 0-24029. Also the value of ¢’ sec % cos x at
N .dx o=n _ %
1
0 = is }1_200 ;)8 tiana [%} 6 = e (-08.0-99415 = 0-1486.
. 0=n

This value is very small compared with the other terms in column 5, and leads to a difficulty in
the estimation of the first term of column 7 (columns 7 and 8 are obtained by integrating columns
5 and 6 from 0 = ¢ upwards by Simpson’s rule, assisted at certain points by the cubic 1:3:3:1
rule). The value 68-1 is probably correct to 3 ﬁgures but it is difficult to see how more accuracy
could be obtained, short of taking many more points and using a better formula than (IX.4)
at some of them. By taking » greater, say 28, the value at 0 = = could be made nearer the others,
but the uncertainty would remain and ¢, be far smaller.

68-1cos o 4.
Tse 0%

=0-277. The shape and velocity distribution are

The final aerofoil is seen to be 14-1 per cent. thick. The true chord is

87 sin «
chor = = 0-0662, and the C, range 1s ——2_ =~ SEn

plotted in Fig. 8.

TABLE 11
1 2 3 4 5 6 7 8 -9 10 11
elsec o 15¢! 15e!
cos 6 |0-04 tan 40 F % A L.Lco8y | .. L8Ny lcos « (c-%) cos a” X Y a
(deg:)
|
—1 o 90-000 | 90-00 o0 0-1486 T 68-1 0 0. 0 0-6692
—0-975] 0-35553 | 27-183 | 29-28 | 1-35553 | 1-1823 | 0-6630 | 67-407 | 0-887 | 0-0102 | 0-0130 | 1-2502
—0-95 | 0-24980 | 22-088 | 22-98 | 1-24980 | 1-1506 | 0-4879 | 66-534 | 1-312 | 0-0230 | 0-0193 | 1-2502
—0-925 0-20265 | 19-391 | 19-63 | 1-20265 | 1-1328 & 0-4040 | 65-678 | 1-:642 | 0-0356 | 0-0241 | 1-2502
—0-9 0-17436 | 17-605 I 17-38 | 1-17436 | 1-1207 | 0-3508 | 64-833 | 1-925 | 0-0480 | 0-0283 | 1-2502
—0-8 0-12000 | 13-710 | 12-28 | 1-12000 | 1-0944 | 0-2382 | 61-515 | 2-788 | 0-0967 | 0-0409 | 1-2502
—0-7 0-09522 | 11-669 9-39 | 1-09522  1-0805 | 0-1787  58:255 | 3:407 | 0-1446 | 0-0500 @ 1-2502
—0-6 0-08000 | 10-306 7-28 1 1-08000 | 1-0713 | 0-1369 | 55-027 | 3-878 | 0-1920 | 0-0569 | 1-2502
—0-5 0:06928 | 9-286 5-55 | 1-06928 | 1-0643 | 0-1034 | 51-825 | 4-237 ; 0-2390 | 0-0622 | 1-2502
—0-4 0-06110 | 8-467 3:99 | 1-06110 | 1-0585 | 0-0738 | 48-640 | 4-503 | 0-2858 | 0-0661 | 1-2502
—0-8 0-05451 | 7-779 254 | 1-05451 | 1-0535 | 0-0467 | 45-473 | 4-682 | 0-0323 | 0-0688 | 1-2502
—0-2 0-04899 | 7-181 |4+ 1-08 | 1-04899 | 1-0488 |4-0-0198 | 42-319 | 4-783 | 6-3786 | 0-0702 | 1-2502
—0-1 0-04422 | 6-646 |— 0-46 | 1-04422 | 1-0442 |—0-0084 | 39-180 | 4-800 | 0-4247 | 0-0705 | 1-2502
0 0-04000 | 6-158 |— 2-24 | 1-04000 | 1-0392 |—0-0407 | 36-054 | 4-728 | 0-4706 | 0-0694 | 1-2502
401 0-03618 | 5-702 |— 4-90 | 1-03618 | 1-0324 |—0-0885 | 32-946 | 4-540 | 0-5162 | 0-0667 | 1-2502
0-2 0-03266 | 5-269 — 7-42 ] 1-0757 | 1-0667 |—0-1389 | 29-799 | 4-200 | 0-5624 | 0-0617 | 1-2002
0-3 0-02035 | 4-849 |— 8:73 | 1-1169 | 11040 |—0-1695 | 26-543 | 3-727 | 0-6102 | 0-0547 | 1-1522
0-4 0-02619 | 4:436 |— 948 | 1-1599 | 1-1441 |—0-1910 | 23-173 , 3-192 | 0-6597 | 00469 | 1-1061
0-5 0-02309 | 4-017.|]— 9-78 | 1-2046 | 1-1871 |—0-2046 | 19-676 | 2589 | 0-7111 | 6-0380 | 1-0619
0-6 0-02000 | 3-584 (— 9-65  1-2510 | 1-2333 |—0-2097 | 16-047 | 1-973 | 0-7644 | 0-0290 | 1-0193
0-7 0¢-01680 | 3-116 — 9-07 | 1-2991 | 1-2828 |—0-2048 | 12-278 | 1-340 | 0-8198 | 0-0197 | 0-9785
0-8 0-01333 | 2-587 |— 7-91 | 1-3486 | 1-3357 |—0-1856 8:347 | 0-759 | 0-8774 | 0-0111 | 0-9394
0-9 0-00918 | 1-906 |— 5-88 | 1-3991 | 1-3917 |—0-1433 4-255 | 0-250 | 0-9375 | 0-0037 | 0-9018
1 0 0 0 1-4441 | 1-4441 | 0O 0 0 1 0 0-8658

(77090)
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APPENDIX XI :
Cambered Suction Aeroforl with Incidence Range 0 to 20 deg.

We take log ¢, as in (80), with & = 20 deg., B, = a = 20 deg., and g, (in virtue of (84)) = 64-30
deg. Then

7 sin 20 deg.u 1. v a.
L R S1-30 deg. 119298, et = 3-2969 ,
(XI.1)

k- 1—820 log, 10 =50-098, tan 1a=0-17633 . J
JT

Hence y, in degrees, has the form

) tan 1 _ ) , sin 10 - .
F (0-17633 tan £|9|) <+ 50-098 log,, Sin T (0 & 81-30 dog) -+ const

— F (0-17633 tan 1|9 |) — 50-098 log,,|0-74139 + 0-67107 cot 19| (X1.2)

plus a different constant, which we ignore. x is tabulated in Table 12, column 4, after certain
auxiliary quantities have been found.

Now

.0 0
ds 2 SiﬂO—J4SanCOS<Q—a> Ig_l l
A =9 y

a0
% L 2sin 6 L e

sin ¥ 4 sin 20 deg. (0 deyg. <9 <180 deg.) )

|sin (340 deg. — )| (180 deg. < & < 360 deg.)

2et (0 deg. < ¢ < 275-70 deg.) 1
X (X1.3)

-1+ (275-70 deg. < ® < 360 deg)) |

3! g_;‘vis tabulated in column 5 and multiplied by cos x and sin x in columns 6 and 7. These are
integrated up from the trailing edge (which is ¢ = 340 deg.) in columns 8 and 9 to give 1é 180 x
s n b

and %6118—0 v, in some co-ordinate system with the trailing edge at the origin. The aerofoil is
= )

drawn on the right of FFig. 9. On the left are shown the fairing, centre-line, and velocity dis-
- tributions at incidences 0 deg. and 20 deg.  The chord is measured to be 164, so

164 2 3.1996 L (X1

frue chord = o966 " 17931

since | = kﬁgf_fiz 120 deg)) = 0-27936 + 030465 — 0-58401 and ¢ — 1-7931, Hence
JT JT

the C; at incidence 20 deg. is

8& . _ o, v .
377096 0 20 deg. = 2:69. . .. .. .. .. .. c .. (XL5)
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TABLE 12
1 2 3 4 5 6 7 8 9 10 11
0-17633 0-74139 é

9 | tan i F +0-67107 % 7 . siny . Cosy % y Jo Gs
(deg.) cot 9 /2

0]0 . 0 : ® —a0 0-34202 s — 5-443 — 9-756 | 1-7931 | 1-7931

5 0-00770 1-648 | 16-1116 |—38-83 | 0-42918 |—0-3672 | 0-2221 5-714 |—11-332 | 1-7657 | 1-7931

10 | 0-01543 2:910 | 8-4117 (—43-43 | 0-51567 |—0-3545 | 0-3745 7-216 |—14-944 | 1-7386 | 1-7931
20 | 0-03109 5:071 | 4-5472 |—27-88 | 0-68404 |—0-3199 | 0-6046 | 12-194 |—18-349 | 1-6848 | 1-7931
30 | 0-04725 6-988 | 3-2459 |—18-63 | 0-84202 —0-2690 | 0-7979 @ 19.185 |—21-288 | 1-6313 | 1-7931
40 | 0-06418 8:779 | 2-5851 |—11-89 | 0-98481 —0-2029 | 0-9637 | 28-060 |—23-678 | 1-5767 | 1-7931
50 | 0-08222 | 10-510 | 2-1805 |— 6-45 1-10806 -—-0-1245 | 0-1010 | 38-364 |—25-305 | 1-5206 1-7931
60  0-10180 | 12-228 | 1-9037 |— 1-78 | 1-20805 —0-03875 | 1-2075 | 49-978 |—26-140 | 1-4616 | 1-7931
70 | 0-12347 | 13-980 | 1-6998 |+ 2-44 | 1-28171 \+0-0546 | 1-2805 | 62-403 —26-038 | 1-3990 | 1-7931
80 | 0-14796 | 15-799 | 1-5411 6-39 | 1-32683 | 0-1477 | 1-3186 | 75-471 |—25-044 | 1-3308 | 1-7931
90 | 0-17633 | 17-734 | 1-4125 10-22 | 1-34202 | 0-2381 | 1-3207 | 88-655 —23-093 | 1-2555 | 1-7931
100 | 0-21014 | 19-841 | 1-3045 14-06 | 1-32683 | 0-3223 | 1-2871 | 101-766 |—20-303 | 1:1703 | 1-7931
110 | 0-25188 | 22-197 | 1-2113 18-03 | 1-28171 | 0-3967 | 1-2187 | 114-281 |—16-679 | 1-0717 | 1-7831
120 | 0-30541 | 24-908 | 1-1288 22-27 | 1-20805 | 0-4578 | 1-1179 | 128-032 |—12-413 | 0-9541 | 1-7931
130 | 0-37814 | 28-138 | 1-0543 26-99 | 1-10806 | 0-5029 | 0-9874 | 186-340 — 7-577 | 0-8091 | 1-7931
140 | 0-48446 | 32-155 | 0-98564 | 32-47 | 0-98481 | 0-5287 | 0-8308 | 145-693 — 2-420 | 0-6227 | 1-7931
150 | 0-65807 | 37-442 | 0-92120 | 39-23 | 0-84202 | 0-5325 | 0-6522 | 153-083 |-~ 2-924 | 0-3698  1-7931
160 | 1 45-000 0-85972 | 48-29 | 0-68404 | 0-5106 | 0-4551 | 158-676 8145 0 1-7931
170 | 2-01543 | 57-444 | 0-80010 | 62-30 | 0-51567 = 0-4566 |+0-2397 | 162-124 | 13-029 | 0-6038 | 1-7931
180 0 90-000 | 0-74139 | 96-51 | 0-34202 | 0-3398 | —0-0388 | 163259 | 17-064 | 1-7931 | 1-7931
190 122-556 | 0-68268 | 130-86 | 0-5 0-3782 |—0-3271 | 161-315 | 20-696 | 1-7931 | 0-6038
200 135-000 | L 0-62306 | 145-29 | 0-64279 | 0-3660 —0-5284 | 157-007 | 24-463 |-1-7931 | 0

210 142-558 | 0-56158 | 155-11 | 0-76604 | 0-3224 |—0-6949 | 150-863 | 27-911 | 1-7931 | 0-3698
220 147-845 | 0-49714 | 163-05 | 0-86603 | 0-2525 —0-8284 143-219 | 30-823 | 1-7931 | 0-6227
230 151-862 | 0-42846 | 170-30 | 0-93969 | 0-1583 |—0-9263 | 134-414 | 32-880 | 1-7931 | 0-8091
240 155-092 | 0-35395 | 177-69 | 0-98481 | 0-0397 |—0-9840 | 124-827 | 33-908 | 1-7931 | 0-9541
250 157-803 | 0-27150 | 186-17 | 1 —0-1076 |—0-9942 | 114-892 | 33-579 | 1-7931 | 1-0717
260 160-159-| 0-17829 | 197-68 | 0-98481 |—0-2991 |—0-9383 | 105-164 31-608 | 1-7931 | 1-1703
270 162-266 | 0-07032 | 220-02 | 0-93969 |—0-6043 |—0-7197 | 94-176 | 23:659 | 1-7931 | 1-2555
280 164-201 | 0-05836 | 226-02 | 285521 |—2-0546 | —1-9828 | 88-977 | 14-602 | 0-5439 | 0-4037
290 166-020 | 0-21700 | 199-26 "2-52556 |—0-8331 |—2-3843 | 66-146 |+ 0-907 | 0-5439 | 0-4243
300 167-772 | 0-42094 | 186-60 | 2-11921 |—0-2436 | —2:1051 | 43-559 |— 4-167 | 0-5439 | 0-4433
310 169-490 | 0-69773 | 177-32 | 1-64845 +0-0771 |—1-6468 | 24-641 |— 4-860 | 0-5439 | 0-4612
320 171-221 | 1-1024 | 169-10 | 1-12761 | 0-2183 |—1-1071 | 10-896 |— 3-238 | 0-5439 | 0-4782
330 178:012 | 1-7631 | 16067 | 0-57251 |+0-1896 |—0-5404 2:588 [— 1-128 | 0-5489 | 0-4948
340 174-929 | 3-0644 | 150-56 | 0 0 0 0 0 0-5439 | 0-5110
350 177-090 | 6-9289 | 134-97 | 0-57251 |—0-4052 +0-4045 2-186 |— 2-215 | 0-5439 | 0-5273
355 178-352 | 14-629 119-98 | 0-85330 |—0-7392 | 0-4263 4-550 |— 4-560 | 0-5439 | 0-5356
360 180-000 o) —oo | 1-12761 — - 5-443 |— 9:756 | 0-5439 | 0-5439

(77090)
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APPENDIX XII
Calculations for Cambered Aerofoils
y (10), the x corresponding to (30) is

1

S cos § (¢ + o)
27‘50

cos L (¢ — o) cot 5 (0 — ¢) dp — f kcot‘,(0»-¢) ds. .. (XIL1)

The first term can be written '(With a = cot da, t = tan 10, p = tan 14)

la —p| 14+1p dp
nﬂlga+p-t¢-y+ﬁmg%0- (XI1.2)
Now .
0 . :ljw< 1 1+th' dp2
@ — a+p/lt—p 149
[l—l—mﬁ 1 1 —1+ap 1—at 1 1 1 4ap
1@l t—al+a® a—1 1-+a tt+a l+4a* a -+t 1—{—112]
-z, a—p tipT TNy T atp i pI+plY?
1 1+a 1 1
:;[ PR s logla — p| — tloglt Pl — ztan‘lgﬁ
a 1 —at 1 1
fmlog\/uwoz)—Hzlwlog(aw) a7 loglt — 2]
1 =]
ot p— T slog V(14 Y ]
1 2t a  w . v
:g;[mlogm*—ﬂ?g:l B . - . o . .. (XII.?’)
But g (0, zf) = 0. Hence
g (a,t) = QJ tz—— logtdxﬁtan*loz
2. lo
=1 1E¥dy—tan—1
~7+ (-G~ 2) L (xT1e)

Hence (36) helds.
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To get the Fourier Constants of (37) we want

sin o

%= da cos (9 + o) sin £ (& — dw) 7= da ' ,
JO log cos & (9 — o) cos & d¥ = sin d« log n%(oa+6a)+~(o Smﬁcosﬁ{—cosof”
B sin & (o0 — o)
= sin aoclog Sin % (o 890
(cot & (o + 6a) A '
-+ sin « log (cot 1(0(_ 5%) = A4 .. .. (XIL5)
and :
—da cos (9 + o)] . sin & (o — o) Jn—éa sin o ‘
,Jo log COS%(@—O(.) Slnﬁ‘d’ﬁ————COS(SOLlOg %(OL—*—(SCL)' . COSﬁmdﬁ
. B sin ¢ (o — o) :
= cos da log- Sin 3 (o ow) (m — da) sin
, sin % (o0 — o)
— cos « log sin (o F ow) = — B, .. .. (XIL8)
and also
s 7 1 (0 -1— Oc) T — 6a+a
“ COos 3 . (J )
Jo log cm———osé(ﬁ—oc)!dﬁ_'z log|cos & |dd
‘ a+aa
wz(J log|sin 8 |d# — zf log cos ﬁdﬁ>—~ C. (XIL7)
Conditions (7) are then ’
I, (sin (f — a) — sin da) + I, (sin (f + &) + sin do) = A4, )
[, (cos (B — o) + cos da) — [, (cos (B + o) + cos da) = B, . .. .. (XTL.8)
2k + 1 (n +o— 60— ) +ly(x — f — o+ da) = C.
Finally we tabulate in Table 13 the function
X(#9) = f log, sin 5 d@ which occurs in (41).
TABLE 13
0 X o X 0 X
(deg.) (deg.) (deg.)
0 0 10 0-19107 9 95 20 0-30526 | 28
1 0-03190 o100 770 11 0-20435 520 50 91 | 0-31785 oo 26
2 0-05609 5159 201 12 0-21714 |50 46 - 29 0-32418 g5 25
3 0-07738 |gy 189 13 0-22946 |00 43 23 0-33326 g, 24
4 0-09678 jg00 140 14 0-24136 ;s 40 24 0-34210 oo} 28
5 0-11478 1gqq 112 15 0:25286 |15 37 25 0-35071 g9 22
6 0-13166 |ogs 93 16 0-26399 |7 35 26 0:35911 g 21
7 0-14761 |op 80 17 0-27478 |04 32 27 0-36729 oo 20
8 0-16276 1,5 70 18 0-28524 |4, 31 28 0-37528 .o 19
9 0-17722 (g, 62 19 0-29589 g0 80 29 0-38306  se 19
55 28 30 0-39066 18
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APPENDIX XIII
Cambered Suction Aerofoil with Slots Approximately Opposite

Using the velocity distribution of (87) with « = 20 deg., p = 40 deg., we obtain the four
simultaneous equations formed by (XII.8) and /, — /, = log (sin % (« + do) / sin H(a — da), from
which we are to find /,, /,, k and 6. We solve them by finding the solution of (XII.8) for 6 = 0
(thus obtaining ¢ approximately), and then obtaining the final value of 6 by trial and error. The
result is :—

5 = 0-176, [, = 1-2437,1, = 0-8917, k = — 0-5448 . .. .. (XIIL1)
By (41) we have therefore ‘
x = I" (0-17633 tan {8) - 328-28 [x (x. — &) — x (# — & — 3-52 deg.)]

— 5223 log,, cosec § (# — 20 deg.) + 37-45 log,, cosec 3 (9 + 60 deg.), .. (XIIL2)
where for |z — ¢| > 30 deg. we can replace the second term by
14-78 log,, sec % (¢ + 1-76 deg.) . .. .. .. .. .. .. (XIIL.3)

This y is computed in Table 14, column 1. In column 2 we have

. : —(i1—I2)
ds  eath j sin (0 — a) -+ sin o« ' et
1ot = — Z &in 0 = - times 1 .. (XIII.4)
d0 9o ) sin '
L ) Le

where ¢~ = (-7032, and ¢» = 2-4393. This is multiplied by cos y and sin y in columns 3
and 4, and in columns 5 and 6 these are integrated from 0 deg. and 180 deg. in the regions behind

and before the slot respectively, to give 2%—? e+t x and —2; gtk g,
It is observed that two constants ¢ and b appeai These are determined by logarithmic spiral

theory. At the slot at ¢ = 20 deg., ¢ = tan™"//z = 21-60 deg., and } (x (22-5 deg.) -
y (17-5 deg.)) — ¢ = — 95-98 deg.

Hence

[5-673 — (5-395 — )] tan 5- 98deg = 36455 —a . .. .. .. .. (XIIL5)
Atthed — — 60 deg. slot, ¢ — tan“l 15-85 deg. and § (x (— 62-5deg.) + x (— 57-5 deg.))
+ ¢ = 236 65 deg. Hence

(— 1-825 — b) — (— 4-358)] cot 56 6 deg. = a — 35-469 . .. .. . (XIIL.6)

These two equat1ons give @ = 36-361, b = 1-178. The resulting aerofoil is plotted in Fig. 10.
Tts thickness ratio is measured to be 41 2 per cent. Its chord.is 36 7 in the scale of columns 5
and 6. Hence

T ek 7 36'7‘_ — 3.02
true chord 77 g2tt 36-7 = 57 ° T 4748 3-0
and v
¢, — Susin 20 deg. ;2‘85.

3-02
Thus the aerofoil’s C; range is from 0 to 2-85.
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TABLE 14
1 2 3
0 X
(deg.) (dog) | g & cos 7
a6
180 120-76 0-34202 —0-1749
177-5 110-32 0-30071 —0-1044
175 9272 0-30181 ~0-0143
172-5 8257 0-33231 1.0-0430
170 75-22 0-36263 0-0925
160 56-44 0-48104 0-2659
150 44-83 0-59213 0-4199
140 36-40 0-69255 0-5574
130 29-42 0-77922 0-6787
120 23-49 0-84954 0-7791
110 18-11 0-90134 0-8567
100 13-02 0-93307 0-9091
90 801 0-94375 0-9345
80 2-88 0-93307 0-9319
70 — 2.6l 0-90134 0-9004
60 879 0-84954 0-8396
50 - 16-93 0-77922 0-7482
40 — 26-16 0-69255 0-6216
30 —42-47 0-59213 0-4368
27-5 — 49-09 056524 0-3701
25 — 58-45 0-53772 0-2814
slot 22-5 — 74-28 0-50963 0-1381
e 20 — ® — —
17-5 — 7449 1-56781 0-4193
15 — 58-87 1-46563 0-7577
12-5 . 49-78 1-36225 0-8796
10 ~ 43-36 1-95787 0-9145
0 9844 0-83429 0-7336
frailing — 10 — 19-54 0-42358 0-3992
) ~11-88) 0 0
edge +168-12
— 30 175-96 0-42358 —0-4295
— 40 18434 0-83429 ~0-8319
— 50 197-15 1-21965 —1-1654
— 525 202-15 1-31064 —1-2139
— 55 209-04 1-39913 —1-2232
— 575 220-58 1-48495 11278
—— — 60 0 e —
dot  — 62°5 221-03 0-67559 —0-5096
65 209-98 0-70711 —0-6125
675 20357 0-73728 ~0-6758
— 70 199-06 0-76604 —0-7240
— 80 188-26 0-86603 —0-8570
90 181-85 0-93969 —0-9392
—100 177-07 0-98481 —0-9835
~110 17301 1 —0-9926
120 169-24 0-98481 —0-9675
130 16544 0-93969 —0-9095
140 161-31 0-86603 —0-8204
150 156-43 0-76604 —0-7021
160 149-93 0-64279 —0-5563
—170 140-37 0-5 —0-3851
1725 136-93 0-46175 —0-3373
175 132-79 0- 42262 —0-2871
1775 127-63 0-38268 —0-2336
—180 120-76 0-34202 —0-1749
@ = 36-361

(77090)

-9820
-3015
-3295
-3506
-4009
4175
4110
-3828
-3386
-9802
-2102
-1315
-0469
-0410
-1298
-2178
-3053
—0-3998
—0-4272
—0-4582
—0-4906

L+
e Y Y e L= L = = ==Y R g

—1-5107
—1-2546
—1-0402
—0-8636
—0-3973
—0-1417

O .

-+0-0298
—0-0631
—0-3596
—0-4515
—0-6791
—0-9660

—0-4435
—0-3533
—0-2948
—0-2502
—0-1244
—0-0303
400503
01217
0-1839
0-2360
0-2775
0-3063
0-3221
0-3189
0-3153
0-3101
0-3031
0-2939

I
NN © SR

locococo

-330
-604

629
-522
-545
-437
- 356
-246

-223
709
-314
789
-402
-698
-804
832
-893
-060
-457
187
272
0-
-581
-349
-151

854

J

VOO DINDOLODOAONSETNRWNOODODDO D |

3957
-361
791

964
-196

S SR WU

-084
-566
498
-792
-209
+825 |

2138
-431
- 668
923
- 060
-295
- 542
739
-823
757
-492.-

275
287
-029
-509
722
-670
- 361
029
673

-356
-655
-896
- 100
650
-878
845
-586
<124
493
719
-840
894
-927
692
454
227
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~ APPENDIX XIV

Contraction Cone with Wall Velocity always Increasing

We take a 4 : 1 velocity ratio, so that U = 0-5 and ¥V = 2-0 say. The velocity distribution is
log ¢ = % log 4 (cos 6 — §cos 30), .. . .. . .. (XIV.1)

x 18 75 log 4 (sin 6 — & sin 36) which, in degrees, is 44-679 sin 0 — 4-964 sin 30. We have
1
0) = x (= — 0) and ¢ (0) =
x(0) = x = fandg () = L

want to integrate €05 X cosec 6 and 22X cosec 6. To get the values for # — 6, we also tabulate
q

, so we only tabulate them between 0 andg . By (56) we

: q
g cos x cosec 6 and ¢ sin y cosec 6. In Table 15, columns 3, 4, 5 and 6 are integrated by Simpson’s
rule in columns 7, 8, 9 and 10 respectively. The values of x and y are measured from the point

corresponding to 0 = ; . To measure y from the axis, we need only express the condition that

at x = + o v is four times its value at ¥ = — . The final values of X and Y (measured thus
and reduced tomake ¥ = 1at X = — oo) are given in columns 11 and 12. The shape and velocity
distribution are shown in I'ig. 11.




(06022)

TABLE 15

1 2 3 4 5 6 7 8 9 10 11 12
0 g cos % g sin x CoS % sin x
(deg.) % q . sin 6 sin 0 g sin 0 g sin 6 % y ¥ Y X Y
| |
90 49°38-¢’ 1 0-6475 | 0-7620 | (-6475 0-7620 | O 0 0 0 — 1
80 48° 18 1-1956 0-8076 | 0-9085  0-5650 |- 0-6341 —1-9939 | 1-0289
70 44° 28 1-4073 1-0688 | 1-0491 | 0-5397 0-5297 | 4-9467 5-4371 | — 3-4472  — 3-8281 | —1-5516 | 1-0581
60 38° 41-¢’ 1-6102 1-4512 | 1-1623 | 0-5628 04483 ~1-1084 | 1-1184
50 31° 44-¢’ 1-7795 1-9755 | 1-2222 | 0-6238 0-3859 | 13-7958 | 12-3576 | — 6-8619 | — 6-5369 || —0-8475 | 1-1832
40 24° 25-2 1-8976 2-6880 | 1-2205 | 0-7465 0-3389 , : —0-5082 | 1-3347
30 17° 22-5’ 1-9648 3-7503 | 1-1785 | 0-9715 0-3048 | 30-2736 | 19-6353 > —11-4432 | — 8-5832 || —0-2553 | 1-5353
25 14° 5.2 1-9824 4-5497 | 1-1430 | 1-1577 0-2908 I 4 {0 1-8189
20 10° 58-9" | [1-9925 5-7190 | 1-1098 | 1-4405 0-2795 | 44-1076 | 23-0629 | —14-9646 | — 9-4569 | +0-3664 | 2-2216
15 8° 3-2" | 1-9976 7-6420 | 1-0813 | 1-9151 0-2710 i 1-0218 | 2-7341
10 5° 16-¢’ 1-9995 | 11-4659 | 1-0589 | 2-8679 0-2649 | 67-9841 | 26-3099 |« —20-9490 | —10-2711 22422 | 3-2732
7-3 3° 85:9" | "1-9999 & 15-2858 | 1-0506 | 3-8218 0-2627 3-2668 | 3-5270
5 2° 86-¢’ 1-6999 | 22-9225 | 1-0449 | 5-7312 {-2613 | 91-8670 | 27-8864 | —28-9206 | —1(G-6654 5-0352 | 3-7675
6-8041 | 3-8843
4

Iy
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APPENDIX XV
Finite Contraction Cone with Small Adverse Velocity Gradient

The log ¢ corresponding to (59) is
QLJ”/Z (1 — cos (t — B) [ sin ¢ . sin ¢ Jdt

7w cos 0§ — cos it - cos f 4 cost
This is calculated to be

U8+ 0) 06— 8) bl p—0) St f— 0)) -+ see b cos ff (br — 0)
+ (cos plog 2 — (= — 2p) sin ) cos 0] , (XV.2)

where f (6) == sin®0 log cosec 0. We take p == 1 deg. Tor this it is a fair approximation to (XV.2)
to omit all terms of order g2 This reduces it to

log g = %?[Zf(%—ﬁ) — 2f (3 (7w — 0)) + sec 0f (3= — 0) + (log 2 — = sin f) cos 0] . ..

(XV.1)

(XV.3)

‘Now for a 4: 1 contraction ratio we must have ¢(0)/g (z/2) = 2, or

— @ sin ), giving a = ; %gg?‘é—glg = 1-7057. The square bracket of (XV.3) is

tabulated in Table 16, column 1 and ¢ in column 2. y in degrees is 97-73 (1 — cos (6 — f)) in

logZ—%Z—ol(logZ
44

(B, (%/2)) and this is tabulated in column 3. ¢ cosec cos z, g cosec 0 sin x, - cosec § cos g - cosec 6

sin y were tabulated in subsequent columns (not reproduced here) and integrated to give the values
of x and vy in columns 4-7. The values in square brackets where the integrand becomes infinite
like 2 cosec 0 and & cosec ¢ respectively were obtained by using the known integral of cosec 6.
The radius of the narrowest part is seen to be 28-111 in the scale of columns 4-7, and the length
of contraction cone is 381-974, or 13:588 times as much. Values of X and Y (reduced with
respect to the radius of the smallest part) are given in Table 17.

TABLE 16

1 2 3 4 5 6 7

6 I q % E7 y % y
(deg. (deg.)

0 0-2772 2 0 [312-503] 67-974 [69-471] 16-358
5 0-2822 2:025 0-23 (208-719) 67-863 (41-714) 16-337
10 0-2924 2-079 1-20 154-031 67-352 29-853 16-208
15 0-3051 2-144 2-90 124-376 66-351 23178 15-991
20 0-3188 2-219 5-33 102-518 64-823 18-580 . 15-664
25 0-3324 2-295 845 84-888 62-722 15-107 15-260
30 0-3447 2368 12-26 69-945 60-023 12-358 14-755
35 0-3550 2430 16-71 56-948 56-687 10-100 14-186
40 0-3623 2-474 21-78 45-515 52-722 8-205 13-519
45 0-3659 2-497 27-43 35-461 48-132 6-575 12-787
50 0-3652 2-492 33-61 26-696 42-989 5-173 11-952
55 0-3586 2-451 4028 19-208 37-368 3-948 11-044
60 0-3459 2-374 47-40 13-000 31-434 2-888 10-016
65 0-3258 2-258 54-89 8-072 25-324 1-971 8-891
70 0-2967 2-100 62-70 4-388 19-278 1-203 7-612
75 0-2569 1-901 70-80 1-892 13-483 0-583 6:178
80 0-2033 1-662 79-08 --0-455 8-199 +0-139 4-506
85 0-1281 1-877 87-52 —0-095 3:609 —0-092 2-536
90 0 1 96-02 0 0 0 0
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The maximum of — dg/ds, 7.e. the maximum adverse velocity gradient, occurs at ¢ == 30 deg.,
r.e. at (2-032, 1-057), when it is 0-75. This is not very great and, it may be hoped, will not
materially increase turbulence. The maximum velocity gradient on the wider end (which is of
course the forward end) is much less, about a tenth of this : this is as it should be. Shape and
velocity distribution are drawn in Fig. 12. :

TABLE 17
X Y

0 1
0-987 1-001
1-409 1-005
1-646 1-013
1-810 1-025
1-934 1-039
2-032 1-057
2-112 1-077.
2-179 1-101
2-237 1-127
2-287 1-157
2-331 1-189
2-369 -1-226
2-401 1-266
2-429 . 1-311
2-451 1-362
2-466 1-422
2-475 1-492
2-471 1-582
2-468 1-710
2-487 1-874
2-539 2-062
2-627 - 2-268
2-758 2-483
2-934 2-700
3-155 2-911
3-421 3-111
3-733 3-294
4-090 3-457
4-497 3-598
4-959 3-717
5-491 3-813
6-118 3-888
6-896 3-942
7-951 3-978
9-718 3-996
13-588 4

» APPENDIX XVI
Short Contraction Cone with Small Adverse Velocity Gradient

Taking log ¢ and y as in (60) with V/U = 4, we obtain the contraction cone of Fig. 13. The
velocity distribution is shown to have only a very slight adverse gradient, and this combined
with the shortness of the cone makes it a very satisfactory one for practical use. Tables are
omitted for this cone. ‘
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Summary of Appendices

Appendices I, VI, VII and X (corresponding to Figs. 1, 5, 6 and 8) deal with ordinary low-drag
wings. VIand VII give C, ranges (for given thickness and point of maximum suction) well above
those of any previous acrofoils that have been designed. But they suffer from the defect that the
curvature at the nose is logarithmically infinite, which may influence maximum lift (though this
has yet to be shown experimentally). I has a finite leading-edge radius of curvature (equal to

W;%O 2267 Thords) but suffers badly on C, ran \ge, though with more careful design the thickness might
be reduced slightly. The method of X is perhaps a more promising way out of the d1fﬁcu1ty,
but is hardly quite satisfactory in its present form.

Appendices 11, IV, V, XT and XIII deal with suction wings. Boundary-layer suction enables -
us to obtain greater thickness and hence greater lift (and, one may add, storing capacity) without -
increased drag. It is also believed that it may reduce the compressibility stall by localising the
shock wave at the slot, where it cannot cause separation of the boundary layer since it is all
sucked away. Appendix II was chosen as an illustration of the wide possibilities of the method
and perhaps cannot be taken seriously. But the other four (of thicknesses 34, 48, 30 and 41 per
cent. respectively) seem to me, and to my colleagues at the N.P.L., serious practical suggestions
for general future types of wing shape. In the field of cambered aerofoils XIIT is probably
preferable to XI, and the method of XIII should be followed up extensively to produce cambered
versions of all types of aerofoil. Such cambered aerofoils should of course include cambers of all

" magnitudes, not just those that make the bottom of the incidence range zero.

Of the contraction cones obtained, the first two were respectively too long and with too large
an adverse velocity gradient. The third, a Compromise seems likely to be very satisfactory in
: practl(,e

Fmaﬂy the idea of Append1x VIII (leading- edge suction) may be noted as one which, when
developed (as has been done in a forthcoming report), produces very valuable thin wings with
high maximum lift for high-speed flight.
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