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The Achievable Rate Region of 802.11-Scheduled
Multihop Networks
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Abstract—In this paper, we characterize the achievable rate re-
gion for any IEEE 802.11-scheduled static multihop network. To do
so, we first characterize the achievable edge-rate region, that is, the
set of edge rates that are achievable on the given topology. This re-
quires a careful consideration of the interdependence among edges
since neighboring edges collide with and affect the idle time per-
ceived by the edge under study. We approach this problem in two
steps. First, we consider two-edge topologies and study the fun-
damental ways they interact. Then, we consider arbitrary mul-
tihop topologies, compute the effect that each neighboring edge
has on the edge under study in isolation, and combine to get the
aggregate effect. We then use the characterization of the achiev-
able edge-rate region to characterize the achievable rate region.
We verify the accuracy of our analysis by comparing the achievable
rate region derived from simulations with the one derived analyti-
cally. We make a couple of interesting and somewhat surprising ob-
servations while deriving the rate regions. First, the achievable rate
region with 802.11 scheduling is not necessarily convex. Second,
the performance of 802.11 is surprisingly good. For example, in all
the topologies used for model verification, the max-min allocation
under 802.11 is at least 64 % of the max-min allocation under a per-
fect scheduler.

Index Terms—Capacity region, IEEE 802.11, multihop networks.

I. INTRODUCTION

CENTRAL question in the study of multihop networks
is the following: Given an arbitrary multihop topology
and a collection of source—destination pairs, what is the achiev-
able rate region of this arbitrary multihop network? Researchers
have formulated a multicommodity flow problem to answer this
question [1], [2]. These papers assume optimal scheduling with
different interference models at the MAC layer in their formu-
lations. However, the MAC protocol used in all the multihop
networks being deployed is IEEE 802.11 (see, for example,
[3]-[6]). Characterizing the achievable rate region of an arbi-
trary multihop network with 802.11 scheduling is still an open
problem and is the focus of this work. This characterization will
have several applications. For example, it will allow researchers
who propose new rate control or routing protocols for multihop
networks with 802.11 scheduling to compare the performance
of their scheme with the optimal value.
Setting up a multicommodity flow formulation for 802.11-
scheduled multihop networks runs into the following problem:
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What is the achievable edge-rate region of the given multihop
topology? The achievable edge-rate region is the region charac-
terizing the set of edge rates achievable on the given multihop
topology. For example, for a wireline network, this region is
simply characterized by the constraint that the sum of flow rates
at each edge is less than the data rate of the edge. For a mul-
tihop network with optimal scheduling, this region is character-
ized using independent sets [1]. Characterizing this region is the
main missing step in the characterization of the achievable rate
region for 802.11-scheduled multihop networks.

Related Work: There is a large body of interesting work on
modeling the behavior of IEEE 802.11 in a multihop network.
This work can be subdivided into five broad categories. 1) [7]
and [8] present a detailed analysis for specific topologies
under study (like the flow in the middle topology or the chain
topology), but their methodology cannot be applied to any arbi-
trary topology. 2) [9]-[11] propose a methodology independent
of the topology at hand, but in order to keep the analysis
tractable, they simplify the operation of the 802.11 protocol.
In particular, they ignore lack-of-coordination problems due to
topology asymmetries and/or certain aspects of the protocol
like the binary exponential backoff mechanism. 3) [12]-[14]
focus on modeling and analyzing interference at the physical
layer. To eliminate MAC issues that complicate the analysis
without affecting the physical layer model, they assume that all
transmitters are within range of each other and ignore certain
aspects of the 802.11 protocol like the binary exponential
backoff mechanism and ACK packets. Our work is comple-
mentary to papers of this category. We use a simplified physical
layer model but a complete model for 802.11 MAC layer with
no assumption on the topology at hand. Please refer to [23] for a
discussion on how to extend the MAC layer analysis presented
in this paper to the more sophisticated physical layer models
proposed by papers of this category. 4) [15]-[17] are perhaps
the closest to our work. They present a general methodology
without making any simplifications to the 802.11 protocol.
However, their methodology cannot be applied to topologies
that have nodes with multiple outgoing edges, and hence, cannot
be used to study any arbitrary multihop topology. Furthermore,
these papers do not incorporate all the possible dependencies
which can exist between both neighboring and nonneighboring
edges, which makes them increasingly inaccurate as the packet
transmission time increases. 5) [18] proposed a complete
model to derive the one-hop throughput for 802.11 in multihop
topologies. This model is more accurate than the previous ones
because it uses a Markov chain to capture the complete network
state in each of its states. However, the Markov chain has an
exponential number of states that precludes the model’s use
for any decent-sized network. (For example, a typical 20-node
network will require constructing and solving a Markov chain
with more than 500000 states.) To summarize, an accurate,
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general, and scalable method to characterize the achievable
edge-rate region for an 802.11-scheduled multihop network is
still missing.

Our Contributions: The main contribution of this work is to
characterize the achievable edge-rate region for any given mul-
tihop topology in a scalable manner. We adopt the following
methodology to characterize this region. We first find the ex-
pected service time at a particular edge in terms of the collision
probability at the receiver and the idle time perceived by the
transmitter of that edge. The hard part in the procedure is to find
these collision probabilities and idle times because their value
depends on the edge-rates at other edges in the network. To find
the value of these variables, we decompose the local network
topology into a number of two-edge topologies, derive the value
of these variables for these two-edge topologies, and then ap-
propriately combine them. Finding the expected service time at
each edge allows us to characterize the achievable edge-rate re-
gion. It is important to note that this “decompose-and-combine”
approach that we follow provides an intuitive, precise descrip-
tion of how neighboring nodes of a multihop wireless network
affect each other under a random scheduler like 802.11.

We use the characterization of the achievable edge-rate region
to characterize the achievable flow-rate region! for any multihop
network and a collection of source—destination pairs. We then
verify the accuracy of our analysis by comparing the achiev-
able flow-rate region derived by simulations to the one derived
by analysis for different topologies. We make a couple of in-
teresting observations from these achievable flow-rate regions.
First, the achievable flow-rate region for an 802.11-scheduled
multihop network is not necessarily convex. Second, for all the
topologies studied in this paper, the max-min rate allocation
under 802.11 is at least 64% of the max-min allocation under
a perfect scheduler.

The outline of the rest of this paper is as follows. First,
we introduce the network model and the simulation setup in
Section II. Then, Sections III and IV describe the method-
ology to characterize the achievable edge-rate and flow-rate
region, respectively, for any multihop topology and a collection
of source—destination pairs. Section V verifies the accuracy
of the model by comparing achievable rate regions derived
theoretically and via simulations. Section VI discusses some
approximations that allow to solve the coupled system of mul-
tivariate equations derived in Section III without an iterative
procedure. Finally, Section VII concludes and discusses some
future directions.

II. PRELIMINARIES

A. Network Model

We assume that the static multihop topology is given as an
input. An edge between two nodes implies that the two nodes
interfere with each other (irrespective of whether they can
hear each other’s transmission successfully). Thus, the input
topology is defined by the interference graph G = (V, E),
where V' is the set of all nodes and F is the set of all edges.
The interference is assumed to be binary—i.e., a transmission
emanating from one of these interfering nodes will always
cause a collision at the other node—and pairwise, i.e., interfer-
ence happens between these node pairs only. This interference

I Achievable flow-rate region is also referred to as the achievable rate region.
Both these terms are used interchangeably in this paper.
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TABLE I
BRIEF DESCRIPTION OF THE NOTATION USED IN THE ANALYSIS
(REFER TO THE TEXT FOR PRECISE DEFINITIONS)

Te Transmitter of e

Re Receiver of e

Ae Edge rate at e
E[S] Expected service time at e

Probability of successful RTS (CTS, DATA,

€ €
Prrs Pors Succes O
€ ACK) transmission in absence of collisions

€ >
Phara Pack)

s Time taken to complete one packet transmission
Te Time wasted in an RTS collision
pi’? Probability of successful RTS-CTS exchange

when backoff window value at T, is W;

p;“'iT Probability of successful DATA-ACK exchange
when backoff window value at T, is W;

p:d{e Probability that channel is idle around T,

Dl Probability that the backoff counter at e is equal to O
Ker Expected number of DATA transmissions per packet
N°€ Set of edges which interfere with e

model neglects some physical-layer issues like the capture
effect [13] and the effect of multiple interferers [19]. However,
to understand the behavior of the 802.11 MAC and derive
the achievable rate region associated with 802.11 MAC layer
without making any simplifications in the protocol, we pur-
posely neglect these physical-layer issues. Their absence is not
altering critical MAC properties, while their inclusion would
unnecessarily complicate the analysis. [23] discusses how to
remove the binary and pairwise assumptions on interference.

In the absence of a collision, a transmission may get lost due
to physical-layer imperfections like fading, hardware noise, etc.
Successful reception of the RTS, CTS, DATA, and ACK packets
transmitted on some edge ¢ € E in absence of collisions are
modeled as Bernoulli random variables with success probability
equal to pirg, Pers> PhaTa > and PG o, respectively. (Note that
if two nodes are within each other’s interference range but out-
side each other’s transmission range, then these probabilities are
equal to 0.) Table I summarizes the notation introduced in this
(and the next) section.

We assume that the set of flows F is also given as an input.
Each flow f € F is represented by a source—destination pair.
Let s(f) denote the source and d( f) denote the destination for
flow f. We assume that the arrival process for each flow f has
i.i.d. (independent and identically distributed) interarrival times
and a long-term rate equal to ry. We also assume independence
between the arrival process for different flows? and denote the
edge rate (sum of the flow rates at the edge) induced by these
flows on edge e by A.. A given set of edge rates Ap = {\. :
e € E} is said to be achievable if the input rate at each queue
in the network is less than the service rate at that queue. Then,
a given set of end-to-end flow rates is said to be achievable if
there exists a routing (multiple paths per flow are possible) such
that the induced set of edge rates is achievable. The achievable
edge-rate and flow-rate regions are then defined as the closures
of the corresponding achievable sets of rates.

We assume that each node is running IEEE 802.11 with
RTS/CTS at the MAC layer. (We assume RTS/CTS because its
use is suggested by the 802.11 standard, and we do not want
to ignore any part of the protocol.) Let Wy and m denote the
initial backoff window and the number of exponential backoff

2Since we assume independent interarrival times and independence between
the arrival process for different flows, what we derive is a lower bound on the
capacity region derived without any assumption on the arrival processes.



TABLE II

SYSTEM PARAMETERS USED TO OBTAIN NUMERICAL RESULTS

Packet Payload 1024
MAC Header 34 bytes
PHY Header 16 bytes
ACK 14 bytes + PHY header
RTS 20 bytes + PHY header
CTS 14 bytes + PHY header
Channel Bit Rate 1 Mbps
Propagation Delay 1 ps
Slot Time 20 us
SIFS 10 ps
DIFS 50 s
Wo 31
m 5

windows, respectively. We assume that the basic time unit is
equal to one backoff slot time. Let Trrs, TcTs, Tbara, and
T'ack denote the time taken to transmit one RTS, CTS, DATA,
and ACK packet, respectively. (Note that the DATA packet
includes the UDP, IP, MAC, and PHY headers along with the
payload.) We also assume that all packets are of the same size,
so TpaTa is a constant. Let 7, denote the time wasted in an
RTS collision and let T denote the time it takes to complete
one packet transmission. Then, T, = Trrs + DIFS + 6 and
Ts = Trrs + SIFS + 6 + Tcrs + SIFS + 8 + Tpata+SIFS +
6 + Tack + DIFS + 6, where ¢ is the propagation delay and
DIFS and SIF'S are IEEE 802.11 parameters.3

We will be making the following two assumptions throughout
the paper to simplify the analysis.

Assumption 1: First, we assume Trrs < Ts and Tors <
Ts. The protocol description recommends the use of RTS/CTS
only when the size of the DATA packet is much larger than the
size of the RTS packets. This is in line with the fundamental
principle that the load due to control packets should be a small
fraction of the total load. Hence, this assumption is satisfied for
normal protocol operation.

Assumption 2: Second, we assume that Wy > 1. Default
802.11 parameters satisfy this assumption. In general, choosing
a small value for W will not properly regulate random access
to the channel and will cause a lot of collisions and throughput
loss even for WLANSs. Hence, this assumption is also satisfied
for normal protocol operation.

B. Simulation Setup

We use simulations to verify the accuracy of our analysis. We
use Qualnet 4.0 as the simulation platform in this paper. All our
simulations are conducted using an unmodified 802.11(b) MAC
(DCF) with RTS/CTS. We use default parameters of 802.11(b)
(summarized in Table II) in Qualnet unless otherwise stated.
Auto-rate adaptation at the MAC layer is turned off, and the
rate is fixed at 1 Mbps. We set the buffer size and maximum
retry limit in 802.11 (the number of retransmission attempts
after which the packet is dropped) to a very large value to avoid
packet losses. This allows us to generate the achievable rate re-
gion without having to worry about transport-layer retransmis-
sions to recover from these losses. The packet size is fixed to be
1024 bytes. To use simulations to validate the theoretically de-
rived capacity region, we simulate all possible combinations of
flow rates, with each flow rate varying from O to 1 Mbps in steps
of 10 Kbps, and plot the achieved output rate at the destination.

3We do not provide a description of IEEE 802.11 protocol. Please refer to
[20] for a detailed description of the protocol.
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Fig. 1. The Markov chain representing the evolution of a transmitter’s state.

III. CHARACTERIZING THE ACHIEVABLE EDGE-RATE REGION

This section characterizes the achievable edge-rate region A g
for any multihop topology.

A. Expected Service Time of an Edge

This section finds the expected service time of a particular
edge (denoted by e) in a particular topology (denoted by 1°) by
constructing and solving a Markov chain (MC) for this edge.
The states of this MC describe the current backoff window,
backoff counter, and time since the last successful/unsuccessful
RTS/CTS exchange (see next paragraph for details). The tran-
sition probabilities of this MC for e depend on the collision
probabilities at the receiver of e, which, in turn, depend on the
exact state at the other edges in the network. In order to de-
couple the MCs and reduce the state space, we find the average
value of the collision probabilities by averaging over all pos-
sible events, which can cause a collision at the receiver. (Note
that these events are not independent.) The dependence between
the different edges, and consequently MCs, is captured via these
average probabilities.

Prior work on the analysis of 802.11 has also attempted to re-
duce the state space of a MC describing the backoff window and
counter values. For single-hop networks, the author in [21] as-
sumed node homogeneity and independence, an approach which
has been justified rigorously recently [22]. In the context of mul-
tihop networks [15], [17] a somewhat similar approach to ours
has been used, but not all events leading to collisions have been
considered, and these events have been assumed to be indepen-
dent. Later sections describe how to find the value of these av-
erage collision probabilities. Here, we focus on finding the ex-
pected service time, assuming these probabilities are given.

The evolution of the 802.11 MAC layer state at the transmitter
of edge e after receiving a packet from the network layer is rep-
resented by the absorbing MC shown in Fig. 1. The MC starts
from the state START (which represents a packet entering the
MAC layer to be scheduled for transmission) and ends in the
state DONE (which represents the end of a successful packet
transmission). The expected service time at e is equal to the ex-
pected time it takes for the MC to reach DONE from START.
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The state (j,W;), 0 < j < W,, 0 < ¢ < m, represents the
transmitter state, where the backoff window is equal to W; and
the backoff counter is equal to j. The backoff counter keeps
decrementing until it expires (reaches state (0, W;)), which is
then followed by a transmission attempt. The transmitter first
attempts an RTS—-CTS exchange, which fails with probability
po T (Thus, p©7 denotes the probability that the RTS—CTS ex-
change at edge e in topology 7" is unsuccessful given that either
the RTS/CTS exchange or the DATA/ACK exchange was un-
successful in the previous ¢ transmission attempts.) Note that
Table I contains a brief summary of the variables that are being
rigorously defined in this section. The states (Cj, W;), 1 < k <
T., represent an unsuccessful RTS/CTS exchange k time-units
before, while the states (Tx, W;),1 < k < Ty, represent a suc-
cessful RTS—CTS exchange k time-units before, followed by the
DATA ACK exchange that fails with probability pl i - (Thus,

T denotes the probability that the DATA-ACK exchange is
uﬁsuccessful given that the RTS—CTS exchange was successful,
and either the RTS/CTS exchange or the DATA/ACK exchange
was unsuccessful in the previous ¢ transmission attempts.) If the
DATA-ACK exchange is successful, the MC moves to the state
DONE. If either the RTS/CTS or the DATA/ACK exchange is
unsuccessful, then the backoff window is setto W, if 1 < m,
and to W, if ¢ = m, the backoff counter is chosen uniformly
at random in between 0 and the new backoff window value, and
the MC jumps to the corresponding state.

Note that piZT and pf? depend on 4, which denotes the
number of successive transmission failures. Since the proba-
bility that there are more than m + 1 successive transmission
failures i 1s small for the default values of 802. ll we approxi-
mate pr ; I and pl ; Tfori > m by p&L and pl . In case one
decides to not use the default parameters of 802.11 and set m
to a smaller value, then one can introduce additional states in
the MC until some value m’ > m such that the probability of
m’ + 1 successive transmission failures is small.

This MC does not capture the duration of time the backoff
counter may get frozen due to another transmission within the
transmitter’s neighborhood (due to the physical/virtual carrier
sensing mechanism of the 802.11 protocol). To capture this, let
pf’(’ﬂTc denote the proportion of time the channel around the trans-
mitter of edge e is idle conditioned on the event that there is no
successful transmission ongoing at e. We now use the MC to
derive the expected service time at edge e (denoted by E[S.])
in (1) in terms of the collision and idle probabilities. For ease of
presentation, we define the following two additional variables:
Let E[Ty] and E [T{VP] for 1 < 4 < m denote the additional
time required to reach the start of a successful packet transmis-
sion given that the backoff window just got incremented to W;
due to an unsuccessful RTS-CTS and DATA-ACK exchange,
respectively.

W +1 e c,e
ETg] =T+~ + o BT ]
pldle '

+ (1 — P )Pzz E [TI’P }

e I/V1 +1 e c,e
] =+ S il [T
Pidle / '

+(1_pz:i)plz E|:TIIVP }
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W+1 €, C,e
B[S =T, + —— ‘l‘Pc,'oTE (T3]
1dlc
+(1_pi:o)ploE|:‘1/i| (D
1+1 if1<2:<m-—

where n; = . Note that (1) is de-

rived based on the follogvmg rule for finding the mean time to
reach an absorbing state in an absorbing MC: Let S denote all
the states of a MC, let p;; denote the transition probability from
state 7 to state j, let & € S denote the absorbing state, and let
T}, denote the mean time to reach state k& from state j. Then.
Tir. = pire + 2 jes Pij Tk

To derive the value of the expected service time at a particular
edge e using (1), one has to first find the value of pZIT, p?lT ,and

pf(’iﬂ for that edge. The next two sections describe how to find
the value of these variables for any edge in a given multihop
topology.

Note that we have neglected the effect of post-backoff in this
MC. (Post-backoff refers to backing off right after the transmis-
sion of the last packet in the queue in anticipation of a future
packet for which there will be no backoff if post-backoff has
completed in the meantime.) Since we are interested in deter-
mining the boundary of the capacity region, this will have a
negligible impact on the accuracy. This is because the boundary
of the capacity region depends on the service rate of the back-
logged edges, such edges are almost always busy and do not
post-backoff, and their dependence on nonbacklogged edges is
nearly unaffected by the post-backoff taking place in these non-
backlogged edges.

B. Derivation of Collision and Idle Probabilities for Two-Edge
Topologies

This section finds the collision and idle probabilities for all
possible two-edge topologies. A two-edge topology is defined
to be one that has two distinct edges not sharing the same
transmitter. These two-edge topologies reveal the types of
interdependence that can exist between two edges in a multihop
network and an analysis for these topologies will serve as the
building block for the analysis of more complex topologies, as
will be seen in the next section. [15] identified four different
categories of two-edge topologies that can exist in a given
multihop network and analyzed them to study unfairness in
802.11 networks. Here we derive the achievable edge-rate
region for these topologies. (This list is exhaustive, that is,
all possible two-edge topologies belong to one of these four
categories.) We use the following notation throughout this
section: e; and es denote the two edges under consideration,
and )\e]. ,j = 1,2, denotes the edge rates (in packets/time unit).
Further, let Tt.; and Rej , J = 1,2, denote the transmitter and
the receiver of the two edges. Finally, let FRrg and Eghg,
t,7 € {Te;, Te,, Re,, Re, }, denote the event that the RTS and
the CTS packet transmitted by node ¢ is not correctly received at

node 7 due to physical-layer errors, respectively. For example,
R, ,T. . .
E~7s * denotes the event that the CTS transmitted by R, is

not correctly received at 1., due to physical-layer errors.

1) Coordinated Stations (CoS): A two-edge topology is
a coordinated station topology if 7., and 7T, interfere with
each other. Fig. 2(a) shows an example of a coordinated sta-
tion topology. Note that there are other two-edge topologies
also where 7., and T, interfere with each other but with no
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Fig. 2. Different two-edge topologies: (a) coordinated stations, (b) near hidden
edges, (c) asymmetric topology, and (d) far hidden edges.

interference links between T, and R., and/or T,, and R.,.
However, the performance profile and most of the analysis
remains the same. Hence, all these topologies are referred to as
coordinated stations. The minor change introduced by the lack
of interference links between 1¢, and R., and/or 7., and R,,
is discussed at the end of this section.

We first state the value of pi@’cos in the following lemma.

Lemma 1: p; CoS 1y _ (pgATA X pi{CK), 0<1i<m,
7 =12

Proof: For this topology, the RTS—CTS exchange will suc-

cessfully avoid any DATA collision, and the DATA-ACK ex-
change will be unsuccessful, only when the DATA or the ACK
packet gets corrupted due to physmal layer effects. [ |

We next derive the value of pp“ . Note that the analysis
presented in [21] can be dlrectly apphed for this topology to
derive the value of pe” under saturation conditions (when
transmitters always have a packet to send). The following
lemma finds this probability for nonsaturation conditions.

Lemma 2:

() py° =1 — (Pigrs X PErs(1 = Ay B[Se,]p2))), 0 <
7 < m;

(i) P2 = 1 = (pis X Pns(1 = Aey EISo,Ip51)), 0 <
1 S m

where 2/(W,,, +1) < p§, . < 2/(Wy+1) is the probability that
the backoff counter at edge e is equal to O.

Proof: We first look at edge e;. The RTS/CTS exchange is
unsuccessful if either the RTS or the CTS is lost due to physical-
layer errors or an RTS collision happens at R.,. An RTS colli-
sion will occur only if the backoff counter at edge eo also expires
in the same slot duration, resulting in both 7, and 7., sending
an RTS packet. Thus, p”’cos P(es hasa packet to send) x
pS2 . a) P(ez has a packet to send) = A, E[S.,] as the prob-
ability that a queueing system is nonempty is equal to AE[S],
where A is the packet arrival rate into the system and F[S] is
the expected service time. b) As derived in [21], pg? is upper
bounded by 2/(W, + 1) and lower bounded by 2/(W,, + 1).
Putting everything together yields the result. piifco is derived
using the same arguments. / |

Approximating py, by its upper bound is accurate when there
are few collisions and data losses at the physical layer; other-
wise, approximating it with its lower bound will be more accu-
rate. Therefore, we make the following approximation:

e,CoS

pe _ 2/(WO + 1) lfp[ ,0 < Pcutoff
o 2/(W + 1), lfp,eocos > Peutoft
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where p.utoff 1S the value of the DATA/ACK exchange loss prob-
ability that results in the lower and upper bound yielding the
same error. (Its value for the default parameters of Table I is
equal to 0.8.) This approximation is not introducing signifi-
cant inaccuracies for the following reason. Assumption 2 im-
plies that the probability of an RTS collision at some edge e
due to another edge with which it forms a coordinated-stations
topology is rather small (since the upper bound is small). On
the other hand, the probability of RTS collisions due to edges
with which e forms an asymmetric or far-hidden-edges topology
(Sections III-B3 and I11-B4) is much larger, and it dominates the
calculation of the overall RTS collision probability. Finally, if
there are only coordinated stations in e’s neighborhood, the ef-
fect of the backoff counter being frozen due to carrier sensing
will dominate over RTS collisions [see (1)]. Section V verifies
that making this approximation has no significant impact on the
accuracy of the analysis.

Finally, we derive the value of pfjlec oS in the next lemma. We
use the following variable in this derivation. Let K. 7 denote
the expected number of DATA transmissions per packet at edge
e in topology 7', including the extra transmissions due to unsuc-
cessful DATA-ACK exchange Usmg elementary probability,

Ker =370 115( p“ )(Hk 1plk) (ILZ 111’11 )(m —
L+ (1/(1 = pin))-
Lemma 3:
(1) pih’:jos = (1 - KSQ,COS)‘ezTS - )\911—75)/(1 - )\911—75),
(11) pf(;fec o5 = (1 - KRI,COS)\elTQ - )\RZTQ)/(l - AF’,ZTQ)'

Proof: The backoff counter for edge e; is frozen when a
transmission at edge es is going on, given that no successful
transmission is going on at edge e;.* The net rate at which
packets are transmitted at edge ez is equal to K¢, cosAe,, and
Ty is the expected service time of one packet. Hence, the prob-
ability that there is a transmission ongoing at edge es is equal
to K, cosAe,Ts. Notice that this derivation ignores the extra
RTS-CTS traffic generated by an unsuccessful RTS-CTS ex-
change, but this is fully justified by the assumption that Trrs <
Ts (Assumption 1). Similarly, the probability that a successful
packet transmission is going on at e; is equal to A., 7. Putting
everything together yields the result. pizlf °S is derived using
similar arguments. u

Note that if there is no interference link between 7, and R.,
in Fig. 2(a), then the probability of RTS collision at es will be
equal to 0 instead of A., E[S,, ]p;! . Similarly, absence of the
interference link between 7., and R., will result in the proba-
bility of RTS collision at e; to be equal to 0.

2) Near Hidden Edges (NH): Fig. 2(b) shows the topology
belonging to this category. T., and T, do not interfere with
each other; however, there is an interference link between T,

and R., as well as T, and R, . The values of peJ’NH eJ’NHl

c,t ’
e;,NH .
andp.j. ,0<1i<m,j=1,2,are derived in a manner sim-

ilar to the derivation of the corresponding probabilities for coor-
dinated stations. The only difference is that now T¢, (7%, ) will
freeze its backoff counter only when a CTS sent from R., (R, )
is successfully received at T, (T.,). So, the RTS transmitted
by 1., (T.,) can now collide in the following four scenarios:
1) Both T¢, and T, start transmitting an RTS in the same slot

41f the RTS from T,f2 is successfully received at TEl , the backoff counter at
T, is frozen due to virtual carrier sensing, or else it is frozen due to physical
carrier sensing. Hence, whenever there is a transmission on edge e», the backoff
counter at e, is frozen.
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Fig. 3. Multiple RTS exchanges at ¢; can collide with the same DATA trans-
mission on e, for the asymmetric topology.

duration; 2) T, (T, ) starts transmitting an RTS, and R, (R., )
starts transmitting a CTS in the same slot duration; 3) 7, (7,)
starts transmitting an RTS while T, (T, ) is still sending an
RTS; and 4) the CTS from R, (R, ) is lost due to physical-layer
errors at T, (T%,).

3) Asymmetric Topology (AS): Fig. 2(c) shows an example
of the topology belonging to this category. T¢, and T, as well
as T, and R., do not interfere each other, but 7., and R., are
within each other’s interference range. The main characteristic
of this topology is that T., is aware of the channel state as it
can hear the CTS from R.,, but T, is totally unaware of the
channel state as it can hear neither the RTS nor the CTS from
the transmission on es.

We first derive the collision and idle probabilities for edge e; .

The following lemma derives the value of p;‘li’AS

Lemma4: p™> = 1= (pgapa X Dok (1=P5 Ay B[S, ])
(1- P(ngfls’TE?)KQZ,AS)\QQTS)), 0 < 7 < m. The expression
for K. 7 was derived in Section III-B1.

Proof: The DATA packet sent by 7., will collide if one of
these two events happens: 1) If T,, starts transmitting an RTS
and R., starts transmitting a CTS in the same slot duration.
2) The CTS from R, is not recovered at 1., due to physical-
layer errors, and 7, starts a transmission as it is not aware of
the ongoing transmission at e; . [ |
‘We next derive the value of pzli’AS in the following sequence
of lemmas. The first lemma direbtly follows from the observa-
tion that if 7%, transmits an RTS while a transmission at edge
es is going on, it will collide. As before, note that this lemma
ignores the extra RTS traffic generated at e, by an unsuccessful
RTS—-CTS exchange, which is not a problem since Trrs < T
(Assumption 1).

Lemma 5: (5™ = 1~ (iies X pitrs(1 = Koy ashe, ).
Now, lets look at what happens after the first RTS colli-
sion. The RTS collision will cause the backoff window at
T., to increase to Wy, and a new backoff counter is chosen
uniformly at random between (0, W7). If the remaining trans-
mission time at edge es is more than the new backoff counter,
then the second RTS transmission at e; will collide with
the same transmission. (Note that multiple RTS exchanges
on e; can collide with the same DATA transmission on es,
see Fig. 3.) Prior works have not incorporated this effect in
their analysis, and hence, their accuracy decreases as Ts/W)
increases. And if the remaining transmission time at edge
eo is lower than the new backoff counter, then the proba-
bility of RTS collision is equal to K., asAc,7s. Therefore,
P(RTS/CTS  exchange is unsuccessful at the end of second
backoff | a collision occurred at the end of the first backoff) =
(1-pd)+ p(l)pf:(jAS, where p{ is the probability that the trans-
mission at e, which collided with the first RTS transmission
by T¢, (when the backoff window at T:., was W), ends before
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the second backoff counter at 7., expires (when the backoff
window at T, is W7). To evaluate pf;ll’AS, note that the backoff
window also increments if the first RTS-CTS exchange went
through but the subsequent DATA or ACK packet was lost,
in which case the RTS collision probability after the second
backoff counter expires is equal to K., asAe,Ts. Putting
everything together yields pijl’AS = 1 — (prps X Pops(l —
(1 = PRrs 0)PES ™ “+pirs o (L = p§) + pipcis™™))). where
P = Keash To/ (0™ + (1= 2™ )pi™) is the
probability that an RTS collision occured at the end of the
first backoff given that either the RTS/CTS exchange or the
DATA/ACK exchange was unsuccessful at the end of the first
backoff.

We now generalize the derivation of p_'; A5 to find the value of
€1 ,AS .

c,i

,1 <7 < m. We define the following variables for ease of

presentation. a) Let p%lT"‘g‘Si, 0 < ¢ < m, denote the probability

that an RTS collision occurred at the end of the (z+ 1)th backoff
given that either the RTS/CTS exchange or the DATA/ACK ex-
change was unsuccessful at the end of the (¢ 4 1)th backoff. If
there is no RTS collision at the end of the (7 + 1)th backoff, then
the probability of RTS/CTS exchange being unsuccessful at the

. . e1,AS
end of the next backoff ((i + 2)th backoff) is equal to p.s"".

b) Let pf{l:gnsew ;» 0 <4 < m, denote the probability that an RTS
collision occurred at the end of the (7 + 1)th backoff given that
i) either the RTS/CTS exchange or the DATA/ACK exchange
was unsuccessful at the end of the (7 + 1)th backoff, and ii) the
collision occurred with a transmission on es, which started when
the backoff window at T, was W, i.e., the colliding transmis-
sion on ey started while the backoff counter at 7., was decre-
menting during the (7 + 1)th backoff. This probability indicates
the start of a new transmission at ez, which might collide with
the subsequent RTS exchanges. ¢) Let £} ; denote the event that
an RTS collision occurred at e; when the backoff window at
1., was W;, with a transmission on e5 that had started when the
backoff window at 7., was W;. This event indicates the start of
the ongoing transmission at e . d) Finally, let p’i- denote the prob-
ability that a transmission at es, which started when the backoff
window at 1., was W}, ends when the backoff window at T,
is W; given that it had not ended when the backoff window was
W;_1. This probability is used to count the number of RTS ex-
changes at e1, which collides with the same transmission on es.

Lemma 6: pt™° = 1 — (pig x pgps(l — (1 —
PRES )P =X 0 P(Ei—)(1 = 0§ + pipis™)).
1 <2< m.

Proof: Given event F;;_, occurs, the probability that an
RTS collision occurs when the backoff window at T¢, is W; is
equal to (1 — pi + pips™®). On the other hand, if there is no
RTS collision when the backoff window at T,, was W;_1, the
probability of RTS collision when the backoff window at T,
is W; is equal to pijO’AS. Combining everything together using
the law of total probability yields the result. To complete the

derivation of p°" S we have to derive the values of P(E;,),

c,i
e1,AS _e1,AS is ; i
PRTS.i» PRTS,. i» a0d p3’s. Values of these variables follow di-

rectly from their definitions. We omit their derivations due to
space limitations. The interested reader is referred to [23]. &

The only remaining variable to be derived for edge e; is
pi}l’: ®. To derive its value, we use the fact that T, cannot hear
the transmission on e, and hence the channel at 7, is always
idle.
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A
Lemma 7: p:jj. S—1.

The next lemma states the value of the collision and idle prob-
abilities for edge e2. The proof directly follows from the fol-
lowing two observations: 1) No transmission from e; can col-
lide at R.,, and 2) a CTS transmission from R, , if successfully
received by 7., , will freeze the backoff counter at 7, due to vir-
tual carrier sensing.

Lemma 8:

(@) P =1~ (Ppara X Piick)- 0 < i < m;

(i1) pez’AS =1 — (prrs X Pérs)s 0 < i <my

i S = (1= (1= PEEET™) Ko ashol T,
Aey Ts) /(1 — A, T).

4) Far Hidden Edges (FH): Only R., and R., are within
each other’s range in this topology. Fig. 2(d) shows the topology
belonging to this category. For this topology, an RTS sent by
a transmitter will not receive a CTS back if a transmission is
going on at the other e 1_“ge because of virtual carrier sensing at
the receiver. Thus, pp” ,0< 1 < m, J = 1,2, is derived

in a manner similar to the derlvatlon of pt! 5. The only differ-
ence occurs when the CTS from R., (RPI) is lost at R, (R.,),
causing R., (R.,) to be unaware of the channel state at e2(eq)
and sending a CTS back in response to the RTS from T, (T, ).
Hence, the probability of RTS collision is equal to the proba-
bility that there is a transmission ongoing at the other edge con-
ditioned on the event that the CTS was correctly received. The
probability of the event that the CTS is not correctly received is
derived during the derivation of p;’ i

We next derive the value of the probability of DATA colli-
sions. DATA on edge e;(e2) will collide if R.,(R.,) transmits
aCTS oran ACK. R.,(R., ) will send back a CTS only if it had
not correctly received the CTS exchanged on e;(ez). For this
topology, DATA packets will not collide with ACK packets as
the preceding RTS/CTS exchange on the other edge will cause
the DATA to collide, and hence the receiver will not send back
an ACK packet. We now have to determine the events that can
cause R.,(R.,) to not correctly receive the CTS exchanged on
€1 (62) .

Let us first consider edge e;. Obviously, one of the events
that can lead to the CTS getting corrupted is physical-layer er-
rors. If either of the CTS from R., to R., or R., to R., gets
corrupted, it will lead to DATA collision on edge e1. Thus, the
probability of DATA collision on edge e; due to the CTS get-

ting corrupted by physical-layer errors is equal to pflc?sl =

(1= (1= P(BEGE ) (1 = PEG ) Koy e, T,

We now describe events that can cause CTS to get corrupted
due to collisions. Let E{"" " (E5FM) denote the union of the
following three events. 1) 1T%, and T, start transmitting an RTS
in the same slot duration with T¢, ’s (1, ’s) transmission starting
first; 2) Te, (T, ) starts transmitting an RTS while an RTS trans-
mission is going on at e (es); and 3) T, (1., ) starts transmitting
an RTS in the same slot duration as R, (R.,) starts transmit-
ting a CTS. Neglecting Trrs (easily justified by Assumption 1),
P(E; ™) = Py ™) = A, B[S, ]t

We now discuss the sequence of events which will follow
event BT (ESVFHY (Fig. 4 shows a possible realization of
the sequence of events following event E”’FH Note that prior
works have not incorporated the effect of the occurrence of
events E LFH and Eel’FH in their analysis, and hence, their
accuracy decreases as T, /Wy increases. a) The transmission
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Fig. 4. A possible realization of the sequence of events that follow event
E; 1, FH

of RTS on e;(ey) will succeed, and R., (R.,) will send back
a CTS. This CTS will collide with the RTS transmission
on es(ey) at Re,(R.,). This collision results in R.,(R.,)
not receiving both the packets. b) DATA transmission will
commence on ej(ez), while T,,(T,,) backs off. ¢) Backoff
counter at Te,(Te,) expires, and an RTS is transmitted on
ea(e1). Re,(Re,) responds back with a CTS. d) If the DATA
transmission on e (e2) has not ended, the CTS transmission by
R.,(R.,) in step c) will collide with the DATA transmission
at Re, (Re,). ) Te,(T.,) backs off, and DATA transmission
commences on ez(el). f) The backoff counter at T., (T.,)
expires and sends an RTS, and R,, (R.,) sends back a CTS.
g) If the DATA transmission on ex(e;) has not ended, the
CTS transmission by R., (R.,) will collide with the DATA
transmission at R., (R., ). h) This process goes on until at least
one of the DATA packets get successfully exchanged.>

ekl peFH g d E5>FH are similarly defined for edge e5.

Dicrs>

The value of p;”; 0 <1 < m, is stated in the next lemma,
whose proof follows drrectly from the discussion above. We de-
fine the followmg additional variables for ease of presentation.

a) Let pe” denote the probability that a DATA collision oc-

curs on ¢; due to events ;" or £S5 having occurred
during previous exchanges, given the current backoff window
at T, is W; and either the RTS/CTS or the DATA/ACK ex-
change was unsuccessful when the backoff window value at
Te; was Wy, ... W;_y. If the DATA/ACK loss does not occur
due to events "™ or E57™™ having occurred during pre-
vious exchanges, the probability of DATA collision after the

next backoff is equal to pe]’ .b) Let peJ’FH(p%}’EFH) denote
e;, FH

the probability that event EeJ’FH(E2 ) occurs during the
current data exchange given that the current backoff window at
Te, is W; and either the RTS/CTS or the DATA/ACK exchange
was unsuccessful when the backoff window value at Tr.; was

QJ,

SNote that the loss of one of the RTS exchanges in this sequence due to phys-
ical-layer effects will change the probability of DATA collision. Ignoring this
event is easily justifiable using Assumptions 1 and 2. By Assumption 1, the
probability of the DATA packet getting corrupted by physical-layer errors will
be much larger than the same probability for the RTS 1Packet as the DATA
packets are much larger than the RTS packets. And p;2" 7, 0 < @ < m, will
be dominated by pflx»as P(E{YT™T) and P(ESY FH) are much smaller (by
Assumption 2). Hence, for the network conditions for which P(E7* FH) and
P(EsY FH) matter, ignoring the loss of RTS exchanges will introduce negli-
gible error.
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Wy, ... W;_y. Event ES"™(ES7"™) may be followed with a
sequence of DATA collisions.
Lemma 9: For j = 1,2, we have the following.

@ pro R [pgATA X ek (1 — b, CFTI;)
« (1- PEF)).
@i1) p e]’FH =1- |:pEDjATA X ijCK (1 - (1 - %LFH1
_p%EFlI,{v 1 ngle,{q 1)P?]0FH Y0P %EP:H
i1
X =1 Z:‘Fﬁl V“(Eel.)FH e FO
[T, . x (s +a—p2 Hws )

FH
X (Pk i(E1) "‘Pk L(E1>pl 0 )
c e;, FH
Zk OpDE k (pk i(E2) +pj, ;(E2)p )

1
Hl:k-;-l Pru(E2)

X
i—1 e; ,FH ,FH e; FH
wmkil (z’c?u +(-pels p,’, )
e;,FH

Derivation of the values of peDj i Ppy, a0 Pii(E1), 5 (Er),
pji(F2), and p§ ;(F2) is omitted due to space limitations. The
interested reader is referred to [23].

The only remaining variable to be derived is p;} dlc " To derive
its value, we use the fact that both transmitters cannot overhear
each other.

Lemma 10: pfjlcF H

)

1< <m.

=1,j=12.

C. Determining the Achievable Edge-Rate Region in any
Multihop Topology

To determine the edge-rate region for a given multihop
topology T, recall that we first have to determine the expected
service time at each edge, which in turn requires the values
of poF, pyl', and pSL. for each edge e. To derive these prob-
abilities for an edge, we will decompose the local topology
around the edge into a number of two-edge topologies, then
find these probabilities for each two-edge topology, and fi-
nally find the net probability by appropriately combining the
individual probabilities from each two-edge topology. We will
use the flow-in-the-middle topology [Fig. 6(a)] as an example
throughout the section.

Decomposition of the local topology around e is easily
achieved by evaluating how each edge in e’s neighborhood in-
terferes with e, based on the definitions stated in Section III-B.
For example, the local topology around edge 4 — 5 can be
decomposed into the following two-edge topologies: 1) Co-
ordinated stations: 5 — 6; 2) Near hidden edges: none;
3) Asymmetric topology: 2 — 3 and 8 — 9; and 4) Far hidden
edges: 1 — 2 and 7 — 8. The previous section discussed how
to find the collision and idle probabilities for each individual
two-edge topology. This section focuses on how to combine the
probabilities obtained from each individual two-edge topology.

Combining these probabilities must account for possible de-
pendencies between the neighboring edges. For example, the
transmitters of edges 1 — 2 and 2 — 3 in the flow-in-the-
middle topology, which are both interfering with edge 4 — 5,
can hear each other. Hence, DATA transmission on these two
edges will not occur simultaneously. Thus, the collision prob-
abilities due to these two edges cannot be combined indepen-
dently to find the aggregate collision probabilities at 4 — 5.

We first present the scenarios where probabilities can be in-
dependently combined, and then discuss the scenarios where
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the dependencies have to carefully accounted for. The RTS and
DATA collision probabilities can be independently combined if
they are caused by two (or more) transmitters/receivers starting
transmission in the same slot duration. For example, the RTS
collision probability due to coordinated stations, and the DATA
collision probability due to asymmetric topologies (if the CTS is
received correctly at the other edge) can be independently com-
bined. (For a complete list of events that can be independently
combined, see the discussion following Lemmas 12 and 13.)

When the computation of any probability (either collision or
idle probabilities) depends on the probability of the event that
there is no ongoing transmission among a set of edges N/, de-
pendencies have to be carefully accounted for and combining
probabilities is more involved. For example, the computation of
the RTS collision probability due to far-hidden-edges and asym-
metric topologies and the computation of the DATA collision
probability due to asymmetric topologies (if the CTS is not re-
ceived correctly at the other edge) belong to this category. Also,
the computation of the idle probability for coordinated-stations,
near-hidden-edges, and asymmetric topologies belongs to this
category. To understand how to compute the probability that
there is no ongoing transmission among edges belonging to N,
it is helpful to distinguish between two types of dependencies
that can exist between these edges.

Consider edge 4 — 5 in the flow-in-the-middle topology
[Fig. 6(a)]. In this topology, edges 1 — 2 and 8 — 9 interfere
with edge 4 — 5 but do not interfere with each other, whereas
1 — 2 and 2 — 3 interfere with both 4 — 5 and each other.
Generalizing, 1) if two edges interfere with each other, then
they will not be simultaneously scheduled (ignoring the extra
RTS traffic due to the event that a colliding RTS transmission is
taking place on both the edges, which is easily justified by As-
sumption 1), and 2) if two edges do not interfere with each other,
then they can be independently scheduled, given that none of
the edges that interfere with both are transmitting. For example,
edges 2 — 3 and 8 — 9 will be independently scheduled, given
there is no transmission ongoing at edges 4 — 5 and 5 — 6.
Note that prior works do not incorporate the impact of these
two dependencies [1) and 2)] in the evaluation of the collision
and idle probabilities. We now state a lemma that finds the prob-
ability that there is an ongoing transmission on at least one of
the edges in the given set \. The lemma is derived using con-
cepts from basic probability. In what follows, let X denote the
event that there is a transmission going on at edge e, and note

that P(X.) = Ke 1A Ts.
Lemma 11:
P(UeenXe,) =Y P(Xo)— > P(X,nX,)
eiGN Sq',e]‘EN
+"'+(_1)‘N|71P(m€q‘€./\/Xei) (2)

where for Ny C N, P(Ne,en, Xe,)

0, if any two edges in N interfere with each other

= { (I1..en, P(Xe))/(1 = P(Ue, sy, Xe, )V,

otherwise

where Sy, denotes the set of edges in E that interfere with all
the edges in Nj.

Based on the previous discussion, we can derive the collision
and idle probability for each edge in a given multihop network.
For completeness, we state the value of each probability in the
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next three lemmas. The individual expressions are large because
we combine the effect of each two-edge topology. However,
each term in the expression can be traced to a term derived for
one of the two-edge topologies.

We first define the notation used in these lemmas. Denote by
N¢ the set of edges that interfere with the edge under study e.
Any edge e,, € F \ e that either forms a coordinated-stations
or asymmetric topology or near hidden edge or far hidden edge
with e belongs to this set. We subdivide the edges in A/¢ into
subsets corresponding to the four two-edge topologies, and the
coordinated station topologies and asymmetric topologies are
further subdivided into two, giving us the following six sets:
1) N7 : edges that form a coordinated station with e and interfere
with the receiver of edge e; 2) N : edges that form a coordinated
station with e and do not interfere with the receiver of edge
e; 3) N§: edges that form a near hidden edge with e; 4) N:
edges that form an asymmetric topology with e being the edge
with an incomplete view of the channel state; 5) NS: edges that
form an asymmetric topology with e being the edge that has the
complete view of the channel state; and 6) N¢: edges that form
a far hidden edge with e. Edges in the sets N7, N, N, and
N§ affect the RTS collision probabilities. Edges in the sets N
and N¢ affect the DATA collision probability. Edges in the sets

. N5, N§. and N affect the proportion of idle time at the
transmitter of e.

We first state the value of the DATA collision probability.
We reuse the notations used in Lemmas 4 and 9. In a mul-
tihop topology, P(ES") = P(ES™) = 1—(I1.., N (1 -
Ae, EISe, Ipon))- p%Tq, p},, , and p’bf i are defined and de-
rived similarly to the corresponding variables in Section III-B4.
Also, based on the discussion in Section III-B1, we set

2/(Wo+1), ifNj"UNg" = ¢and
pfng = plpm < DPcutoff
2/(W,, + 1), otherwise.
Lemma 12:

()

T > -
ple,/O =1- <peDATA X pZCK
R, T,
X [1 - P(( Ue,eny (Xe, NEcis™))

Re,R.,, Re,, R,
U (Ue,en: (Xe, N(EcTs ™ U EqTs ))))}

[H (1= e, E[Se,]05)

2 ENF

e, T
[(1 ~Pp,i-1

[Zk 0 pDE1 k

.. e, T e e
) p; =1- (pDATA X PACK (1 -
e, T e, T
_pDEl,q 1 pDE2 i— 1) Pl 0 }
i—1
X =1 11:kt~1 LJI(EI'/? T
Hu:k+1(p2:u +(1_p::u )plpyu )
X (pr,i(E1) + pf i (B)ply ) —
c T
X (pr,i(E2) + pk,i(EQ)ple,O )

ic1
L pru(E2)
> w=kt1

(Hj:k“ (pz:;i'+(1fp::;f)p;;;{'))

Zk OpD,Q,

1= (i)

1<i<m.

IEEE/ACM TRANSACTIONS ON NETWORKING, VOL. 17, NO. 4, AUGUST 2009

In the expression of pi’OT , the first term within square brackets
corresponds to the situation where a DATA collision is either
caused by asymmetric topologies due to a CTS loss on the edge
between the receiver of the edge under study, R, and the trans-
mitter of a neighboring edge e, T, , or far hidden edges due
to CTS loss on the edge between R, and ., . The second term
within square brackets corresponds to a DATA collision due to
asymmetric topologies when 7. and . start transmitting a
CTS the same time. The third term within square brackets de-
notes DATA collision following event EY T In the expression
of ple_’iT, the two terms within square brackets correspond to the
events where the previous exchange was not lost or lost due to
DATA collisions following the events ES"" or 5™

Derivation of the values of p; (1), p§;(F1), pji(£2), and
p§;(E2) is omitted due to space limitations. The interested
reader is referred to [23]. Note that the events X, ,Ve, € E
and the CTS getting lost on an edge are independent; hence,
Lemma 11 is sufficient to derive p;‘_’z.T

We next state the value of the RTS collision probability.
We reuse the notation used in Lemma 6. Additionally, we

define the event Xcr = (Ue,ene(Xe, N Eg}”s’T )) U
R...R.

(Ve ey Xe, U(Ue, en (Xe, N Eczy )\ (B77 U EyT)),

which denotes that there is at least one ongoing transmission

that will cause an RTS collision at e.

Lemma 13:

() PZ,’OT = 1 (PRrs % Porsllle, en (1
Neo BSe, i L, ene (1 = 22, BISe, o)1
P(X.r U E3")]),

(ii) PizT = I — (pgrs * pors(l — [(1 —
pRTSL 1)1%0]_[21 o P(Eji—)(1 = ph + pipia D))
1 <1< m.

In the expression for p’ 0 , the first term within square brackets
corresponds to RTS collisions due to coordinated stations,
while the second term corresponds to RTS collisions due to
near hidden edges when the CTS sent by R, is successfully
received at T,.. The third term corresponds to an RTS collision
due to event X, 7. In the expression for piZT, the two terms
within square brackets correspond to the events where the
previous exchange was not lost or lost due to the event X, 7,
respectively.

Please refer to [23] for the values of P(E;,), pé», p%’%s’i and
T
PRTS i

The next lemma states the value of pf’(’lﬁ. This lemma follows
directly from the observation that any transmission on an edge
belonging to N U NS will freeze the backoff counter on e,
and any transmission on an edge belonging to N U N¢ will
freeze the backoff counter on e only if the corresponding CTS
is correctly received at T%.

Lemma 14: pl., = (1 — P((Ue,enrunsXe,) U
(U, enrone (Xe, N E&T))) = AT, /(1= A1), where

EgTS “ denotes the complement of event Ec"}"s’ ‘

Equation (1) and the expressions derived in this section en-
able the derivation of the expected service time at any edge in
any multihop topology. Thus, these equations along with the
constraints ) . AcE[Se] < 1, Vv € V, (where O, repre-
sents the set of outgoing edges from a node v) characterize the
achievable rate region A . We sum over all outgoing edges from
a node because the network queue for all outgoing edges at a
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node is the same. (Note that, unlike prior works, the proposed
methodology can be applied to topologies with nodes having
multiple outgoing edges.)

Finally, we now comment on the computational complexity
of setting up the equations for each edge. The complexity of the
algorithm to decompose the local topology around an edge e
into its constituent two-edge topologies is polynomial in |A€].
Computing the collision and idle probability for each two-edge
topology takes constant time. Finally, the complexity of the al-
gorithm to combine the individual collision and idle probabili-
ties is equal to the number of nonzero terms in (3). Each nonzero
term in this equation corresponds to a distinct set of noninter-
fering edges in A©. Therefore, the number of nonzero terms
taking an intersection over 1 < j < |AN¢| edges is equal to
the number of distinct sets of j noninterfering edges, which is
O(JN¢|7). However, the maximum number of noninterfering
edges in /¢ is bounded by a constant in practical topologies
[24]. Hence, the number of nonzero terms in (3) is polynomial
in |NV¢|. Therefore, the overall computational complexity of set-
ting up equations for an edge e is polynomial in [N¢|.

D. Network Solution

Determining the expected service time of all edges requires
solving a coupled multivariate system of equations. We adopt an
iterative procedure that uses the values of the idle and collision
probabilities computed in the previous iteration for the current
iteration. Proving the existence and uniqueness of a fixed point
and convergence of this iterative procedure to this fixed point
is out of scope and left as future work. The interested reader is
referred to [25] and [26] for related fixed-point theory.

We now give some insight into the complexity associated with
these proofs. The same iterative procedure has been used to
solve the multivariate equations arising in both 802.11-sched-
uled single-hop [21], [27] and multihop networks [15], [17].
Note that single-hop networks are topologically homogeneous,
and hence the same fixed-point equation governs the collision
probability at each node. In contrast, for multihop networks, the
fixed-point equation governing the collision and idle probabili-
ties are different for each node; even the structure of these equa-
tions can differ for each node. Hence, proving uniqueness and
convergence results is significantly more involved for multihop
networks. Even for the simpler setting of single-hop networks,
only a recent work [28] has derived conditions for the unique-
ness of a fixed-point solution for the most general cases where
nodes can be parametrically heterogeneous (but topologically
homogeneous). Meanwhile, convergence of the iterative proce-
dure is still not well understood. No progress has been made in
the context of multihop networks yet.

In the absence of formal proofs, prior works have relied on
extensive simulations to assess the convergence of the iterative
procedure. We have adopted the same approach and performed
extensive simulations on almost 30 representative topologies.
For these topologies, the average number of iterations to con-
verge was 6 and the maximum was 8, irrespective of the initial
conditions. For a detailed description of these topologies, please
see Section V.

IV. ACHIEVABLE FLOW-RATE REGION

The achievable flow-rate region of a given multihop network
and a collection of source—destination pairs is characterized by
the set of the following constraints:
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where % denotes the flow rate of flow f flowing through edge e
ry, i =s(f)

—ry, ifv=d(f)

0, otherwise

g(f) =

and I, and O, denote the set of incoming edges into and out-
going edges from the node v, respectively. The first constraint
ensures nonnegativity of flow rates, the second expresses edge
rates in terms of flow rates, and the third is the standard flow con-
servation constraint. The final constraint says that the vector of
edge rates \. induced at the edges should lie within the achiev-
able edge-rate region.

V. MODEL VERIFICATION

In this section, we verify the accuracy of the analysis by
finding the achievable-rate region for the four two-edge topolo-
gies and five different multihop topologies via simulations and
comparing it to the theoretically derived achievable rate region.
The multihop topologies we use are either characteristic rep-
resentative topologies, real topologies, or randomly generated
topologies. We also include the achievable rate region of op-
timal scheduling, derived using the methodology proposed by
Jain et al. [1], to shed light on how far from the optimal 802.11
is. Furthermore, motivated by prior work that has expressed con-
cerns about the ability to achieve fair and efficient rate alloca-
tions under 802.11 [11], [15], [29], we compare the max-min
rate allocation under 802.11 and under an optimal scheduler.

To ensure that the difference between 802.11 and optimal
scheduling is only due to the scheduling inefficiencies of 802.11,
we make the overhead imposed by control message exchange
and protocol headers to be the same for both schemes. (In prac-
tice, the overhead of optimal scheduling is expected to be larger,
but this is besides the point here.)

A. Two-Edge Topologies

We plot the achievable edge-rate regions derived analyti-
cally and via simulations for the four two-edge topologies in
Fig. 5(a)—(d). We make the following observations from these
figures. 1) A close match between the analytical and simulation
results verifies the accuracy of the analysis. 2) The asymmetric
topology has the smallest achievable-rate region among the four
two-edge topologies, which implies that the loss in throughput
with 802.11 scheduling is largest for this topology. On the
other hand, the coordinated station topology has the largest
achievable-rate region. 3) In the asymmetric topology, even
though 802.11 is highly unfair to e; in saturation conditions
(see arrow in the figure) as also observed in [15], with rate
control, it is possible to achieve a max-min rate allocation
of 0.277 Mbps/edge, which is not that far from the max-min
rate allocation of 0.332 Mbps/edge achieved by an optimal
scheduler.
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flow-in-the-middle topology.
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B. Common Topologies

The first two multihop topologies we consider have been used
by prior works to study the performance of 802.11 in multihop
networks: a) Flow-in-the-middle topology, which was used in
[8], [11], and [30]; and b) Chain topology, which was used in
[7], [29], and [31].

1) Flow-in-the-Middle Topology: Fig. 6(a) shows the
flow-in-the-middle topology. All links are assumed to be loss-
less. There are three flows in this topology: 1 — 3,4 — 6, and
7 — 9.Flows 1 — 3 and 7 — 9 do not interfere with each
other, but both of them interfere with flow 4 — 6.6

Since flows 1 — 3 and 7 — 9 are symmetric, we assume
that they have equal rates. We plot the achievable rate of these
two flows against the achievable rate for the middle flow (4 —
6) in Fig. 6(b). We make the following observations from this
figure. 1) The analytical and simulation curves are close to each
other, verifying the accuracy of the analysis. We compare the
error between simulations and analysis for the maximum rate
achieved by flow 4 — 6 when the rates of flows 1 — 3 and
7 — 9 are fixed. The error is less than 9%. Note that com-
paring the achievable flow-rate region also verifies the analysis
presented in Section III, as the induced edge rates should lie
within the achievable edge-rate region for a set of flow rates to be
achievable (see Section IV). 2) The achievable-rate region with
802.11 scheduling is not convex. 3) The max-min rate allocation
for this topology with 802.11 is 0.194 Mbps/flow and is 0.213
Mbps/flow with optimal scheduling. Thus, 802.11 achieves 91%
throughput compared to optimal scheduling at the max-min rate
allocation.

2) Chain Topology: Fig. 7(a) shows the chain topology. All
links are assumed to be lossless. We set n = 15. There are

6We say that two flows interfere with each other if any two edges over which
they are routed interfere with each other.
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Fig. 7. (a) Chain topology. (b) Achievable-rate region for the chain topology.

02 03 0.4

two flows in this topology: 1 — 15 and 15 — 1. We plot
the achievable-rate region of these two flows in Fig. 7(b). We
make the following observations from this figure. 1) The ana-
lytical and simulation curves are close to each other, verifying
the accuracy of the analysis. We compare the error between sim-
ulations and analysis for the maximum rate achieved by flow
1 — 15 when the rate of flow 15 — 1 is fixed. The error is
less than 12%. 2) The achievable-rate region with 802.11 sched-
uling is not convex for this topology as well. 3) The max-min
rate allocation for this topology with 802.11 is 0.09 Mbps/flow
and is 0.14 Mbps/flow with optimal scheduling. Thus, 802.11
achieves 64.3% throughput compared to optimal scheduling at
the max-min rate allocation.

C. Square Topology: Which Route

The next topology we study is the square topology of
Fig. 8(a). All links are assumed to be lossless. There are two
flows present in this topology: 1 — 8 and 8 — 1. There are two
possible routes for each flow: 1 — 2 — 3 — 4 — 8
andl — 5 — 6 — 7 — &8 for low 1 — 8, and
8§ -4 -3 —-2—-1and8 - 7 —6 — 5 — 1 for
flow 8 — 1. We use his topology to illustrate that our analysis
yields the optimal routes as a by-product and show that 802.11
and optimal scheduling can have different optimal routes.

We plot the achievable-rate region for this topology in
Fig. 8(b). We make the following observations from this figure.
1) Again, the simulation and analytical curves are close to
each other. The error in the maximum rate achieved by flow
8 — 1 when the rate of flow 1 — 8, if fixed, is less than 14%.
2) The maximum throughput with 802.11 when only one of
the flows is on is equal to 0.33 Mbps (point A in the figure)
and is achieved by routing 0.165 Mbps along one path and
0.165 Mbps along the other. 3) When both flows are on, the
max-min point with 802.11 (point B in the figure) is achieved
by single-path routing with nonoverlapping routes for the two
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Fig. 8. (a) Square topology. (b) Achievable-rate region for the square topology.

flows, for example 1 — 8 routed along 1 - 2 -3 — 4 — 8§
and flow 8 — 1 routed along8 — 7 — 6 — 5 — 1. However,
optimal scheduling can achieve the max-min point by both
single-path and multipath routing. Thus, the optimal routing
paths for 802.11 and optimal scheduling can be different.
4) The max-min rate allocation with 802.11 is 0.18 Mbps/flow
and is 0.213 Mbps/flow with optimal scheduling. Thus, 8§02.11
achieves 84.5% throughput compared to optimal scheduling at
the max-min rate allocation.

D. A Real Topology: Houston Neighborhood

The next topology we choose is the real topology of an
outdoor residential deployment in a Houston neighborhood
[6]. The node locations (shown in Fig. 9) are derived from the
deployment and fed into the simulator. The physical channel
that we use in the simulator is a two-ray path loss model with
Log-normal shadowing and Rayleigh fading [32]. The ETX
routing metric [33] (based on data loss in absence of collisions)
is used to set up the routes. Nodes 0 and 1 are connected to
the wired world and serve as gateways for this deployment.
All other nodes route their packets toward one of these nodes
(whichever is closer in terms of the ETX metric). The resulting
topology as well as the routing tree is also shown in Fig. 9. The
loss rates at each link are determined from the simulator by
letting each node send several broadcast messages one by one
and measure the number of packets successfully received at
every other node. The topology information and loss rates are
fed into the analytical model to find the achievable-rate region
for this topology. There are 16 flows in this topology. Hence,
we only compare the max-min rate allocation from simulations
and theory. A very good match is observed: The simulator allo-
cates 46 Kbps/flow, whereas the theory allocates 44 Kbps/flow
(error = 4.4%). Optimal scheduling allocates 67.3 Kbps/flow
at the max-min rate allocation. Thus, 802.11 achieves 65.3% of
the throughput compared to optimal scheduling at the max-min
rate allocation.

E. Random Topology

We create the final topology by randomly placing 75 nodes
ina 1000 m x 1000 m area. Both transmission and interference
range are set equal to 200 m. We assume links used for routing
packets to be lossless and assume pgrg = pirg = 0.4 on all
the other links since links used in routing paths typically are
low-loss links. We select six source—destination pairs at random.
We compare the max-min rate allocation from simulations and
theory. A very good match is observed: The simulator allo-
cates 94 Kbps to five of the flows and 650 Kbps to the sixth
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Fig. 9. Topology from the deployment in a Houston neighborhood. Arrows
show the routing paths and the numerals on top of an arrow is the probability of
loss of a 1024 byte packet on that link. Dashed lines represent the interference
links.

flow, whereas theory allocates 96 Kbps to five of the flows and
600 Kbps to the sixth flow (error = 7.6%). Optimal scheduling
allocates 141.7 Kbps to five of the flows and 706 Kbps to the
sixth flow at the max-min rate allocation. Thus, at the max-min
point, 802.11 achieves 76.35% of the total sum throughput com-
pared to optimal scheduling.

FE. Different Network Parameters

All the previous comparisons were made for a particular set
of network parameters. In this section, we investigate the ac-
curacy of the analysis when the network parameters are modi-
fied from their default values. We compare the achievable-rate
region derived via simulations and theory for the flow-in-the-
middle topology [Fig. 6(a)] for: 1) 100-byte DATA packets at
1-Mbps data rate in Fig. 10(a); and 2) 1024-byte packets at
11-Mbps data rate in Fig. 10(b). The error between simulations
and analysis for the maximum rate achieved by flow 4 — 6
when the rates of flows 1 — 3 and 7 — 9 are fixed is less
than 15% for both scenarios. Note that for both the scenarios,
Assumption 1 does not hold, and hence we see a larger error.
For smaller DATA packets, the reason why Assumption 1 does
not hold is obvious. However, why increasing the data rate to
11 Mbps makes this assumption invalid is not obvious as the
DATA packet size is still two orders of magnitude larger than
the RTS packet size. In 802.11, the PHY header contains in-
formation used to determine the data rate of the incoming trans-
mission (to allow auto-rate adaptation [20]), and hence is always
transmitted at 1 Mbps. And the PHY layer header is exchanged
for both control and DATA packets. Hence, the transmission
time of a RTS packet becomes comparable to the transmission
time of a DATA packet, which violates Assumption 1. Note that
this is a protocol issue that needs to be fixed since this violates
the basic protocol design premise that the load due to control
packets should be a small fraction of the total load.

From Fig. 10(a) and (b), we also observe that 802.11 achieves
more than 84% throughput at the max-min rate allocation com-
pared to optimal scheduling for both the scenarios. Note that, in
both these examples, the overhead is significantly larger than in
previous scenarios.
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Fig. 10. (a) Achievable-rate region for the flow-in-the-middle topology for
100-byte packets and 1-Mbps data rate. (b) Achievable-rate region for the
flow-in-the-middle topology for 1024-byte packets and 11-Mbps data rate.

G. Summary

We now summarize the observations made in this section.
1) Under the assumptions we make, our analysis is accurate as
we incorporate all the events leading to collisions/busy channel
in our proofs. Our assumptions are shown to be accurate via
simulations since the analytical results have an average error of
9% and a maximum error of 15%. 2) The achievable-rate re-
gion with 802.11 scheduling is nonconvex. 3) 802.11 achieves
more than 64% throughput compared to optimal scheduling at
the max-min rate allocation for all the topologies studied in
this paper. This is an interesting and unexpected observation. A
prior work of ours [34] attempts to understand the optimality of
802.11. However, characterizing the worst-case performance of
802.11 is still an open question and left for future work. 4) The
optimal routing paths for 802.11 and optimal scheduling can be
different.

Note that the above summary results are based on simulation
studies over almost 30 representative topologies. (Limitations
of space allowed us to only show results for nine of them in the
paper.) These include a number of characteristic topologies,
including the flow-in-the-middle topology (Section V-B1) and
variations, chain-like topologies (like the one in Section V-B2),
tree-like topologies, star-like topologies, ring-like topologies,
and the square topology in Section V-C. They also include
a number of random topologies (see Section V-E for one of
them), and the real Houston neighborhood topology presented
in Section V-D.

VI. NETWORK SOLUTION WITHOUT THE ITERATIVE
PROCEDURE

As discussed in Section III-D, we need an iterative procedure
to solve the coupled multivariate system of equations derived in
Section III. In this section, we discuss if it is possible to decouple
the equations to avoid using an iterative procedure by sacrificing
some accuracy in the analysis. We look at the following ques-
tions. 1) Under what network conditions can the equations be
decoupled without an unreasonable loss in accuracy? 2) What
are the approximations to be made to remove the coupling?

A careful look at Lemmas 11 and 12 and the expression for
K. 1 derived in Section III-B1 tells us that the equations cannot
be decoupled for networks with a nonnegligible probability of
RTS/CTS loss on edges without a significant loss in accuracy.

For networks with a negligible probability of RTS/CTS
loss, one can make the following two approximations to de-
couple the equations. The first approximation is to replace
AeE[Se] by min(A./Asatn.,1) in the expressions for the
following two probabilities: 1) the DATA collision probability
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Fig. 11. (a) Achievable-rate region for the flow-in-the-middle topology with
the approximations of Section VI. Error between simulations and analysis is
less than 20%. (b) Achievable-rate region for the chain topology with the ap-
proximations of Section VI. Error between simulations and analysis is less than
12%.

(Lemma 12), and 2) the RTS collision probability (Lemma 13).
Asat,n denotes the saturation throughput of a WLAN with n
transmitters transmitting to a single receiver (derived in [21]),
and n. = |NV,| is the number of edges interfering with e. Note
that A\, F[S.] is upper-bounded by 1. Since approximating
AcE[Se] by its upper bound is inaccurate when A is small,
in these situations we replace E[S.] by 1/Asat n.. (Asat,n as
a function of n flattens out rather fast [21]. As a result, even
if just a few neighboring edges are saturated, 1/Asat,, Would
be a good lower bound since the topology that minimizes
service times is the one where all nodes are within range.) The
second approximation is to approximate P(Ng,en, Xe;) =
(IL.cn, P(Xe))/(1 = P(Usesy, Xo))V-=1 When no
two edges in N, interfere with each other in Lemma 11 with
(I en, P(Xe))/(1 =32, a5, P(Xe )N

With the first approximation, the DATA collision probabili-
ties can be derived for each edge independently. Now, given the
DATA collision probabilities at each edge, with the second ap-
proximation, one can find the RTS collision probabilities and
idle probability at each edge independently.

Using these approximations will introduce some inaccura-
cies. However, for the topologies studied in this paper, the inac-
curacies are not large. For example, Fig. 11(a) and (b) compare
the achievable-rate region derived with these approximations to
the simulation results for the flow-in-the-middle topology and
the chain topology, respectively. With the two approximations,
the maximum error is less than 20% for both the topologies.

VII. CONCLUSION AND FUTURE WORK

In this paper. we have characterized the capacity region of an
arbitrary multihop wireless network with 802.11 scheduling by
deriving a methodology to characterize the achievable edge-rate
region. This paper is a precursor to several works that require
a general and accurate characterization of the achievable-rate
region of 802.11-scheduled multihop networks. We briefly de-
scribe three such ongoing works.

Optimality of 802.11: In Section V, we observed that 802.11
achieves more than 64 % throughput compared to optimal sched-
uling at the max-min rate allocation for all the topologies we
studied. These results serve as a motivation to understand the
worst-case performance of 802.11.

Optimal Routing and Rate Allocation: The constraints char-
acterizing the achievable flow-rate region of a given 802.11-
scheduled multihop network (Section I'V) can be fed into an op-
timization problem to find optimal routing and rate allocation
for different utility functions.
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Residual Bandwidth Estimation: The methodology of
Section III can be used to find the residual bandwidth at a given
edge, given the edge rates at the other edges in the network.
This can be used to design interference-aware routing [16], [36]
or a congestion control algorithm that sends explicit and precise
rate feedback to the sources (for example, see our recent work
[37D).
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