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Price-Based Rate Control for Random Access
Networks

Clement Yuen and Peter Marbach

Abstract—We study a price-based rate control mechanism for
random access networks. The mechanism uses channel feedback
information to control the aggregate packet arrival rate. For
our analysis, we use the standard slotted Aloha model with an
infinite set of nodes. We show that the resulting Markov chain is
positive recurrent. In addition, we characterize the throughput
and delay at the operating point of the system and show how
the operating point can be set a priori by appropriately choosing
the control parameters. We illustrate our results using numerical
experiments.

I. INTRODUCTION

We consider rate control for random access networks that
support the CSMA family of protocols [1]. These protocols
emphasize zero-coordination by allowing nodes to contend for
channel access at will (“free-for-all” approach) [1]. However,
if two or more nodes transmit a packet at the same time,
then the packets interfere (“collide”) and are not success-
fully received by the destination nodes. Such packets become
backlogged and must be retransmitted at a later time. An
important feature of such random access networks is that the
network can become unstable (i.e. the number of backlogged
packets grows without bound) if the packet generation rate
exceeds the channel capacity [1]. As a result, rate control is
needed to ensure a stable operation of the network. In this
paper, we propose such a rate control mechanism and study
its properties.

The work presented in this paper has been motivated by
the popularity of wireless local area networks using the IEEE
802.11 standard for channel access. Bandwidth is scarce in
wireless local area networks and if the input rates are left
uncontrolled, then the network is likely to become congested
and buffers saturated. Currently, TCP is used to control the
input rates to wireless local area networks [2]; however, it has
been shown experimentally that the combination of TCP and
the IEEE 802.11 standard leads to a degradation of throughput
as the number of active nodes increases [3]. This observation
leads us to consider the following question: is this throughput
degradation a fundamental property of rate control for random
access networks, or does there exist a rate control mechanism
which can achieve a sustainable throughput as the number of
nodes increases?

To study the above question, we consider a rate control
mechanism that is similar to price-based rate control schemes
for wireline networks. That is, we assume nodes with elastic
trafc and use a control (price) signal to modulate the input
rates. We refer to [4]–[9] for a discussion of elastic trafc
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and how price-based mechanisms can be used to control the
transmission rates of nodes with such trafc. As the aggre-
gate input rate and total system backlog cannot be observed
directly in random access networks, we use channel feedback
information to adapt the control (price) signal. In the event
of a collision we increase the price (resulting in a decrease
in the total input rate) to avoid an increase in the backlog
and additional collisions in the future. When the channel is
idle, we decrease the price to stimulate a more efcient use
of the network capacity. For this rate control mechanism, we
investigate the following questions: (a) what is the maximal
sustainable throughput as the number of nodes increases; (b)
can a desired throughput be achieved by suitably choosing the
parameters of the control mechanism; and (c) how does the
rate control scheme interact with the retransmission strategy
for backlogged packets, i.e. what is the relation between the
parameters of the rate control, the retransmission strategy, and
the network throughput.

We study the above price-based rate control as applied to
random access networks that support the CSMA family of
protocols. For our analysis we use standard models for these
protocols (as described for example in [1]). These models are
simple enough to allow a formal analysis, yet retain all the
important characteristics of the random access channel. We
start by studying the above rate control for slotted Aloha [1].
Slotted Aloha and its unslotted version (pure Aloha) have been
central to the understanding of random access networks. These
two protocols have over the years evolved into a rich family of
medium access control schemes, most notably CSMA/CD, the
Ethernet standard, and CSMA/CA, which forms the basis of
the IEEE 802.11 standard. We discuss in Section VIII how the
results obtained for the slotted Aloha model can be extended
to slotted CSMA and CSMA/CD. Starting with slotted Aloha
simplies the notation and makes the analysis and results more
lucid.

We obtain the following results. We show that (1) the pro-
posed rate control mechanism achieves a sustainable through-
put as the number of nodes increases; (2) (under appropriate
assumptions) there exists a unique operating point which can
be used to characterize the sustainable throughput and packet
delay; (3) the throughput at the operating point depends solely
on the parameters of the rate control mechanism; (4) the delay
at the operating point is determined by the retransmission
probability for backlogged packets; and (5) a desired operating
point can be set a priori by suitably choosing the parameters
of the rate control. An interesting implication of our results is
that it is not the retransmission strategy, but the rate control
mechanism, which dictates the throughput achieved over a
random access network. This suggests that a simple (state-
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independent) retransmission strategy for backlogged packets,
combined with the right rate control mechanism, might be
sufcient to achieve a high throughput in random access
networks.

We note that the above rate control mechanism could
potentially be combined with price-based rate control for
wireline networks to provide end-to-end rate control (see also
Section II-C). A detailed discussion of end-to-end rate control
is however beyond the scope of this paper.

The rest of the paper is organized as follows. In Section II,
we introduce the rate control mechanism that we consider and
formulate its dynamics as a Markov chain in Section III. In
Section IV, we establish that this Markov chain is positive
recurrent; we dene the operating point of the chain, and
characterize the average system throughput and delay. We
illustrate these results using numerical case studies in Sec-
tion V. In Section VI - VIII, we consider possible extensions.
In Section IX we review the related research literature.

II. PROBLEM FORMULATION

In this section, we describe the channel model and the rate
control algorithm that we consider. In Section III, we present a
Markov chain formulation based on the standard innite node
model of slotted Aloha [1].

A. The Channel Model
Consider the situation where many nodes communicate

over a slotted multiaccess broadcast channel [1]. All packets
have the same length and each packet requires one time
unit for transmission. All nodes are synchronized so that the
transmission of each packet starts at an integer time .
We refer to the slot beginning at time as slot . If two or
more nodes transmit a packet in a given time slot, there would
be a collision and the receiver would obtain no information
about the contents or source of the transmitted packets. Pack-
ets that experience a collision become backlogged and are
retransmitted at a later time. If all nodes involved in a collision
immediately retransmit, another collision would surely occur.
Instead, each backlogged node retransmits a packet with a
xed probability , , in each successive slot until a
successful transmission occurs. If only one node sends a packet
in a given time slot, the packet is successfully received by
the destination node(s). We assume that packets are generated
at each node by application(s). Whenever a node receives a
new packet from an application, it transmits the packet in the
rst slot after its arrival, thus risking occasional collisions but
achieving a small delay if collisions are rare.

B. The Rate Control Scheme
If the rate at which applications generate packets is left

uncontrolled, then the above slotted Aloha channel could get
clogged with collisions. To avoid this, we propose a rate
control mechanism where we assume that nodes have elastic
trafc [4] and use a control (price) signal to control the
input rates to the network. We refer to [5]–[9] for a discussion
on how price-based mechanisms can be used to control the
transmission rates of nodes with elastic trafc.

Suppose that nodes with elastic trafc are sharing the
channel and each node generates new packets according to an
independent Poisson process. Let , , be
the rate of the Poisson process under the control . The rate
function is assumed to be decreasing in so that a
higher control will lead to a reduction in the arrival rate of
new packets at node . Let

be the aggregate arrival rate over all nodes.
As new packets are generated according to a Poisson process

and backlogged packets are retransmitted with probability ,
the total number of transmission attempts in time slot is given
by a random variable . Let be the indicator function and
let , , and indicate an idle slot,
a successful transmission, or a collision in slot . Let be
the control signal that determines the rate of arrivals of new
packets in slot . We then update the control by setting

(1)

where denotes , , and , , are
parameters such that and . The parameters

, and are control updates corresponding to the observed
channel outputs of “idle”, “success” and “collision” respec-
tively. Note that updating only requires that the system to
be able to detect a channel event, but does not require that
the number of packets involved in a collision to is known.
As the aggregate rate is a decreasing function, the above
update rule has the following interpretation. The control signal
should be increased in the event of a collision to reduce the
arrival rate of new packets, and to avoid an increase in the
backlog and additional collisions in the future. In the event of
an idle slot the control should be lowered to allow nodes to
increase their rates to make more efcient use of the channel.
In the event of a successful transmission, the control can be
left unchanged, or lowered (raised) in the case of a more
conservative (aggressive) control scheme.

In the following, we study whether this scheme can stabilize
the slotted Aloha channel, and given that and are positive
while can take on any real value, how we should choose the
right control parameters to achieve a certain throughput and
delay at the operating point of the network. (We will dene
the notion of an operating point in Section IV-B.)

C. Discussion
Below, we briey comment on some aspects of the above

rate control that are important from a practical point of view.
A detailed discussion of these issues is beyond the scope of
the paper.

The above rate control assumes a congestion signal that
is common to all nodes in the random access network. One
approach to achieve this requirement is by letting the access
point (which could be a base-station in a wireless, or a router
in a wired setting) update the congestion signal. In order to
communicate the control signal to individual nodes, packet
marking as proposed for price-based rate control in wireline
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networks can be used. In [10], we discuss such an approach
based on a marking scheme proposed by Athuraliya and
Low [8]. Using packet marking has the advantage that it allows
one to potentially integrate the above rate control with price-
based rate control for wireline networks to provide end-to-end
rate control, as discussed also in [10]. We refer to [6]–[9] for a
more detailed discussion of practical issues in price-based rate
control schemes such as rate adaptation and packet marking
mechanisms.

III. MARKOV CHAIN FORMULATION

As we are interested in the situation where a large number of
nodes access the network, we use for our analysis the slotted
Aloha model with an innite number of nodes and assume
that each node has at most one backlogged packet [1]. It is
well-known that this model provides a worst-case analysis for
the nite node model, i.e. it lower-bounds the throughput, and
upper-bounds the delay, obtained in the nite node case. For
our analysis, we assume that the aggregate rate function
satises the following condition.

Assumption 1: The rate function is bounded, continu-
ous and strictly decreasing. Furthermore, there exists a positive
constant such that when .
Note that we assume that the arrival rate vanishes when
the control signal exceeds the threshold value . In Sec-
tion VI we relax this assumption and only require that
approaches 0 in the limit as becomes large.

Let be the total number of backlogged packets at the
beginning of slot . As each node has at most one backlogged
packet, the dynamics of the total number of backlogged
packets is given by

(2)

where is the random variable indicating the number of
newly arrived packets in slot . Using Eq. (1) and Eq. (2),
the rate control can be modelled by a Markov chain
with the following transition probabilities,

(3)

otherwise.

Without loss of generality, we can assume that the Markov
chain starts at the initial state and the control
signal takes on values only from the countable set given
by

Let be the state space of this Markov chain, where
. Then is a countable set. Furthermore,

one can show that a Markov chain on is irreducible and
aperiodic [11].

IV. STABILITY, OPERATING POINT, AND PARAMETERS
SELECTION

Without rate control, but assuming a xed aggregate arrival
rate , the model given by Eq.(3) is the well-known innite
user model of slotted Aloha which has been shown to be
unstable (transient) for any non-zero arrival rate and any
xed retransmission probability [12]. In this section we show
that when a rate control scheme is imposed on slotted Aloha
the system becomes stable (positive recurrent). Furthermore,
we characterize the system throughput and average delay by
considering the operating point of the system, and show how
we can achieve a desired operating point by appropriately
choosing the control parameters , , and .

A. Stability Analysis
We start out by showing that the Markov chain given by

Eq. (3) is positive recurrent. We have the following result.
Proposition 1: Under Assumption 1, the Markov chain

given by Eq. (3) is positive recurrent.
As the Markov chain is irreducible, the above proposition
implies that every state is positive recurrent.
It may appear that Proposition 1 immediately follows from
Assumption 1 which states that there are no new packet
arrivals when the control signal exceeds the threshold value

. Unfortunately, this is not the case and a detailed stability
analysis is necessary. In fact we prove Proposition 1 in
Appendix I by showing that a Lyapunov function
which satises the Pakes’ mean-drift criteria [13] exists.

B. Operating Point Analysis
Having established stability, in the next step we would

like to characterize the expected throughput and delay of the
system. Note that obtaining the exact values of these quantities
is too ambitious a goal as this requires the computation of
the steady-state probabilities of the Markov chain. Instead, we
approximate the expected throughput and delay by considering
the throughput and delay at the operating point of the system.

We use the following notation. Given a state , consider
the functions and given by

Note that and represent the one-step expected change
(mean drift) of the backlog and the control signal at state

. To determine the values of and , we make use of
the Poisson approximation for small (as described in [1]),
which allows the probability of exactly one packet transmitted
in a slot to be approximated by
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where is the backlog and the control signal at the
beginning of the slot. Let

be the offered load to the channel at state [1]. To
simplify notation, we will often use instead of to
denote the offered load at state . The expected changes
in the backlog and control signal are then given by

(4a)

(4b)

The lower bounds on the control parameters in are
due to the requirement that the control is non-negative. We
dene the operating point as follows.

Denition 1: We call an operating point of
the system if .
To simplify the notation, we will use to denote the offered
load at an operating point .

The above denition implies that at an operating point
we have

(5a)
(5b)

Let
(6)

denote the (expected) throughput at an operating point. Note
that the system is in equilibrium at an operating point in the
sense that its packet arrival rate is equal to its throughput

. The maximal throughput occurs when and is equal
to .

Further, let denote the (expected) packet delay at an
operating point . Using Little’s result [1] and Eq. (5),
this is given by

(7)

Note that the delay increases exponentially with the offered
load .

Next, we address the existence and uniqueness of an oper-
ating point. We have the following existence result.

Proposition 2: Let Assumption 1 hold. Then there exists an
operating point for the system.
We refer to [14] for a proof of the above proposition.

An operating point which exists by virtue of Proposition 2
is not necessarily unique. However, for situations that are of
practical interest, uniqueness can be guaranteed. We have the
following uniqueness result.

Proposition 3: Let Assumption 1 hold, and furthermore let
. Then there exists a unique operating

point.
We provide a proof for the above proposition in Appendix II.
Proposition 3 essentially states that when the unconstrained
arrival rate is large (so that is larger
than the channel capacity ), then there exists a unique
operating point. If the unconstrained arrival rate is small,

additional operating points with distinct ’s and offered load
’s might exist. To guarantee uniqueness regardless of the

unconstrained arrival rate, one can exclude operating points
with large offered load. We have the following uniqueness
result.

Proposition 4: Let Assumption 1 hold. Furthermore, let
. Then there exists a unique operating

point.
We refer to [14] for a proof of the above proposition. The con-
dition in Proposition 4 for the control parameters essentially
excludes operating points with . In general operating
points with large offered load exhibit a much larger delay (see
Eq. (7)) and ought to be avoided in practice.

In Section V we carry out numerical case studies to investi-
gate how closely and approximate the average throughput
and delay of the system. Note that and can easily
be computed as a function of . As we show below, this
simplicity allows one to select the control parameters in order
to achieve a desired operating point.

C. Selection of the Control Parameters

Suppose we would like to operate the channel at a given
offered load in order to obtain a certain throughput or
delay. We are then interested in the following question: Can
we choose the parameters and in such a way that the
offered load at the resulting operating point is equal to ?
The following lemma establishes that this is indeed possible.

Lemma 1: Let be a given offered load. Furthermore let
Assumption 1 hold, and let and be given control
parameters. For

every operating point of the system is then such that
Eq. (5a) and (5b) hold, and that

if
if

We provide a proof for the above lemma in Appendix III.
Lemma 1 implies that when the unconstrained arrival rate

is large (so that exceeds the channel
capacity), it is possible to operate the channel at any desired
offered load. When the unconstrained arrival rate is small, one
may also achieve smaller offered load; in this case the resulting
throughput could be higher or lower than the desired
throughput .

Note that the value of in Lemma 1 only depends on
, , and , but not on the aggregate rate function

or the retransmission probability . This result implies that
one can choose the control parameters and to achieve
a certain throughput , without any a priori knowledge of
the aggregate rate function or the retransmission probability.
This property is of importance in practice as it allows one to
stabilize the system at a desired throughput even when trafc
dynamics changes (in which case the aggregate rate function

varies), or is not known a priori.
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Fig. 1. The two rate functions used in the numerical case studies.

V. NUMERICAL RESULTS

To illustrate the behavior of the rate control mechanism,
we carry out several numerical case studies for the innite
node model of Section III. We rst investigate how well the
operating point analysis of Section IV-B predicts the actual
system performance. Next, we discuss how the convergence
behavior of the algorithm can be improved.

A. System Performance
Suppose we always want to operate the system at the

maximal throughput . Suppose also that the retransmission
probability is equal to , and that we consider two
aggregate rate functions given by

and

as shown in Figure 1. The given rate functions can be re-
garded as characterizations of the trafc dynamics of different
applications. Using the results from the previous section,
we choose the control parameters arbitrarily,
while is chosen as in Lemma 1 to obtain the
achievable desired offered load . The operating point1

for this setup is equal to for the
rate function and for . The
throughput and delay at the operating point are equal to

and respectively for both
cases.

Starting at state , we simulated the Markov chain given
by Eq. (3) for 100,000 slots. Figure 2 shows the simulation
runs for both cases as the chain evolves in their state
spaces, as well as the evolution of the control signals for
the rst slots. After a transient, the system “hovers”
around the operating points and . For ,
the measured average throughput is equal to and the
measured average delay is equal to ; whereas for , the
measured average throughput and the measured average delay
are and respectively. Note that these quantities
are remarkably close to the predicted values of and

. This simulation conrms that the approximate analysis
of Subsection IV-B satisfactorily predicts the actual system
performance, and that the throughput and delay achieved are
independent of the rate function concerned.

It is important to note that the fact that the system hovers
around the operation point is not undesirable, but

1The operating point can be computed numerically using Eq. (5a)-(5b).
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Fig. 2. Trajectory of the Markov chain (left) and evolution of the
control signal (right) for and .
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Fig. 3. Trajectory of the Markov chain (left) and evolution of the
control signal (right) for with .

indeed necessary for the rate control algorithm to ensure stabil-
ity. To show this, we give the following argument. Suppose that
the algorithm would actually converge to the operating point.
The system would then behave like a slotted Aloha channel
with a xed arrival rate and retransmission probability .
However, as mentioned in Section IV, this channel has been
shown to be unstable. This implies that to ensure stability,
the arrival rate needs to be adapted on a fast time-scale to
better react to backlog uctuations; such adaptation leads to
the “hovering” behavior observed.

B. Convergence Behavior
An important feature of a rate control mechanism is the

time it takes to converge to the vicinity of the operating point.
Clearly, long convergence time is unfavorable for handling
trafc dynamics due to, for instance, changes in applications.
In the above simulation, it took roughly slots for to
“converge” to a local area of the operating point, whereas this
convergence time is close to slots in the case of .
We note that it is possible to reduce the convergence time in
both cases by boosting the control parameter . Intuitively, a
large reduces the arrival rate more intensely when backlog
accumulates and collisions prevail. This lessens the rate of
accumulation and prevents a large buildup of backlog, thereby
shortening the time required to bring the backlog down to the
operating level .
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Fig. 4. Trajectory of the Markov chain (left) and evolution of the
control signal (right) with and adaptation of .

To illustrate this intuition, we redid the simulation using
the rate function with (and to maintain

). The results are shown in Figure 3. The measured
throughput and delay are and respectively. In this
case it only takes around slots to get to the neighborhood
of the operating point, which is a dramatic improvement
in the convergence time. Note, however, that the larger
introduces more uctuations to the control signal, as evident
from Figure 3, as well as a performance loss with respect to
the average throughput and delay.

The above simulations for the rate function suggest
that perhaps the best strategy for choosing is to assume
a large value for speedy convergence to the neighborhood
of the operating point, but a small value to achieve minimal
variance and high system performance after the convergence.
We demonstrate this approach by the following simulation,
which also illustrates the performance of the rate control
mechanism in the face of trafc dynamics. The simulation
utilizes as the rate function for the rst slots, and

for the subsequent slots, to model a change in trafc
dynamics. During the rst slots for each rate function,
is set to to decrease the convergence time. After that,
reverts to to attain minimal variance of the control signal.
The results are shown in Figure 4, with the evolution of the
control signal shown for the slots during which the rate
function changes. For the rst slots, the average backlog
is equal to while the average control is equal to .
The measured throughput is and the measured delay
is . For the second slots, the average backlog
is while the average control is . The measured
throughput and the measured delay are and
respectively.

The discussion of this subsection illustrates that the con-
vergence behavior of the system can be improved by suitably
choosing the control parameters , , and . However, there
remain several design issues from a practical standpoint: (i)
is there an optimized to achieve maximum convergence or
minimum variance in the above approach? (ii) how does one
detect a drastic change in trafc dynamics to invoke the use
of a larger ? (iii) how does one determine when the system
has “converged” and the smaller should be used? A detailed
discussion of these issues is beyond the scope of the paper.

VI. EXTENSIONS

In this section, we consider possible extensions of the basic
model given in Section II. We rst consider the situation where

nodes have different delay requirements. Next, we allow nodes
to retransmit backlogged packets more aggressively when the
system backlog is small and collisions are less likely to occur.

A. Delay Differentiation
In the previous sections, we considered the case where each

node uses the same retransmission probability to schedule
packet retransmissions. However, some nodes (applications)
might have stringent delay requirements and we would like
them to be able to retransmit packets more aggressively. In
this subsection, we discuss such an approach.

Assume that nodes can be classied into classes where
all nodes in the same class have (roughly) the same delay
requirements. To account for different delay requirements we
associate with class the retransmission probability where
classes with strict delay requirements are assigned a higher
value. We make the following assumption.

Assumption 2: There exist positive constants and
such that , for
Note that the state of the Markov chain is now given by ,
where is the vector indicating the total
number of backlogged packets in the different classes. Using
the set as dened in Subsection III, let be the
countable state space of the Markov chain. For a given state

, let be the total arrival rate of packets of
class . Then the offered load due to class is given by

Further, let

be the total number of backlogged packets, and let

be the average retransmission probability. Then the total of-
fered load at state is given by

where is the aggregate arrival rate of the
system. We dene an operating point of the system as follows.

Denition 2: We call an operating point
of the system if , where

with and as before to
simplify the notation.
Note that the above denition implies that each class is
in equilibrium at the operating point in the sense that its
throughput is equal to its arrival rate .
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Let denote the -th unit vector. Using the Poisson
approximation, the state transition probabilities are given by

(8)

otherwise.

We then have the following stability result (see Appendix I
for a proof).

Proposition 5: Let Assumption 1 and 2 hold, then the
Markov chain given by Eq. (8) is positive recurrent.
Using similar arguments as presented in Subsection IV-B, we
can show that there always exists an operating point, and that
the operating point is unique under the conditions given in
Proposition 3 and 4. The system throughput at an operating
point is given by and the throughput

for class is given by

At the operating point, the average delay over all classes is
given by

The average delay for nodes in class is given by

The above result shows that delay differentiation among nodes
of different classes according to their respective requirements
is achieved at the operating point. Furthermore, a desired
offered load can again be achieved by choosing the control
parameters , , and as given by Lemma 1, and the delay

of class at the operating point can be set by choosing
the retransmission probability .

B. Dynamic Retransmission Probabilities
So far, we have assumed that backlogged nodes always

retransmit with a xed probability. However, when the backlog
is small collisions are less likely to occur, and nodes could
be allowed to retransmit more aggressively. In this subsec-
tion, we consider an approach that adaptively changes the
retransmission probability to achieve a better utilization of the
channel. As individual nodes do not know the exact number of
backlogged packets, we use the control signal as an indicator
of the size of the backlog and adapt the retransmission prob-
abilities accordingly. Let be the resulting retransmission
probability function. We make the following assumption.

Assumption 3: The retransmission probability function
is non-increasing in and we have that

. Furthermore, there exists a non-negative and non-increasing
function , as well as positive constants and such
that

where and .
The above assumption guarantees that the function nei-
ther decreases too fast, nor too slowly. Examples of functions
that satisfy the above assumption are and

, where and are positive constants and .
This setting can be seen to be very similar to that described
by Kelly in [15]; in fact with , the second example
above is asymptotically the function used in [15].

For this extension, we can relax the assumption on the rate
function as follows.

Assumption 4: The rate function is bounded, continu-
ous and strictly decreasing, and we have .

Under the above assumption, we can show that the system
is positive recurrent (see [14] for a detailed derivation). Fur-
thermore, it can be shown that there exists an operating point
as given by Denition 1. The throughput and average delay
at the operating point are given by Eq. (6) and (7) where
we use the retransmission probability at the operating
point to compute the delay in Eq. (7). Using Lemma 1, control
parameters can be chosen to achieve a desired offered load
without prior knowledge of the rate function . However,
in order to predict the delay at the operating point, we
need to know the rate function in order to determine the
control , and the retransmission probability , at the
operating point. This suggests that it might be advantageous
to use xed, rather than dynamic, retransmission probabilities
as this allows one to more conveniently predict the delay at
the operating point.

By similar arguments as in the previous subsection, delay
differentiation can be achieved. We refer to [14] for a detailed
derivation.

VII. NUMERICAL RESULTS: DYNAMIC RETRANSMISSION
PROBABILITIES AND DELAY DIFFERENTIATION

Below, we illustrate the results of the previous section,
where we focus on the performance at the operating point.
Similar to Section V the convergence time of the mechanism
can be improved by suitably choosing the control parameter

. We omit here a detailed discussion of this issue.

A. Dynamic Retransmission Probabilities

Suppose that the network provider wants to operate the
system at the maximal throughput , and chooses the control
parameters , and to obtain the operating
point . The rate function is chosen to be
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Fig. 5. Trajectory of the Markov chain (left) and evolution of the
control signal (right) using the retransmission function .

and the function determining the retransmission probabilities
is given by

Note that the above rate function is different from the rate
function in Section V. In particular, the above rate function
satises the relaxed Assumption 4, but not Assumption 1.
The function for the dynamic retransmission probabilities
satises Assumption 3. The operating point for this setup is
equal to and the throughput and
delay at the operating point are equal to
and respectively.

Fig. 5 shows the system trajectory for a simulation run of
steps starting with state and the evolution of

the control signal for the rst slots. After a transient,
the system “converges” around the measured operating point

. The measured average system throughput is
equal to and the measured average delay is equal to

, again well approximated by the predicted values of
and .

B. Delay Differentiation: Fixed Retransmission Probabilities
Suppose that we can distinguish between two classes of

nodes which have very different delay requirements. In par-
ticular, class 2 nodes are not delay-sensitive and can tolerate
a delay roughly 10 times larger than class 1 nodes.

We rst consider the case where nodes retransmit back-
logged packets with a xed probability and associate the
retransmission probabilities

with class 1 and 2 nodes. Furthermore, the aggregate arrival
rates for nodes of class 1 and 2 respectively are chosen to be

These rate functions satisfy Assumption 1 as required. The
control parameters are as given above. For this set up the
operating point is with
throughput and delay and

for class 1 and 2 nodes respectively.
We simulated the chain for 100,000 steps starting with

state (see Fig. 6). The measured operating point
is equal to . The measured average
system throughput is equal to and the measured average
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Fig. 6. Trajectory of the Markov chain (left) and evolution of the
control signal (right) for retransmission probabilities .

0 50 100 1500

20

40

60

80

n

u State Trajectory

q2(u)q1(u) 

0 500 1000 1500 20000

20

40

60

80

t

u Evolution of Control

Fig. 7. Trajectory of the Markov chain (left) and evolution of the
control signal (right) for retransmission probabilities

.

delay is equal to and for class 1 and 2 nodes
respectively, providing a delay differentiation by roughly a
factor of 10 as intended. Again, the throughput and delay at
the operating point approximates well the measured system
performance.

C. Delay Differentiation: Dynamic Retransmission Probabili-
ties

Next, we consider delay differentiation for dynamic re-
transmission probabilities and associate the retransmission
functions

and rate functions

with class 1 and 2 nodes. The control parameters are as
given above. For this set up the operating point is

with throughput and delay
and for class 1 and 2 nodes

respectively.
We simulated the chain for 100,000 steps starting with

state (see Fig. 7). The measured operating point
is equal to . The measured average
system throughput is equal to and the measured average
delay is equal to and for class 1 and 2 nodes
respectively, providing a delay differentiation by roughly a
factor of 10 as intended.

D. Discussion
The above results illustrate that the operating point analysis

is indeed useful in predicting the system performance in terms
of expected throughput and delay. As discussed in Section VI,
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the system delay is a function of the retransmission proba-
bilities at individual nodes; therefore, by suitably choosing
the retransmission probabilities , or the functions ,
a desired average delay can be achieved. However, when
dynamic retransmission probabilities are used, the demand
function has to be known in order to compute
and the retransmission probabilities at the operating
point. In this sense it is advantageous to choose xed rather
than dynamic retransmission probabilities as it allows one to
predict the average delay at the operating point without prior
knowledge of the rate functions.

VIII. RATE CONTROL FOR SLOTTED CSMA/CD

The analysis of Section IV can be extended to slotted
CSMA and CSMA/CD. Below, we outline the extension to
the standard slotted CSMA/CD model with an innite number
of nodes (as described for example in [1]); the extension to
slotted CSMA can be done in a similar way. The extension of
the analysis and results of slotted Aloha to slotted CSMA/CD
only requires notational changes and we state the results in
this section without proofs.

A. Slotted CSMA/CD

The basic operation of slotted CSMA/CD is the same as
for slotted Aloha except that (a) in idle and collision slots
a duration is needed to detect an idle channel after a
transmission ends, and (b) if a new packet arrives at a node
while a transmission is in progress, then the packet becomes a
backlogged packet and is retransmitted with probability ,

, after each subsequent idle slot. New packets arriving
during an idle slot are transmitted in the next slot (as before).
For this model, it is well-known (see for example [1]) that the
offered load at state is given by .
To simplify the notation, we will again use to denote the
offered load at state . The throughput under the offered
load is given by (see for example [1])

and the maximum throughput is achieved at
.

B. Formulation as a Markov Chain

Consider again the rate control scheme of Section II where
the control signal at the beginning of time slot is
given by

The above rate control scheme as applied to slotted CSMA/CD
can again be modelled by a Markov chain , ,
where is the total number of backlogged packets and the
control signal at the beginning of time slot . The transition

probabilities of this Markov chain are given by

(9)

otherwise.
where is the random variable indicating the number of
newly arrived packets in slot . We then have the following
stability result.

Corollary 1: Under Assumption 1, the Markov chain given
by Eq. (9) is positive recurrent.

C. Operating Point Analysis
As in Section IV-B, we consider the operating point of the

Markov chain given by Eq. (9). Recall that for a given state
the one-step expected changes in the backlog, and the

control, respectively, are given by

Using the Poisson approximation (see [1] for a derivation), we
obtain that

We call an operating point of the system if
. To simplify the notation, we

will again use to denote the offered load at an
operating point .

The above denition implies that at an operating point
we have

(11a)

(11b)

We have the following results.
Corollary 2: Under Assumption 1, there exists an operating

point for CSMA/CD.
Corollary 3: Let Assumption 1 hold and furthermore let

. Then there exists a unique
operating point.

Corollary 4: Let Assumption 1 hold and furthermore let
. Then there exists a unique

operating point.



10

D. Selection of Control Parameters
The offered load at an operating point can be set again by

the procedure as given by Lemma 1.
Corollary 5: Let be a given offered load. Furthermore let

Assumption 1 hold, and let and be given control
parameters. For

every operating point of the system is then such that
Eq. (11a) and (11b) hold, and that

if

if

In order to maximize the throughput, the offered load at
the operation point should be equal to , instead of 1 as
was the case for slotted Aloha.

IX. RELATED WORK

Random access networks, and in particular slotted
Aloha, have been extensively studied throughout the past
decades [16], [17]. An extensive treatment on random access
communication protocols can be found for example in [1],
[18], [19]. Most of this work has focused on retransmission
strategies for backlogged packets. Below, we highlight the
work on rate control.

Kleinrock and Lam [20] and Mittal and Venetsanopou-
los [21] have studied an ON-OFF rate (input) control for
slotted Aloha where the transmission rate switches between
two values, depending on the backlog with respect to a given
threshold. However, their rate control mechanism requires that
the total system backlog to be globally known, which is an
unrealistic assumption. Note that the rate control considered in
this paper does not make this assumption as it is based on (lo-
cally available) channel feedback information. The approach
presented in [20] and [21] also differs from the rate control
mechanism considered in this paper in the sense that we use
a continuous rate function, rather than an ON-OFF control.
This enables a “smoother” adaptation of the input rates in the
spirit of price-based rate control schemes for point-to-point
networks [6]–[8].

Price-based control schemes for random access networks
have been proposed in [22], [23]. In [23], Jin and Kesidis
consider a price-based scheme to determine the retransmission
probabilities at individual nodes. The work by Jin and Kesidis
assumes that all nodes are saturated and always have a packet
to send, and does not address rate control for stabilizing the
system. In [22], Battiti et al propose and analyze a mechanism
where pricing is used to control the number of hosts contend-
ing for channel access. The control scheme proposed by Battiti
et al requires a priori knowledge of the rate function in
order to achieve a desired operating point [22]. The control
scheme presented in this paper relaxes this assumption as the
parameters and for achieving a desired operating point
can be determined without knowing the rate function .

The innite node model [1] that we use in our analysis
has played a central role in the theoretical understanding of
random access networks; it is well-known that this model
allows a qualitative measure of the goodness of control algo-
rithms. Specically, it has been widely used in the stability
analysis of retransmission strategies of slotted Aloha [15],
[24]–[26]. While best suited for the study of fundamental
properties of control mechanisms, it is known that such a
model does not accommodate detailed aspects of specic
CSMA protocols such as the IEEE 802.11 standard. A more
accurate mathematical model for the IEEE 802.11 protocol
has been presented by Cali et al [27] to study its capacity
and control mechanisms. In particular, this model has been
used to study TCP throughput [28] and price-based congestion
control [22] in IEEE 802.11 networks. The model of Cali et
al assumes a nite number of nodes operating in asymptotic
conditions, i.e. all nodes are saturated and always have a packet
ready for transmission.

X. CONCLUSIONS

We presented a rate control mechanism for random access
networks which we analyzed using the slotted Aloha model
with an innite set of nodes. The mechanism relies on a
control signal which is updated based on the channel output.
The resulting Markov chain model was shown to be stable.
In addition, we characterized the throughput and delay at the
operating point to approximate the average system throughput
and delay. The rate control scheme was also shown to have
the important property that one can choose control parameters
a priori to stabilize the system at a desired operating point
and without knowledge of the aggregate rate function. We
illustrated our results through numerical case studies. These
numerical results revealed a trade-off with respect to conver-
gence time and variance; the larger we choose the control
parameters the faster the system converges to the vicinity of
the operating point, but the larger is the variance of the system
trajectory around the operating point. An in-depth study of this
issue is future research.

For our analysis, we adopted the innite user model of
slotted Aloha. However, the analysis and results obtained here
can be extended to the nite user case [14]. The study of
the nite user case poses additional challenges as nodes can
now have multiple backlogged packets. The results for the
innite user model can provide insights in the nite user case
in the sense that they reveal the worst-case performance of the
rate control mechanism when the number of nodes becomes
large. In addition, we currently investigate a variant of the
rate control mechanism where nodes individually compute and
maintain the control signal. Such a scheme is of interest for
ad-hoc networks as it does not require a dedicated node (such
as a base-station) to maintain and communicate the control
signal.
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APPENDIX I
PROOF OF PROPOSITION 1 AND 5

In this appendix, we provide a proof for Proposition 5. Note
that Proposition 1 is a special case of Proposition 5.

Let , and consider the mean drift of the Lyapunov
function at a given state ,

where denotes the value of the Lyapunov
function at time for . We have the following well-
known mean drift criteria [13], [29], [30].

Proposition 6: The Markov chain given by Eq. (8) is posi-
tive recurrent if and only if there exist a non-negative function

, positive constants and , and a nite
set such that

(i)
(ii)

We use Proposition 6 to prove system stability and consider
a Lyapunov function of the form

(12)

where and are positive constants such that

as given in Assumption 2, and

For the function we have the following assumption.
Assumption 5: The function is continuous,

non-increasing, and bounded. Furthermore, it has the following
properties: there exist constants and such
that
(a) for
(b) for

(c)

(d) .
Note that we have

and
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and that is a non-negative function. At the end of this
appendix, we show that a Lyapunov function of the above
form indeed exists. For now, we assume that this is the case
and show in the following proof that this Lyapunov function
can be used to satisfy the conditions in Proposition 6.

Proof: Let be a Lyapunov function of the above
dened form. Then we have

(13)

where is the one-step difference in the system
backlog given that , and
is the one-step difference of the control signal. To simplify
notation, we use the following convention for our derivation
of the mean drift at a given state ,

In addition, we consider the relaxed update rule for the
congestion signal given by

The inclusion of the constraint, as given in Eq. (1), that the
congestion signal cannot be negative requires only notational
changes in our proof and is therefore omitted to simplify the
derivation.

Recall the transition probabilities as given by Eq. (8). Using
the above conventions, we obtain that

(14)

where we have used the fact that Using
this result in Eq. (13), we arrive at

(15)

Also note that

(16)

where . Furthermore, by assumption the
functions and are bounded and we have that at each state

the mean-drift is nite (see Eq. (15)).
Using the above results, we are now in a position to show

that the Lyapunov function satises Condition (i) and
(ii) of Proposition 6. To construct a set to be used in
the conditions we analyze three regions , , and , of the
state space , such that .
(a)

At a given state , we have by assumption that

and . Using these observations in Eq. (15), and the
fact that and for ,
we obtain that

Consider the function given by

Note that for we have , and we obtain
for the derivative of on that

Hence is decreasing on . Combining the above
results, we have for all states that

(b)
At a given state , we have by assumption that

for some positive constant . This implies that

Also by assumption, the function is non-negative and
non-increasing, hence we have

for . Furthermore, by assumption the
functions and are bounded. Using these observations
in Eq. (15), it follows that there exist positive constants

, , and , such that for all states we have

where
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It follows that for all states we have

and there exists a positive integer such that for all
states with , we have

(c)
At a given state , we have by assumption
that . Also by assumption the function is non-
increasing. Hence we obtain that

for some positive constant . This implies that there exists
a positive constant such that

Furthermore, by assumption and are bounded and
. Using these observations in Eq. (15),

it follows that there exist positive constants and such
that for all states we have

It follows that for all states we have

and there exists a positive integer such that for all
states with , we have

Using the observations made for the three regions of the state
space , we construct the set used in Condition (i) and (ii)
of Proposition 6 as follows. Let

where the integers and are as obtained above for the
sets and respectively. Furthermore, let

Note that the set is nite. Finally, let

Using the above derived results for the regions , , and
, we obtain

and Property (i) of Proposition 6 follows.
Property (ii) follows immediately from the fact that the set
is nite and for every state (and therefore for

every state ) the mean-drift is nite
(see Eq. (15) and (16)).

We have proved Proposition 5 under the assumption that
a Lyapunov function of the dened form exists. Note that
proving the existence of such a Lyapunov function amounts
to showing the existence of the function with the required
properties. Below, we construct such a function.

Let and let

Furthermore, let the positive constants and be given by

and

where , , is the positive constant in the
Lyapunov function. We then dene as follows.

where is chosen such that

and

Note that the function as dened above is continuous,
bounded and non-increasing. Next, we verify the four prop-
erties (a)-(d) that we stated in Assumption 5 for the function

.
By denition, we have that for , and

for ; Property (a) and (b) follow immediately
for this choice of .

To verify Property (c), we consider two different cases. First,
when we have

Next, when is
decreasing so that

Combining the above results establishes Property (c).
Finally, note that

and Property (d) is satised.

APPENDIX II
PROOF OF PROPOSITION 3

Suppose Assumption 1 holds, and furthermore,
. We rst establish the following

equivalence: solves (Eq. (4))
if and only if it solves

(17)
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where , and

(18)

is the relaxed drift for the control signal . This is such that
proving Proposition 3 amounts to showing the existence of a
unique operating point for Eq. (17).

To show the above equivalence, suppose solves
Eq. (4). Now ,
and therefore . This implies that also
solves Eq. (17). By similar arguments, we obtain its converse.

Hence it sufces to prove the uniqueness of an operating
point for Eq. (17). We argue in two steps as follows: 1) We
show below that there exists a unique such
that . Then 2) observe that for a given ,
we have , and
hence there exists a unique such that

. From 1) and 2), it follows that there
exists a unique operating point .

To show 1), we consider three different cases of for the
given and . The derivative of is given by

Case (1): : Note that
and that .

Furthermore, observe that for .
As is continuous in , it follows that there exists no

such that Next, we note
that and that the derivative is
strictly positive for . Combining this with
the above results, we obtain that there exists exactly one

such that .
Case (2): : We have that

and that . Also the derivative is
strictly positive for all . The two results combined show
that there exists exactly one such that

.
Case (3): : First we note that

and that . Further, the derivative
is strictly negative when . Since
is continuous in , it follows that there does not exist

such that . Similarly, we have
that , and that the derivative
is strictly positive for all . From the above

results in this case, there exists exactly one
such that .

Figure 8 illustrates the three cases of . The above result
shows that a unique exists such that for
the given , , and any . Using (5a), the unique control signal

at the operating point is thus given by
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Fig. 8. Drift for different choices of .

where denotes the inverse of . And the backlog
is given by from (5b).

is therefore the unique operating point required for
Proposition 3.

APPENDIX III
PROOF OF LEMMA 1

Suppose Assumption 1 holds for the given and . Let
be the given offered load and be as given in the lemma.
Note that, by rearranging terms, the choice of is such that

is a solution to the relaxed drift equation Eq. (18),

Suppose . Then by Proposition 3,
there exists a unique operating point such that Eq. (5)
holds. Also by denition, the drift Eq. (4b) at the operating
point vanishes, such that

Following the argument in Appendix II for the equivalence of
the drift Eq. (4b) and the relaxed drift Eq. (18) in this case,

also uniquely solves

Since is unique, we have that .
Suppose . It can be shown [14] that

in this case multiple operating points may exist, depending on
the choice of , and , for which Eq. (5) holds. But for
any such operating point , we have that . Due to
space constraints, however, we omit the details here.


