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Pricing Differentiated Services Networks: Bursty
Traffic
Peter Marbach

Abstract—We study the role of pricing in Differentiated Services (Diff-
Serv) networks. We model DiffServ as a priority service, where users are
given the freedom to choose the priorities of their traffic, but are charged
accordingly. Using a game theoretic framework, we study the case where
users choose an allocation of priorities to packets in order to optimize their
net benefit. For the case where users with bursty traffic access a single link,
we show that there always exists an equilibrium for the corresponding non-
cooperative game. Furthermore we show that pricing can be used to provide
relative QoS guarantees.
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I. INTRODUCTION

In this paper we study the role of pricing in differentiated ser-
vices networks. We adopt an approach similar to [7], however
while the analysis in [7] was carried out for smooth traffic (such
as multiplexed voice connections, or long file transfers), the fo-
cus in this paper is on bursty traffic (such as interactive Web traf-
fic).

The differentiated services (DiffServ) proposal of the IETF
(Internet Engineering Task Force) aims to provide Quality-of-
Service (QoS) in packet-based networks (such as the Internet) in
a simple and scalable way (see [6]). The basic idea is the fol-
lowing. DiffServ networks provide a (small) number of differ-
ent service classes. Users accessing the network assign (mark)
their traffic to one of these classes, and the network forwards
packets at each node using class-specific rules (called per-hop
behaviors). This mechanism can be used to provide differenti-
ated QoS; for example, DiffServ could be used to implement a
premium and a best-effort service, where premium traffic always
gets preferential treatment (and therefore experiences less delay
and is less likely to be dropped) over best-effort traffic. In this
framework, it is natural to assume that users are charged based
on the service classes that they use, i.e. a high-quality (premium)
service would be more expensive than a low-quality (best-effort)
service. Also, one would expect that users choose service classes
according to their service requirements, i.e. users will try to meet
their requirements at the lowest possible cost. In this paper we
analyze this situation for users with bursty traffic.

For our analysis, we model DiffServ as a priority service, and
consider a network which offers a finite set I = f1; :::; Ng of
priority levels. At each node, packets are served according to
a priority rule, so that packets with high priorities will experi-
ence less delay and are less likely to be dropped. Users are free
to choose the priorities for their traffic, but are charged accord-
ingly by the network. In particular, the network charges a price
ui per unit traffic submitted with priority i, where for i; j 2 I
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we have

ui < uj; if i < j:

The fact that users are charged for every submitted (rather than
for transmitted) packets, makes this scheme easy to implement:
the network forwards packets according to their priorities, and
there is no need to track dropped packets (or link congestion lev-
els) and send pricing information back to the users. In addition,
our analysis shows that charging users for all submitted packets
will provide the right incentives (back-pressure) for users to re-
duce their rate during periods of congestion. Another important
feature of this model is that the prices ui, i 2 I; are static and do
not change (on a fast time-scale) to respond to changes in the net-
work load. However users can change their allocation dynam-
ically (on a fast time-scale) to maximize their net benefit from
using the network. This property of the above pricing scheme
allows to keep the operation of the network simple(“dumb net-
work”) by pushing the complexity towards the edge of the net-
work (“intelligent users/end hosts”).

To study this priority service, we adopt an economic frame-
work where we characterize the users’ service requirements by
utility functions. Roughly, submitting more high priority pack-
ets will increase the utility of an individual user. However, do-
ing so will also increase the cost the user has to pay to the net-
work provider. It is then natural to assume that users will choose
an allocation of packets to priorities to maximize their net ben-
efit, i.e. their utility minus cost. We model this situation as a
non-cooperative game for which we wish to determine whether
there exists an equilibrium, and how pricing decision influence
the characteristic of an equilibrium. To keep the analysis simple,
we consider only the single link case.

This setting is similar to the one in [7], however, in [7] it was
assumed that traffic is smooth and long-lived, so that users are
able to accurately estimate (and predict) the QoS in the differ-
ent priority levels, and adapt their allocation accordingly. In this
paper, we assume that the traffic is bursty, i.e. we assume that
users submit traffic in short-lived, high-volume bursts (as it is
typically the case for interactive Web traffic). As a result, users
do not know with certainty whether a burst will be transmitted in
a particular priority, but can only infer the transmission probabil-
ity (distribution) of a burst. Compared with [7], we obtain qual-
itatively different results. In [7], it was showed that (for smooth
traffic) pricing can be used to provide absolute QoS guarantees,
i.e. pricing allows to upper bound the data loss probability in the
different priority levels. This is no longer true for bursty traffic.
However, for bursty traffic, we can still use pricing to provide
relative QoS guarantees, i.e. when Ptr(i) is the probability that
a burst gets transmitted (in equilibrium) in priority i 2 I, then
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we have the following relationship,

Ptr(i)

Ptr(i + 1)
�

ui
ui+1

:

The framework that we consider here is closely related to the
Paris Metro Pricing (PMP) proposal [8] for providing QoS in the
Internet. PMP partitions the network into several logically sepa-
rated channels where channels differ in the prices paid for using
them. This can be implemented by using the priority scheme,
combined with pricing, described above. However, [8] does not
analyze the existence of an equilibrium and the role of pricing.
[3] provides simulation results to demonstrate that priorities can
be an efficient tool for providing QoS in packet-based networks.
In particular, [3] illustrates that using priorities, combined with
pricing, achieves a higher a social welfare than a best-effort/flat-
rate scheme. Gupta et. al. investigate in [5] a priority service
similar to the one proposed here, however they consider the sit-
uation where the network dynamically changes the prices associ-
ated with the different priority classes in order to track a socially
optimal allocation. This approach is theoretically appealing, but
expensive to implement. The scheme considered in this paper
is simpler as prices associated with the different service classes
are fixed. Park et. al. also consider in [2], [9] a service where
packets get marked according to customer’s QoS requirements.
However, there is no price associated with the different traffic
classes, i.e. the costs incurred to customers are purely perfor-
mance related. They study the situation where users are free to
choose their traffic class [9], as well as where users indicate their
QoS requirements and a network controller assigns network re-
sources [2].

The rest of the paper is organized as follows. In Section II we
summarize the results of [7]. In Section III we present the traffic
and link model that we use for bursty traffic. In Section IV, we
analyze the case where users with elastic traffic access the link.
In Section V, we outline how the analysis can be extend to the
case where users with tight QoS requirements access the link. In
Section VI we present a case study to illustrate the results that
we obtained.

II. BACKGROUND: SMOOTH TRAFFIC

In this section, we give a summary of [7], where we present
the traffic model (which is a fluid-flow model) and link model,
and state the main results (without proofs).

We use a discrete-time model for our analysis, where time is
divided into slots. Let C > 0 be a given constant, and consider a
single link with a fixed capacity ofC packets per time slot, where
packets can be arbitrarily small. There is no buffering and pack-
ets which do not get transmitted in a given time slot are dropped.
The link supports a finite set I = f1; :::; Ng of priorities, where
1 is the lowest priority - 2 the second lowest, and so on. As-
sume that R users share the link, and assume that each user sub-
mits packets at a constant and deterministic rate. In particular, let
dr = (dr(1); :::; dR(N )) 2 <N

+ , r = 1; :::; R; be the allocation
of user r, where dr(i) is the number of priority i packets user r
submits in each time slot, and let (d1; :::; dR) be the correspond-
ing allocation vector. Furthermore, let d = (d(1); :::; d(N )) be

...

...

C~

d(1)

d(       )i*-1

i*d(   )

d(N)

d(       )i*+1

C

Fig. 1. The link transmits all packets with a priority higher than i�. From the

packets with priority i�, only ~C =

�
C �

P
N

i=i�+1
d(i)

�
packets are

transmitted, which are chosen at random. All other packets are dropped.

the aggregated allocation (over all users), where

d(i) =
RX
r=1

dr(i); i = 1; :::; N;

is the total number of packets submitted in priority i in each time
slot. The link then serves packets as follows (see Figure 1 for an
illustration). In each time slot, all packets with priority i such
that

NX
k=i

d(k) < C

are transmitted. For priority i� with

NX
i=i�+1

d(i) < C and
NX

i=i�

d(i) � C;

only
�
C �

PN

i=i�+1 d(i)
�

packets, which are chosen at random,

get transmitted. All packets with priority i < i� are dropped.
For the aggregated allocation d 2 <N

+ , the (packet) transmission
probability Ptr(i; d) in priority i is then given as follows,

Ptr(i; d) =

8>>>><
>>>>:

1 if C >
PN

k=i d(k);
C�
P

N

k=i+1
d(k)

d(i) if
PN

k=i d(k) � C > :::

>
PN

k=i+1 d(k);
0 otherwise:

Let Ptr(d) = (Ptr(1; d); :::; Ptr(N; d)) be the corresponding
probability vector. The average throughput of user r is then
given by

xr =
NX
i=1

dr(i)Ptr(i; d); r = 1; :::; R:

Users are charged a price ui per submitted packet with priority
i, where for i; j 2 I, i < j, we have 0 < ui < uj: In addi-
tion, there exists a feedback mechanism that allows users to de-
tect whether their packets were transmitted and to estimate the
packet transmission probabilities in each priority.
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The above model describes a priority service which charges a
fixed price ui is per submitted packet with priority i. However
the price for actually transmitting a packet will depend on the to-
tal demand: in order to transmit a packet in priority i, users have
to submit a packet (on average) 1=Ptr(i; d) times and the (aver-
age) price for transmitting a packet in priority i is then equal to
ui=Ptr(i; d). In the following, we study this service.

A. Users with Elastic Traffic

We analyze the above service model for users with elastic traf-
fic [11], i.e. users who perceive quality of service solely as a
function of the average throughput. For this case, we can char-
acterize the service preferences of each user through a quality in-
dicator (utility function) which depends on a single variable: the
average throughput. We will assume that these utility functions
are increasing in the average throughput. Examples of users
with elastic traffic are users sending email, transferring files, and
browsing the Web.

Consider a fixed user r 2 f1; :::; Rg. Furthermore, suppose
that dr = (dr(1); :::; dr(N )) 2 <N

+ is the allocation of user r
and d = (d(1); :::; d(N )) 2 <N

+ is the aggregated allocation.
Then, we associate with user r the utility functionUr(xr), where

xr =
NX
i=1

Ptr(i; d)dr(i)

is the average throughput of user r. We make the following as-
sumption.

Assumption 1: For each user r = 1; :::; R, the function Ur :
<+ 7! <+, is increasing, bounded, strictly concave, and twice
differentiable.
Assumption 1 implies that for every user r = 1; :::; R, the func-
tion Ur : <+ 7! <+, can be written as

Ur(xr) =

Z xr

0
Gr(x)dx;

where Gr(x) : <+ 7! <+ is bounded, strictly decreasing and
differentiable with

Gr(0) > 0 and lim
x!1

Gr(x) = 0:

As we will show below, the functionGr can be interpreted as the
inverse demand of user rwith utilityUr . Note that Assumption 1
does not require that all users have the same utility function.

Assumption 1 implies that a user can achieve a high util-
ity by submitting high priority packets; however, doing so will
also increase the cost. Users therefore face a trade-off between
achieving a high utility and keeping their cost low. We cap-
ture this situation as follows. Given an aggregated demand
d = (d(1); :::; d(N )) 2 <N

+ , and an allocation dr =
(dr(1); :::; dr(N )) 2 <N

+ of user r, we associate with user r a
net benefit function given by

Ur(xr)�
X
i

dr(i)ui;

where

xr =
NX
i=1

Ptr(i; d)dr(i):

Note that
P

i dr(i)ui is the total cost user r pays the link un-
der the allocation dr. In the following, we assume that each user
chooses an allocation that maximizes its own net benefit. How-
ever, the net benefit functions of the individual users are cou-
ple through the transmission probabilities Ptr(i; �). Therefore,
changing dr will not only affect the net benefit of user r, but the
net benefit functions of all users. In the next subsection, we study
this interaction among users.

We introduce some more notation. For r = 1; :::; R; let the
functionDr : <+ ! <+ be defined such that Dr(u) is the opti-
mal solution to the maximization problem, i.e. we have

Dr(u) = argmax
x�0

fUr(x)� xug; u 2 <+:

Under assumption 1, the above maximization problem has a
unique solution. Dr(u) can be interpreted as the demand func-
tion of user r, i.e. Dr(u) is the number of packets users r sub-
mits when the price per packet isu and all packets are transmitted
with probability 1. Note that the functionGr(x) that we defined
above is the inverse of the functionDr(u). Finally, we useD(u),
u 2 <+, given by

D(u) =
RX
r=1

Dr(u);

to denote the aggregated demand over all users under the price
u. In the following, we will extensively use refer to the demand
function Dr, and the inverse demand function Gr, of user r, as
well as the total demand D.

B. Formulation as a Non-Cooperative Game

In this subsection, we study the case where all users simulta-
neously try to maximize their own net benefit. We model this
situation as a non-cooperative game. For an introduction to the
basic concepts of game theory we refer to [4]. For the analysis,
we assume that users ignore how they influence the transmission
probabilitieswhen optimizing their own net benefit. This simpli-
fying assumption corresponds to the standard competitive price-
taking assumption of economic theory. In this context, it can be
justified when
(a) many “small” users access the link so that the influence of an
individual user on the transmission probabilities is negligible.
(b) it is impossible (or too expensive) for a customer to deter-
mine how the choice of an allocation may affect the transmission
probabilities.
We then define an equilibrium allocation as follows.

Definition 1: Let (d�1; :::; d
�
R) be a given allocation vector

such that d�r 2 <N
+ , r = 1; :::; R; and let d� =

(d�(1); :::; d�(N )),

d�(i) =
RX
r=1

d�r(i); i = 1; :::; N;

be the corresponding aggregated allocation. We call (d�1; :::; d
�
R)

an equilibrium allocation when for every user r = 1; :::; R, we
have

d�r = arg max
dr2<

N

+

(
Ur(xr) �

NX
i=1

dr(i)ui

)
;
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where

xr =
RX
r=1

dr(i)Ptr(i; d
�):

Note that in the maximization problem given in the Definition 1,
the transmission probabilities to compute the average throughput
xr do not depend on the decision variable dr, but only on d�; this
reflects the assumption that users ignore how they influence the
transmission probabilities when optimizing their own net bene-
fit. Under an equilibrium allocation (d�1; :::; d

�
R) , the allocation

d�r , r = 1; :::; R;maximizes the net benefit of user r. Therefore,
no user has an incentive to change its allocation d�r as this would
decrease the net benefit. This implies that once an equilibrium is
reached, no user will deviate.

In the following, we show that there always exists an equilib-
rium allocation (Proposition 2). In addition, we characterize an
equilibrium allocation; in particular, we show how pricing deci-
sions influence the properties of an equilibrium (Proposition 1).
For the analysis, we assume that the demand in the lowest pri-
ority level exceeds the link capacity and the total demand D(ui)
for priority i 2 I is strictly positive. The case where the link ca-
pacity exceeds the the demand in the lowest priority level leads
to the (trivial) situation where all users choose in equilibrium the
rate xr = Dr(u1), r = 1; :::; R; and all packets are transmitted
with probability 1. When the total demand D(ui) in priority i is
equal to zero, then priority i will not be used in equilibrium, and
we can ignore this priority.

Assumption 2: We have

D(u1) > C

and
D(ui) > 0; for i = 1; :::; N:

In the next proposition, we will derive the necessary conditions
for an allocation vector to be an equilibrium allocation. This will
allow us to characterize an equilibrium allocation and determine
how pricing decisions influence the properties of an equilibrium.

Proposition 1: Let Assumption 1 and 2 hold. Consider an al-
location vector (d�1; :::; d

�
R) and let

d� =
RX
r=1

d�r

be the corresponding aggregated allocation. Furthermore, let

x�r =
NX
i=1

d�r(i)Ptr(i; d
�)

be the average throughput of user r, r = 1; :::; R under
(d�1; :::; d

�
R) , and define

uN+1 = max
r=1;:::;R

Gr(0):

Then the following holds. When (d�1; :::; d
�
R) ,dr 2 <N

+ , r =
1; :::; R; is an equilibrium allocation, then there exists a priority
i0 2 f1; :::; Ng such that, for r = 1; :::; R;we have
(a) d�r(i) = 0, for all i =2 fi0; i0 + 1g;
(b) Ptr(i0; d�) �

ui0
ui0+1

;

(c) x�r = Dr(u
�) where

u� =
ui0

Ptr(i0; d�)
:

Note that uN+1 is lowest price such that the total demand van-
ishes, i.e. we have that D(u) > 0, for u 2 [0; uN+1) and
D(u) = 0, for u � uN+1. Using Proposition 1, we can char-
acterize an equilibrium allocation as follows.
(a) states that, under every equilibrium allocation, at most two
priorities are used. This result has the following interpretation.
Let (d�1; :::; d

�
R) be a given allocation vector, let d� =

PR

r=1 d
�
r

be the corresponding aggregated demand, and let the priority i�

be such that
Pt(i; d

�) = 0; for all i < i�

and
Pt(i; d

�) > 0; for all i � i�:

Under the link model given in Section III, packets with a prior-
ity lower than priority i� will never be transmitted. As users are
charged for every submitted packet, it is not economical to use
these priorities. Furthermore, packets with a priority higher than
i� + 1 will be transmitted with the same probability as packets
with priority i�+1, but at a higher cost; and these prioritieswon’t
be used either.
(b) states that when priority i is used under a given equilib-
rium allocation (d�1; :::; d

�
R) , then the probability that a submit-

ted packet with priority i gets transmitted is lower-bounded by
ui=ui+1. This result has the following interpretation. In equi-
librium, the average price for transmitting a packet in priority i
is equal to ui=Ptr(i; d�). When

Ptr(i; d�) <
ui
ui+1

;

then the average price for transmitting a packet in priority i is
higher than for priority i + 1, i.e. we have that

ui=Ptr(i; d
�) > ui+1:

In this case it is more economical for users to switch their packets
from priority i to priority i + 1, and therefore, Property (b) will
hold in equilibrium.
(c) implies that the average throughput of user r is

x�r = Dr(u
�);

where
u� =

ui�

Ptr(i�; d�)
:

Here, u� can be interpreted as the average price users pay for
transmitting a packet; and the average throughput of user r is
equal to the demand Dr under u�. This result then suggests that
the pricing scheme is fair in the sense that all users receive a
throughput according to the same price u�.
Based on Proposition 1, one can derive sufficient conditions for
an (d�1; :::; d

�
R) to be an equilibrium allocation; which can then

be used to construct an equilibrium allocation and to obtain the
following result.

Proposition 2: Let Assumption 1 and 2 hold. Then there ex-
ists an equilibrium allocation. Furthermore, when there exists a
priority i0 2 I such that

D(ui0 ) > C > D(ui0+1);
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then the equilibrium is unique.
Proposition 2 states that we have a unique equilibrium allocation
when there exists a priority i0 2 I such that

D(ui0 ) =
RX
r=1

Dr(ui0) > C >

RX
r=1

Dr(ui0+1) = D(ui0 ):

When there exists a priority i0 such that

D(ui0) = C;

then it can been shown that there is an infinite number of equi-
librium allocations

C. Discussion

The analysis of [7] shows that (for smooth traffic) pricing can
be used to provide absolute QoS guarantees, i.e. the probabil-
ity that a submitted packet in priority i gets transmitted is lower
bounded by the price ratio ui=ui+1.

To derive these results, a fluid-flow model was employed
where the demand in each time slot is given by the (determin-
istic) allocation (d1; :::; dR). While this is a reasonable assump-
tion for smooth traffic, it is clearly not realistic for bursty traffic.
In the following, we develop a traffic model for bursty traffic,
and carry out the above analysis for this new model.

III. BURSTY TRAFFIC: TRAFFIC AND LINK MODEL

In this section, we present the traffic and link model that we
use for bursty traffic. The goal is to formulate a model that
is simple, but still captures the features of bursty traffic that
are relevant to our analysis. For the notation, we use �r =
(�r(1); :::; �r(N )) to denote the allocation of a user with bursty
traffic.

A. Traffic Model

For our analysis, we use the following traffic model. Con-
sider a fixed time slot and, for a given user r, a fixed alloca-
tion �r = (�r(1); :::; �r(N )) 2 <N

+ . User r will then sub-
mit in this time slot a burst in priority i with probability �r(i),
and submit no traffic in priority i with probability 1 � �r(i).
We call �r = (�r(1); :::; �r(N )) the rate vector of user r. Let
� = (�(1); :::; �(N )be the aggregate rate vector (over all users),
i.e.

�(i) =
RX
r=1

�r(i); i = 1; :::; N;

and let

�(i) =
NX
n=i

�(n); i = 1; :::; N;

be the rate at which burst get submitted in priority i or higher. In
the following, we assume that all bursts are of the same size B,
and set B equal to 1.

In addition, we assume that many “small” users share the link
(i.e. R is large), so that �r(i) << 1, for r = 1; :::; R; and
i = 1; :::; N . This assumption allows us to use the Poisson ap-
proximation for the probability distribution of total number of
bursts submitted in priority i and higher in a given time slot. Let

Mi i = 1; :::; N , be the total number of bursts submitted in pri-
ority i and higher in a given time slot; using the Poisson approxi-
mation, we then obtain the following probability distribution for
Mi,

P (Mi = m) = �(i)m
exp(��(i))

m!
; m = 0; 1; 2; ::::

B. Link Model

For the link model, we assume that a burst in priority i is lost
whenever Mi (which is the total number of bursts submitted in
priority i and higher), exceeds the link capacity. Note that this is
a simplifying assumption: when Mi exceeds the link capacity C
andMi+1 is strictly lower thanC, then only a faction, but not all,
of the priority i bursts are lost. The two main reasons for making
this assumption are the following.
1. Using this assumption simplifies the analysis and makes the
results more transparent.
2. This assumption leads to a good approximation of the loss
rate when the burst size B is large compared with the link ca-
pacity C. In fact, for the case where the burst size B is equal to
the link capacityC, and in each time slot at most one burst can be
transmitted, the above assumption leads to the exact expression
for the loss rate. Therefore, this model captures the case where
traffic is very bursty, i.e. the burst size is large compared with
the link capacity.
The (fluid flow) traffic and link model of Section II, and the
above model, capture the situation where the traffic is very
smooth, and very bursty, respectively. In reality, the traffic char-
acteristic will often lie between this two extreme cases, and re-
sults that are based on either model will not accurately predict
the actual behavior of the system. However, as it is often the
case, knowing what happens in the two extreme cases will pro-
vide valuable insight into the general system behavior. In Sec-
tion VI, we use a numerical example to illustrate this point.

The above assumptions then lead to the following link model.
Consider a fixed time slot and a fixed allocation (�1; :::; �R). Let
Mi, i = 1; :::; N , be the total number of bursts submitted in pri-
ority i and higher in this time slot. Furthermore, letm0 = bCc be
the maximal number of bursts that the link can transmit per time
slot. Using the above traffic model and assuming that a burst in
priority i is lost whenever Mi exceeds m0, the probability that a
burst is transmitted in priority i is then given by

Ptr(i; �) = 1� Ploss(�(i));

where Ploss(�(i)) is

Ploss(�(i)) =
1X

m=m0+1

�(i)m
exp(��(i))

m!
:

IV. USERS WITH ELASTIC TRAFFIC

Again, we analyze the above priority scheme for users with
elastic traffic, and assume that the utility functions of the users
depend only on the average throughput. More precisely, when
�r = (�r(1); :::; �r(N )) is the rate vector of users r, and � =
(�(1); :::; �(N )) is the total rate vector over all users, then we
associate with users r the utilityUr(�r), where

�r =
NX
i=1

Ptr(i; �)�r(i)
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is the average throughput of users r. As in Section II, let Dr(u)
be the demand function associated with the utility Ur, i.e. we
have

Dr(u) = argmax
x�0

fUr(x)� xug; u 2 <+;

and let

D(u) =
RX
r=1

Dr(u)

be the total demand over all users under price u.
Again, we assume that each users wants to maximize its

own net benefit. Given an aggregated rate vector � =
(�(1); :::; �(N )) and a rate vector �r = (�r(1); :::; �r(N )) of
a given user r, the net benefit of user r is equal to

Ur(�r)�
NX
i=1

�r(i)ui (1)

where

�r =
NX
i=1

Ptr(i; �)�r(i):

A. Formulation as a Non-Cooperative Game

Consider now the non-cooperative game where all users si-
multaneously optimize their net benefit. As in the previous sec-
tion, we assume that users ignore how they influence the trans-
mission probabilities when optimizing their own net benefit.
Similarly, we then define an equilibrium rate vector as follows.

Definition 2: We call an rate vector (��1; :::; �
�
R) , ��r 2 <N

+ ,
r = 1; :::; R; an equilibrium allocation when, for every user r =
1; :::; R, we have

��r = arg max
�r2<

N

+

(
Ur(�r)�

NX
i=1

�r(i)ui

)
(2)

where

�r =
NX
i=1

Ptr(i; �
�)�r(i)

and �� =
PR

r=1 �
�
r .

We then have the following results.
Proposition 3: Let Assumption 1 and 2 hold. Consider a rate

vector (��1; :::; �
�
R) and let

�� =
RX
r=1

��r ;

be the corresponding aggregated rate vector. Furthermore, let

��r =
NX
i=1

��r(i)Ptr(i; �
�); r = 1; :::; R;

be the average throughput of user r under (��1; :::; �
�
R) , and let

uN+1 = max
r=1;:::;R

Gr(0):

Then the following holds. When (��1; :::; �
�
R) is an equilibrium

allocation then there exists a priority i0 2 f1; :::; Ng such that
for r = 1; :::; Rwe have
(a) ��(i) > 0 for all i � i0, and ��(i) = 0 for all i > i0.
(b) For all i � i0 we have

Ptr(1; �
�) =

u1
ui
Ptr(i; �

�);

(c) Ptr(i0; ��) �
ui0
ui0+1

,

(d) ��r = Dr(u
�) where

u� = u1=Ptr(1; �
�):

Let us comment on the Properties (a)-(d) of Proposition 3, and
compare Proposition 3 with Proposition 1 of the previous sec-
tion.
(a) states that a range of priorities classes are used in equilib-
rium, and priority 1 is always used. This in contrast to the result
in the previous section where at most two priorities are used in
equilibrium.
(b)+(c) states the probability that a submitted packet in priority
i � i0 gets transmitted is given by

Ptr(i; �
�) =

ui
u1
Ptr(1; �

�):

Furthermore, for priority i0 we have that

Ptr(i0; �
�) � ui0=ui0+1:

In contrast with Proposition 1, here the transmission probabili-
ties (for the the priorities i < i0) do not only depend on pricing,
but also on the transmission probability for priority i0. There-
fore, pricing can no longer be used to provide absolute QoS guar-
antees. However, pricingcan still be used to set the ratio between
the transmission probabilities in the different priorities, and to
provide relative QoS guarantees.
(d) states the average throughput of user r is

x�r = Dr(u
�);

where
u� =

ui0
Ptr(i0; d�)

:

As in the previous section, this result suggests that the pricing
scheme is fair in the sense that all users pay the same (conges-
tion) price u�.

Similar to the previous section, we can use Proposition3 to de-
rive sufficient conditions for an (��1; :::; �

�
R) to be an equilibrium

allocation; which can then be used to construct an equilibrium
allocation and to obtain the following result.

Proposition 4: Let Assumption ?? and 2 hold, then there al-
ways exists an equilibrium allocation.
For the case of bursty traffic, we were not able to derive a simple
condition under a unique equilibrium allocation exists.

Proof: Here we only give the outline of a proof. One
can construct an equilibriumallocationby showing (using mono-
tonicity) that there exists a �� � 0, such that

NX
i=1

�(i;��)
�
1� Ploss(�

�)
� ui
u1

=
RX
r=1

Dr

�
u1

1� Ploss(��)

�
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where

�(i;��) = P�1tr

�
(1� Ploss(�

�))
ui
u1

�
� ::: (3)

�P�1
�
(1� Ploss(�

�))
ui+1
u1

�
; i = 1; :::; N � 1;

�(N;��) = P�1tr

�
(1� Ploss(�

�))
uN
u1

�
; (4)

and P�1tr : <+ 7! <+ is the inverse of 1� Ploss(�). Let

�(i;��) =
NX
k=i

�(i;��):

When Eq. (3) and (4) hold, then we have for i = 1; :::; N ,

1�Ploss(�(i;�
�)) =

�
1�Ploss(�

�)
� ui
uN

; if �(i;��) > 0;

and
ui �

u1�
1� Ploss(��)

� ; otherwise:

It can then be verified that when the above conditions hold, then
the following rate vector is an equilibrium allocation: for i =
1; :::; N set

��r(i) = �(i;��)
Dr

�
u1=
�
1� Ploss(�

�)
��

PR

l=1Dl

�
u1=
�
1� Ploss(��)

�� :

V. USERS WITH QOS-SENSITIVE TRAFFIC

For the traffic and link model of Section II, we showed in [7]
how the analysis can be extended to users who measure QoS not
only as a function of the average throughput, but also the proba-
bility that packets get lost. A similar analysis can be done for the
traffic and link model for bursty traffic. We model this situation
by adding into the users objective function a penalty term which
is function of the transmission probabilitiesPtr.

Consider a fixed user r with utility function Ur . In addition,
assume that �r = (�r(1); :::; �r(N )) is the rate vector of user r
and � = (�(1); :::; �(N )) is the aggregated rate vector over all
users. We then associate with user r the total utility

Ur(�r)�
NX
i=1

cr

�
Ptr(i; �)

�
�r(i)

where

�r =
NX
i=1

Ptr(i; �r)�r(i);

and the function cr : [0; 1] ! <+, r = 1; :::; R, is non-
increasing, twice continuously differentiable (with bounded first
and second derivatives), and convex, with

cr(1) = 0:

The function cr models the QoS requirements of user r with re-
spect to packet loss. When cr is equal to 0 for all � � 0, then

we obtain the utility function of the previous section where users
only cared about throughput. A user with with tight QoS re-
quirements for packet loss can be modeled by letting the function
cr(�) increase sharply when � falls below 1.

Under some additional technical assumptions (which capture
the case were many small users share the link, i.e. the demand
Dr(u1) of each user r = 1; :::; R is small compared with the
link capacity C), we can analyze this situation and obtain results
that are the analog to the ones in [7] for the case with smooth
traffic. In particular, we have that there always exists an equilib-
rium allocation and pricing can be used to provide relative QoS.
However for the case where users also measure QoS as a func-
tion of the packet loss, it is no longer true that all users see the
same (congestion) price u�: but users with with tight QoS re-
quirements will pay more, to get a better QoS.

VI. CASE STUDY

In this section, we use a case study to illustrate the results of
the previous section. The purpose of this study is the following.
1. The analysis of the previous section was based on a simple
traffic and link model. Using a M=M=1 priority queue with a
finite buffer for the case study, we want to study the predictive
power of the results of Section IV for more realistic traffic and
link models.
2. The way we modeled the transmission probabilities of a burst
is very simple and one would expect it to lead to accurate results
only for the case where the traffic is very bursty, i.e. the burst
size B is large compared with the link capacity. Here, we want
to illustrate this point.

A. Traffic and Link Model

We use the followingset-up for our case study. Consider a sin-
gle link with a finite buffer which supports N priorities. There
are R users sharing the link. Users submit packets in the differ-
ent priorities according to independent Poisson processes, where
�r = (�r(1); :::; �r(N ) is the rate vector of customer r 2
f1; :::; Rg. Let m = 1; 2; ::: be a scaling factor, and assume
that packet service times are independently and identically dis-
tributed according to an exponential distribution with rate m�.
The buffer holds up to m packets (including the packet in ser-
vice). Note that for small m, the packet size is large compared
with the link capacity and the buffer size; for largem, the packet
size is small.

We model that link as a priority queue with preemption
(see [1]). There are two types of priority operations for the
above link model: priority for admittance/space (with preemp-
tion/pushout) and priority for service (also with preemption);
where the space-priority classification and the delay-priority
classification are the same and within each priority service order
is FIFO. Priority for admittance works as follows. If a packet
of priority i arrives to a full buffer, and there are no packets of
priority j < i in the buffer, then the arriving packet is lost. If
a packet of priority i arrives to a full buffer, and there are pack-
ets of priority j < i in the buffer, then the arriving packet joins
the buffer by pushing out one of the lowest priority packets from
the buffer. The arriving packet then joins the tail of the priority
i subqueue. Priority for service is as follows. The server always
works on the packet at the head of the highest-priority subqueue.
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If a packet of even higher priority arrives, the current service is
preempted. The packet whose service is preempted is not lost,
and the partial work already done on it is not wasted. There are
two ways for a packet to be ”lost” or ”dropped”: if the packet
arrives to a full buffer when there are no lower priority packets
to push out; or if the packet was admitted to the buffer when it
first arrived, but it is subsequently pushed out by a higher prior-
ity arrival. If the packet is not lost/dropped, it will eventually be
”transmitted”. Note that similar to the model of Section IV, in
this model packets of lower priority are invisible to packets of
higher priority.

To derive the probability ~Ptr(i; �) that a burst in priority i gets
transmitted for the above link model, we use the following result
for a M=M=1 queue (see [1]). Consider aM=M=1 queue with a
queue sizem. When the burst arrival rate is equal to� 2 <+ and
the burst service time is equal tom�, then a burst is lost (because
the queue is full) with probability

Ploss(�) =

�
�

m�

�m 1� �
m�

1�
�

�
m�

�m+1 ; � 2 <+:

Note that the rate at which bursts are lost is equal to Ploss(�)�.
Using this result, we obtain for the above priority queue that

the the rate at which packets are dropped in priority i and higher
is equal to

Ploss(�(i))�(i) = Ploss(�(i))
�
�(i+ 1) + �(i)

�
:

Note that the loss rate Ploss(�(i))�(i) includes losses of prior-
ity i bursts, and losses of bursts in priority i+ 1 and higher. Let
~Ptr(i; �) be the probability that a burst in priority i gets trans-
mitted, then we can rewrite the loss rate Ploss(�(i))�(i) for i =
1; :::; N � 1 as follows,

Ploss(�(i))�(i) = Ploss(�(i))
�
�(i + 1) + �(i)

�
= Ploss(�(i+ 1))�(i+ 1) + :::

+
�
1� ~Ptr(i; �)

�
�(i);

and for i = N we obtain

Ploss(�(N ))�(N ) =
�
1� ~Ptr(N; �)

�
�(N ):

Using this equation, we obtain the following expressions for
probability ~Ptr(i; �) that a burst gets transmitted in priority i =
1; :::; N � 1. For �(i) > 0, we have

1� ~Ptr(i; �) =

�
Ploss(�(i)) � Ploss(�(i + 1))

�
�(i + 1)

�(i)
+

:::+ Ploss(�(i + 1));

and, for �(i) = 0, we have

1� ~Ptr(i; �) = P 0loss(�(i + 1))�(i + 1) + :::

+Ploss(�(i + 1));

where P 0loss(�) is the derivative of Ploss(�).
Finally, for i = N , we have that

1� ~Ptr(N; �) = Ploss(�(N )):

Again, we assume that users get charged a price ui for each burst
that they submit in priority i.

B. Case Study

We use the following set-up for the case study. We set the
number of priorities toN = 8, and the number of users toR = 5.
Furthermore, we choose the same utility functionUr for all users
r = 1; :::; 5, where the corresponding demand functions is given
by

Dr(u) =

8<
:

35� 0:001u2 0 � u �
q

35
0:001

0 u >
q

35
0:001

We set the prices for the different priorities are as follows,

u1 = 1; and ui+1 = 2ui; i = 1; :::; N � 1:

We then wish to identifyan equilibriumallocation (��1; :::; �
�
R)

such that for r = 1; :::; R, we have

��r = arg max
�r2<+

(
Ur(�r) �

NX
i=1

�r(i)ui

)
(5)

where

�r =
NX
i=1

~Ptr(i; �
�)�r(i)

and �� =
PR

r=1 �
�
r . To compute an equilibrium, we use an it-

erative algorithm where we update the allocation �(k)r at the kth
step according to

�(k+1)r (i) =
h
�(k)r (i) + 

�
U 0r(�

(k)
r ) ~Ptr(i; �

(k)) � ui

�i+
;

where

�(k)r =
NX
i=1

~Ptr(i; �
(k))�(k)r (i);

[x]+ = maxf0; xg; x 2 <;

and  > 0 is a small stepsize parameter. When, for r = 1; :::; R,
we have that

�(k)r (i) = �(k+1)r (i); i = 1; :::; N;

then (�
(k)
1 ; :::; �

(k)
R ) is an equilibrium allocation as defined by

Eq. 5 (to see this, note that, for a given �� 2 <+, the objective
function in Eq. 5 is concave in �r). Note, that the analysis of
the previous section does not guarantee that such an equilibrium
exists, nor that the above iterative algorithm converges.

We implemented the above algorithm form = 5; 10; 20; 50; 100
and  = 0:01. In these cases, the algorithm converged to an
equilibrium. Furthermore, different values for the initial alloca-
tion (�(0)1 ; :::; �

(0)
R ) lead to same equilibrium. Table I gives the

equilibriumallocations for the different values ofm, and Table II
gives the transmission probabilities under an equilibrium.

We make the following observations. For m = 5, the equilib-
rium is as predicted by Proposition 3, i.e. we have that all prior-
ities i � i� = 6 are used. Furthermore, we have

Ptr(i; �
�) =

ui
ui+1

Ptr(i + 1; ��)

=
1

2
Ptr(i + 1; ��); i = 1; :::; 5;

Ptr(i
�; ��) �

ui�

ui�+1
=

1

2
:

657 IEEE INFOCOM 2001



0-7803-7016-3/01/$10.00 ©2001 IEEE

TABLE I

EQUILIBRIUM ALLOCATION.

m 5 10 20 50 100
��(1) 2.13 0.466 2.13 2.10 0
��(2) 0.88 1.81 0.26 0 0
��(3) 1.70 3.02 1.85 0 0
��(4) 1.01 0.27 0.76 0 0
��(5) 1.77 0 0 0 0
��(6) 3.94 9.84 21.26 54.06 106.02
��(7) 0 0 0 0 0
��(8) 0 0 0 0 0

TABLE II

TRANSMISSION PROBABILITIES.

m 5 10 20 50 100
~Ptr(1; ��) 0.0288 0.0288 0.0288 0.0288 0.01
~Ptr(2; ��) 0.0575 0.0575 0.0575 0.0575 0.01
~Ptr(3; ��) 0.115 0.09 0.115 0.06 0.01
~Ptr(4; ��) 0.23 0.23 0.23 0.06 0.01
~Ptr(5; ��) 0.46 0.46 0.28 0.06 0.01
~Ptr(6; ��) 0.92 0.92 0.92 0.92 0.93
~Ptr(7; ��) 1 1 1 1 1
~Ptr(8; ��) 1 1 1 1 1

For m = 100, the equilibrium is as predicted by Proposition 1,
i.e. for i� = 6, we have that ��(i) = 0, i 6= i�, and
Ptr(i�; ��) �

1
2 . Form = 10; 20, and 50, neither Proposition 1,

nor Proposition 3, accurately predict the equilibrium. However,
similar to Proposition 3, we have for ��(i) > 0 and ��(i) > 0,
i < j, that

Ptr(i; �
�) =

ui
uj
Ptr(j; �

�) =

�
1

2

�j�i
Ptr(j; �

�):

This case study suggests that the traffic model of Section III
captures the case where traffic is very bursty (i.e. the burst size
tends to be large compared with the link capacity and buffer
size); and that the fluid-flow model of Section II captures the case
where traffic is very smooth (i.e. burst size tends to be small
compared with the link capacity and the buffer size). Neither
model is able to accurately capture the case where the traffic is
neither very bursty and nor very smooth. Nevertheless, by char-
acterizing the two limiting cases, the above analysis is able to
provide insight about how users will allocate their traffic in equi-
librium.

VII. CONCLUSION

We modeled DiffServ as a priority service. Users are free to
choose the priorities they attach to their traffic, but are charged
accordingly. Assuming that many users share a single link, we
showed that there always exists an equilibrium for the corre-
sponding non-cooperative game. Furthermore, we showed that
pricing can be used to provide relative QoS guarantees, i.e. the
factor by which the transmission probability is decreased by

moving from priority i + 1 to i is lower bounded by the price
ratio ui=ui+1.

For our analysis, we used a simplistic link model. We illus-
trated through a case study that the model is accurate enough
when the (traffic) bursts tend to be large (compared with the
buffer size).

For future work, one could carry out the above analysis for a
more realistic link model than the one of Section III. Also, it
would be interesting to consider the situation where users dy-
namically change their allocation, and to determine whether the
allocations indeed converge to an equilibrium allocation. In par-
ticular, one could investigate the convergence properties of the
algorithm in Section VI. Finally, it would be interesting to study
the above priority scheme for the network case. However, at the
moment, it is not clear to what extend this is possible.
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