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We demonstrate a degenerate parametric oscillator in a
silicon nitride microresonator. We use two frequency-
detuned pump waves to perform parametric four-wave mix-
ing and operate in the normal group-velocity dispersion re-
gime to produce signal and idler fields that are frequency
degenerate. Our theoretical modeling shows that this re-
gime enables generation of bimodal phase states, analogous
to the χ �2�-based degenerate OPO. Our system offers poten-
tial for realization of CMOS-chip-based coherent optical
computing and an all-optical quantum random number
generator. © 2015 Optical Society of America
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Researchers recently proposed using degenerate optical paramet-
ric oscillators (OPOs) to realize a novel form of coherent optical
computing by simulating the quantum Ising model [1–3]. Such
an approach offers the possibility of solving non-deterministic
polynomial time (NP)-hard computation problems [4]. A first
proof-of-principle demonstration based on a degenerate sec-
ond-order nonlinearity χ�2�, OPO using bulk optics offers the
promise that this new paradigm could be realized [3,5]. The ap-
proach is based on the non-equilibrium phase transition that oc-
curs at the threshold for optical parametric oscillation, in which
the generated field with respect to the pump field locks to one of
two possible states offset by π. Below threshold, the signal field is
described by a squeezed vacuum state, where the strength of
squeezing depends on the ratio of the intracavity power to
the threshold power [6,7]. The vacuum fluctuations of the out-
of-phase quadrature are suppressed, while those of the in-phase
quadrature are enhanced. It is along the in-phase quadrature that,

at threshold, the system bifurcates into two possible states with
opposite phases. By utilizing a network of coupled OPOs, more
complex phase-locked states can be achieved which encode the
ground-state of the quantum Ising model [1], where the cou-
pling strengths of its spins are equivalent to the coupling between
the OPOs. It has been suggested that such an OPO system offers
potential for a simulation device that can outperform any other
classical computation [8]. Recently, a 4-OPO system based on
the χ�2� nonlinearity has been demonstrated [2]. Alternatively,
the bi-phase state output can be used to realize a quantum ran-
dom number generator [5] that, compared to other implemen-
tations, requires only classical signal detection (no single photon
detection), is intrinsically unbiased and, thus, does not need any
post-procession of the raw output, which has applications in
cryptography [9], Monte Carlo simulations [10], and quantita-
tive finance [11]. The scalability and robustness of these coupled
OPOs will be crucial for these applications.

An alternative approach suggested in [2] is to utilize a χ�3�
nonlinearity to realize an analogous degenerate OPO with dy-
namics that would mirror the χ�2� system. The silicon-based
photonics platform appears to be highly suited for this appli-
cation since it allows for a robust, compact, integrated system
that offers feasibility for scaling and stability. In recent years,
there have been various nonlinear optics demonstrations in
microresonators [12–27]. In particular, there has been signifi-
cant development in frequency comb generation through
optical parametric oscillation in high-Q microresonators
[14,16,17,18,20–26] that utilizes parametric four-wave mixing
(FWM) interactions based on the third-order nonlinearity χ�3�.
The silicon nitride (Si3N4) platform offers potential as a plat-
form for coupled degenerate OPOs due to its CMOS compat-
ibility, low linear and nonlinear losses at telecommunication
wavelengths, and high nonlinearity and dispersion engineering
[28]. Recently, there have been demonstrations of inverse
FWM using optical fibers in the normal group-velocity
dispersion (GVD) regime [29], and Inagaki et al. [30] have
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shown in initial experiments that a dual-pumped χ�3� fiber
OPOs multiplexed in the time domain can be used to simulate
a 1D Ising model.

In this Letter, we theoretically and experimentally demon-
strate that a dual-pumped, microresonator-based χ�3� OPO can
achieve degenerate oscillation. In our scheme, a Si3N4 micro-
resonator is dual pumped to generate a frequency-degenerate
signal and idler pair through parametric FWM [Fig. 1(a)].
We perform theoretical analysis to determine the conditions
under which degenerate oscillation and the associated random
binary phase state is achieved and find that it requires normal
GVD using a dual pump. We show experimentally that
frequency-degenerate oscillation is achieved by controlling
the frequency offset between the two pumps.

Our configuration consists of two pump fields denoted by
A1 and A2 that are offset by frequency�δ from the degeneracy
point [see Fig. 1(b)]. A number of experimental studies
have investigated parametric FWM with two pump waves
[31–34]. Energy conservation implies that the generated signal
and idler fields with amplitudes denoted by As and Ai, respec-
tively, can grow at a frequency offset Δ from degeneracy for the
signal/idler pair. For degenerate oscillation to occur, the para-
metric gain for the signal and idler must peak at Δ � 0. We
model the nonlinear interaction using the nonlinear
Schrödinger equation,

dA
dz

� −i
β2
2

∂2A
∂τ2

� iγjAj2A; (1)

where β2 is the GVD parameter and γ is the nonlinear param-
eter proportional to χ�3�. We write the total field with respect to
the center mode frequency as

A�z; τ� � A1�z�eiδτ � A2�z�e−iδτ � As�z�eiΔτ � Ai�z�e−iΔτ:
(2)

We assume that the pump waves are undepleted and have equal
powers P � jA1j2 � jA2j2. The solution for the signal/idler pair
has an exponential form egz∕2, where g is the gain parameter,

g �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�6γP − β2�δ2 − Δ2�� × �2γP � β2�δ2 − Δ2��

p
: (3)

Our analysis indicates that with suitable control of the pump
power and offset frequency, it is possible to find a condition
for achieving parametric gain at modest normal GVD (i.e.,
β2 > 0), which can be readily achieved by engineering the wave-
guide cross section [35]. We investigate the parametric gain
profile based on the parameters of a 690 × 1300 nm cross
section Si3N4 waveguide pumped with two single-frequency

lasers. Figure 2 shows the dependence of the gain on the
dispersion length LD � 1∕δ2jβ2j, and the nonlinear length
LNL � 1∕2γP. We show three different regimes, each with a
different ratio between LD and LNL for both normal and anoma-
lous GVD and find that the maximum parametric gain can be
achieved at the degenerate signal/idler frequency only when
LD > LNL in the normal GVD regime [Fig. 2(a)]. Operating
in this well-defined normal GVD regime is essential to imple-
menting the bi-phase state, as this ensures that the degenerate
pairs have the lowest threshold for oscillation.

Furthermore, to ensure degenerate oscillation in a microre-
sonator cavity, the position of the two pumps and the signal/
idler within the cavity resonance is critical. Figure 3 shows the
resonator conditions in the normal GVD regime. We define
the resonator mode frequencies near the frequencies of pump
1, pump 2, and the degenerate signal/idler frequencies as f 1,
f 2, and f r , respectively (indicated in red in Fig. 3). The center
frequency between the two pump resonance modes f c � f 1�f 2

2

is offset from the signal/idler resonance mode by
Δf � f r − f c . This frequency offset is dependent on the
dispersion and, for a cold cavity with normal GVD, it is given
by Δf cold � vg∕4πLD, where vg is the group velocity. In a hot
cavity, the frequency offset is due to both dispersion and the
Kerr nonlinearity and is given by Δf hot �

vg
4π � 1

LD
− 1

LNL
�. For

pump frequencies of f p;1 and f p;2 (indicated in blue in
Fig. 3), we define detuning of the pump frequency from the
peak of the resonance as δf � f p;1 − f 1 � f p;2 − f 2. The sig-
nal/idler position with respect to the resonance for the zero de-
tuning case, where both pumps are tuned to the peak of the
respective resonances, is shown in [Fig. 3(a)]. As discussed ear-
lier, for the degenerate signal/idler to oscillate, LD > LNL must
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Fig. 1. (a) Four-wave mixing energy level diagram in which two
pump pumps are converted to two frequency-degenerate photons.
(b) Scheme for our χ�3� OPO in Si3N4 microresonator, where A1

and A2 are the pump fields, As and Ai are the generated signal and
idler. δ is the frequency offset between the pumps and the center
frequency; Δ is the frequency offset from degeneracy between the
signal/idler and the center frequency.
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Fig. 2. Parametric gain profile assuming two undepleted nondegen-
erate pumps. Dashed lines indicate the position of the pumps. The
pump separation is 14 nm, and the center wavelength between the
pumps is 1550 nm. (a)–(c) show the gain profiles in normal GVD
(β2 � 193 ps2∕km) for the ratio between LD and LNL of 2, 0.5,
and 0.2, respectively, The nonlinear coefficient (γ�0.94W−1m−1) is
based on the 690 × 1300 nm cross section Si3N4 waveguide used in
our experiment. (d)–(f) show the gain profiles in anomalous GVD
(β2 � −193 ps2∕km) for the same ratios. The ratio between LD and
LNL is adjusted by changing the pump power. The effect of higher-order
dispersion terms is negligible because of the small frequency separation
between the pumps as well as the waveguide dispersion.
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be satisfied, which corresponds to a negative Δf hot that
could jeopardize the oscillation of the degenerate pair. If
jΔf hotj > δν∕2, where δν is the cavity linewidth, the degen-
erate pair is suppressed. However, we can take advantage of
pump detuning to achieve the optimum oscillation conditions
in the resonator. First, since LNL is dependent on the total
power built up inside the resonator, pump detuning affects
the parametric gain profile required for oscillation. In addition,
the pump frequency tuning can be used to control the optimal
signal/idler frequency position provided that jΔf hot − δf j <
δν∕2 [Fig. 3(b)]. This allows for all fields to lie within their
respective cavity resonances allowing for degenerate oscillation
to occur. In practice, the ultimate detuning range that can be
achieved is limited by the thermal effect in the resonator from
pumping two different resonances.

We numerically simulate the degenerate OPO using the
modified Lugiato–Lefever equation [36–39], which we previ-
ously developed for modeling parametric frequency comb gen-
eration in microresonators [40]. The model includes the effects
of higher-order dispersion and self-steepening, which enables
simulations over a wide range of conditions. The dispersion
of the microresonator mode is simulated using a finite-element
mode solver [Fig. 4(a)]. The simulated spectra of the OPO are
shown in Fig. 4(b) for a Si3N4 microresonator with a free
spectral range (FSR) of 200 GHz and a cross section of
690 × 1300 nm, which corresponds to normal GVD at the
pump wavelengths of 1535 and 1565 nm for the fundamental
TM mode. Each of the two pumps is offset from the frequency
degeneracy point by δ � 4 × FSR’s. The simulated spectra
show that parametric oscillation of the degenerate signal/idler
pair occurs only under pump detuning conditions consistent
with our analysis above. Multiple simulations with different in-
itial noise conditions indicate that the degenerate signal field
settles into one of two phase states which are offset by π
[Fig. 4(c)], which is precisely the required behavior for simu-
lating the Ising model, as well as for quantum random number
generation. Since the generation rate is largely dependent on
the cavity lifetime, the current system should be capable of pro-
ducing random numbers at rates of 100 MHz. We believe that
by reducing the size of the resonator and suitably tuning the
cavity linewidth, random number rates approaching 1 GHz
can be readily achieved.

In our experiments, we use a Si3N4 microresonator with an
effective resonator cross section of 690 × 1300 nm, which al-
lows for the necessary normal GVD for the fundamental
TM polarization mode. The microresonator has a loaded Q
of 3 million and an FSR of 200 GHz. We combine the output
beams from two amplified tunable single-frequency pump la-
sers using a 50/50 fiber coupler and inject them into the Si3N4

bus waveguide which is coupled to the microresonator. WDM
filters with 9 nm bandwidth are used to remove the amplified
spontaneous emission from the erbium-doped fiber amplifier at
each of the respective outputs before combining. The input
polarization is set to quasi-TM. The output from the device
is collected using a free-space objective and sent into a 80/
20 fiber coupler such that 20% of the signal is sent to an optical
spectrum analyzer for characterization, and the remaining light
is sent to two different WDM filters and a photodiode to mon-
itor independently the transmission of each of the pumps to
ensure that they are coupled to a cavity resonance. The com-
bined pump power in the coupling waveguide is 125 mW.

To generate the dual-pumped OPO, we tune each pump
into a microresonator cavity resonance while taking into ac-
count the thermal frequency shift that occurs as the pump
power builds up in the cavity. The reduction of the pump trans-
mission, along with cascaded FWM due to the contribution
from the two pumps, indicates that the pump is coupled to
a cavity resonance. Figure 5 shows the generated OPO spectra
for various pump frequency offsets δ from the degeneracy point
of 6.5× FSR [Fig. 5(a)], 5× FSR [Fig. 5(b)], and 4× FSR
[Fig. 5(c)], which corresponds to pump separations of 13×,
10×, and 8× FSR, respectively. Each of the generated spectra
shows a gain peak between the two pump wavelengths,
consistent with the theoretical results. As discussed earlier,
the pump separation, along with the pump detuning within
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Fig. 3. Resonator condition for dual-pump OPO. The relative po-
sitions of the resonances are shown for (a) hot cavity with zero pump
detuning and (b) hot cavity with pump detuning. f 1, f 2, and f r (red)
are the resonance frequencies for pump 1, pump 2, and degenerate
signal/idler modes, respectively. f p;1, f p;2, and f s;i (blue) are the
two pump frequencies and the generated signal/idler frequency,
respectively. f c � f 1�f 2

2 , Δf hot � f r − f c , and the pump detuning
δf � f p;1 − f 1 � f p;2 − f 2.
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Fig. 4. (a) Simulated GVD for the fundamental TM mode of
690 × 1300 nm cross section Si3N4 microresonator. The inset shows
Si3N4 microresonators. (b) Simulated intracavity spectrum for degen-
erate OPO in Si3N4 microresonator. The inset shows the spectrum
on a dB scale. The pump offset from the degenerate frequency
δ � 4 × FSR. (c) Evolution of the phase of the signal for two realiza-
tions. Bi-phase states are achieved with a π phase offset.
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the resonance, must be carefully chosen to achieve conditions
for degenerate oscillation. Figures 5(a) and 5(b) show multiple
spectral lines generated between the two pumps, with spacings
of 1× FSR and 2× FSR, respectively. This spacing depends on
the first lines that oscillate near the frequency degeneracy point.
Thus, if the degenerate signal/idler is the first spectral line that
reaches the oscillation threshold, there will be no other lines
generated between the pumps. For the offset of δ � 4 ×
FSR, which corresponds to pump wavelengths of 1545 and
1557.7 nm [Fig. 5(c)], we generate a single frequency compo-
nent between the two pumps, corresponding to a degenerate
signal/idler pair at the center frequency, which will enable
the generation of the bi-phase state.

In conclusion, we theoretically and experimentally demon-
strate frequency-degenerate parametric oscillation via dual-
pump FWM in Si3N4 microresonators operating in the normal
GVD regime. We show that the Si3N4 platform offers the po-
tential of developing a scalable CMOS-compatible platform
that utilizes the unique properties of light to solve challenging
computational problems and for use as a system for random
number generation.

Funding. Air Force Office of Scientific Research (AFOSR)
(FA9550-12-1-0377); Defense Advanced Research Projects
Agency (DARPA) (QuASAR); National Science Foundation
(NSF) (ECCS-1306035, ECS-0335765).

Acknowledgment. The authors thank Ron Synowicki
from J. A. Woollam, Co., Inc., for the characterization of
the Si3N4 refractive index. They also thank A. R. Johnson
and C. Joshi for useful discussion.

†These authors contributed equally to this work.

REFERENCES

1. Z. Wang, A. Marandi, K. Wen, R. L. Byer, and Y. Yamamoto, Phys.
Rev. A 88, 063853 (2013).

2. A. Marandi, Z. Wang, K. Takata, R. L. Byer, and Y. Yamamoto, Nat.
Photonics 8, 937 (2014).

3. C. Fabre, Nat. Photonics 8, 883 (2014).
4. F. Barahona, J. Phys. A 15, 3241 (1982).

5. A. Marandi, N. C. Leindecker, K. L. Vodopyanov, and R. L. Byer, Opt.
Express 20, 19322 (2012).

6. Z. Y. Ou and Y. J. Lu, Phys. Rev. Lett. 83, 2556 (1999).
7. M. J. Collett and C. W. Gardiner, Phys. Rev. A 30, 1386 (1984).
8. Y. Haribara, Y. Yamamoto, K. Kawarabayashi, and S. Utsunomiya, “A

coherent Ising machine for MAX-CUT problems: Performance evalu-
ation against semidefinite programming relaxation and simulated
annealing,” arXiv:1501.07030 (2015).

9. A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).
10. A. J. Alspector, J. Gupta, and R. B. Allen, Advances in Neural

Information Processing (AIP, 1988).
11. S. Banks, P. Beadling, and A. Ferencz, in Proceedings of the 2008

International Conference on Reconfigurable, Computing and
FPGAs, RECONFIG ‘08 (IEEE, 2008), pp. 271–276.

12. J. Heebner, R. Grover, and T. A. Ibrahim, Optical Microresonators:
Theory, Fabrication and Applications (Springer, 2008).

13. A. C. Turner, M. A. Foster, A. L. Gaeta, and M. Lipson, Opt. Express
16, 4881 (2008).

14. T. J. Kippenberg, R. Holzwarth, and S. A. Diddams, Science 332, 555
(2011).

15. J. S. Levy, M. A. Foster, A. L. Gaeta, and M. Lipson, Opt. Express 19,
11415 (2011).

16. J. S. Levy, A. Gondarenko, M. A. Foster, A. C. Turner-Foster, A. L.
Gaeta, and M. Lipson, Nat. Photonics 4, 37 (2010).

17. Y. Okawachi, K. Saha, J. S. Levy, Y. H. Wen, M. Lipson, and A. L.
Gaeta, Opt. Lett. 36, 3398 (2011).

18. T. Herr, K. Hartinger, J. Riemensberger, C. Y. Wang, E. Gavartin, R.
Holtzwarth, M. L. Gorodetsky, and T. J. Kippenberg, Nat. Photonics 6,
480 (2012).

19. M. Peccianti, A. Pasquazi, Y. Park, B. E. Little, S. T. Chu, D. J. Moss,
and R. Morandotti, Nat. Commun. 3, 765 (2012).

20. H. Jung, C. Xiong, K. Y. Fong, X. Zhang, and H. X. Tang, Opt. Lett. 38,
2810 (2013).

21. A. A. Savchenkov, D. Eliyahu, W. Liang, V. S. Ilchenko, J. Byrd, A. B.
Matsko, D. Seidel, and L. Maleki, Opt. Lett. 38, 2636 (2013).

22. S. B. Papp, K. Beha, P. Del’Haye, F. Quinlan, H. Lee, K. J. Vahala,
and S. A. Diddams, Optica 1, 10 (2014).

23. Y. Liu, Y. Xuan, X. Xue, P.-H. Wang, S. Chen, A. J. Metcalf, J. Wang,
D. E. Leaird, and A. M. Weiner, Optica 1, 375 (2014).

24. T. Herr, V. Brasch, J. D. Jost, C. Y. Wang, N. M. Kondratiev, M. L.
Gorodetsky, and T. J. Kippenberg, Nat. Photonics 8, 145 (2014).

25. B. J. M. Hausmann, I. Bulu, V. Venkataraman, P. Deotare, and M.
Lončar, Nat. Photonics 8, 369 (2014).

26. S.-W. Huang, H. Zhou, J. Yang, J. F. McMillan, A. Matsko, M. Yu, D.-L.
Kwong,L.Maleki,andC.W.Wong,Phys.Rev.Lett.114,053901(2015).

27. S. Kalchmair, R. Shankar, S. Kita, C. Mittag, I. Bulu, and M. Lončar, in
Conference on Lasers and Electro-Optics: 2015, OSA Technical
Digest (online) (Optical Society of America, 2015), paper STu2I.3.

28. D. J. Moss, R. Morandotti, A. L. Gaeta, and M. Lipson, Nat. Photonics
7, 597 (2013).

29. S. K. Turitsyn, A. E. Bednyakova, M. P. Fedoruk, S. B. Papernyi, and
W. R. L. Clements, Nat. Photonics 9, 608 (2015).

30. T. Inagaki, K. Inoue, Y. Yamamoto, and H. Takasue, in Nonlinear
Optics, OSA Technical Digest (online) (Optical Society of America,
2015), paper NTu1B.6.

31. S. Radic and C. J. McKinstrie, Opt. Fiber Technol. 9, 7 (2003).
32. Z. Tong, A. O. J. Wiberg, E. Myslivets, B. P. P. Kuo, N. Alic, and S.

Radic, Opt. Express 20, 17610 (2012).
33. M. E. Marhic, Y. Park, F. S. Yang, and L. G. Kazovsky, Opt. Lett. 21,

1906 (1996).
34. K. Inoue, IEEE Photonics Technol. Lett. 6, 1451 (1994).
35. A. C. Turner, C. Manolatou, B. S. Schmidt, M. Lipson, M. A. Foster,

J. E. Sharping, and A. L. Gaeta, Opt. Express 14, 4357 (2006).
36. L. A. Lugiato and R. Lefever, Phys. Rev. Lett. 58, 2209 (1987).
37. M.Haelterman,S.Trillo, andS.Wabnitz,Opt.Commun.91, 401 (1992).
38. A. B. Matsko, A. A. Savchenkov, W. Liang, V. S. Ilchenko, D. Seidel,

and L. Maleki, Opt. Lett. 36, 2845 (2011).
39. S. Coen, H. G. Randle, T. Sylvestre, and M. Erkintalo, Opt. Lett. 38, 37

(2013).
40. M. R. E. Lamont, Y. Okawachi, and A. L. Gaeta, Opt. Lett. 38, 3478

(2013).

Wavelength (nm)
15701560155015401530

P
ow

er
 (

dB
)

(c)

(b)

(a)

-40

-30

-20

-10

0
-40

-30

-20

-10

0
-40

-30

-20

-10

0

Fig. 5. OPO spectra from two pumps for pump offsets δ of (a) 6.5×
FSR, (b) 5× FSR, and (c) 4× FSR. The FSR is 200GHz. The pump offset
of 4× FSR (c) enables the generation of a degenerate signal/idler pair be-
tween the pumps, which results in the generation of the bi-phase state.
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