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Abstract

We introduce and analyze a coupled system of partial differential equations which
model the interaction of shocks with a dispersive wave envelope. The system mimics
the Zakharov equations from weak plasma turbulence theory but replaces the linear
wave equation in that system by a nonlinear equation allowing the formation of shocks.
This nonlinear equation is a hyperbolic conservation law forced by the dispersive wave.
Chapter 1 considers a weak coupling in which the nonlinear wave evolves independently
but appears as the potential in the time dependent Schrédinger equation governing
the dispersive wave. We solve the Riemann problem by constructing solutions to the
Schridinger equation that are steady in a frame of reference moving with the shock.
As in nonlinear WKB approaches, the Schrédinger equation is separated into phase-
amplitude form. A viscous diffusion term is then added to the shock equation and
by explicitly constructing asymptotic expansions in the small diffusion coefficient, we
show that the Riemann problem steady states are zero diffusion limits of the regularized
problem. The expansions are unusual in that it is necessary to keep track of exponen-
tially small terms to obtain algebraically small terms. We then construct a family of
time dependent solutions in the case that the initial data for the nonlinear wave equa-
tion evolves to a steady-state shock in finite time. We prove that the shock formation
drives a finite time blow-up in the phase gradient of the dispersive wave, and identify a
family of transient solutions of the Riemann problem steady states. In Chapter 2, the
incompressible limit of the fully coupled equations is considered. In this limit, the ratio
of the shock speed to the group velocity is large: as the coefficient of the time derivative
of the shock wave goes to zero, the wavespeed becomes infinite. When this coefficient
equals zero, the full system reduces to the single linear or nonlinear Schrodinger equa-
tion for the dispersive wave envelope. After presenting some exact solutions of the
full system, a multi-time-scale perturbation method is used to resolve the interaction
of solutions of the Schrédinger equations and a rapidly propagating shock wave. The
leading order interaction equations are analyzed by the method of characteristics. The

iii
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details of the interaction process depend on the relative sizes of the shock strength and
the dispersive wave amplitude. We show, for example, that if the shock strength is
small compared to the dispersive wave amplitude, the shock can be completely blocked
by the dispersive wave. Also, the dispersive wave can cause transient shocks to develop.
The influence of the shock on the dispersive wave is manifested, to leading order, in
the generalized frequency of the dispersive wave: the fast-time part of the frequency is
the shock wave itself. Hence the frequency undergoes sudden jumps across the shock
layers. Numerical experiments are presented which exemplify how, to leading order,

the shock wave and dispersive wave frequency evolve in fast time.

iv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



To Bettina Azel.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Acknowledgments

I thank my advisor, Professor Paul Newton, for teaching me how to be a mathematician
and for making the lesson so enjoyable. [ thank my friend, James Colliander, for the
inspiring mathematical conversations over the years. I thank my brothers, Jonathan

and Howard, and my parents, Peter and Bettina, for everything.

vi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

1079 00 11 610 L) « (PP 1
1 The weak coupling limit...........coiiiiiiiiii i 6
1 The Riemann problem ......cociviuiiiiiiiiiiiiiiiiii ittt eaaaans 7
O 7 17 Y 2 4 Lt 8

12 S8 28 ZF Otennnieeeene et er e et an e e 10

1.3 Construction of periodic orbits........c.oooiriiiiiiiiiiiiiiiiiiiiin., 12

2 The zerodiffusion limit ......coooviiiiiiiiiii 14
2.1 The general perturbation expansion............c.coiviviiiiennneienia.. 16
2.2 Asymptotic approximation inregion I.......... ... ..l 23
2.3 Asymptotic approximation in region IT...............c.oooiiiiiiiiaL, 25
2.4 Asymptotic approximation in region IIl............c.ciiiiiiiiet. 27

3 Dynamics prior to shock onset.........cooiiiiiiiiiiei i, 28
3.1 The general procedure: variation of parameters........................ 29
3.2 Derivation of SOIULIONS ... vvvvviiireieneiiiiii it ieiiiiiie i, 31
3.3 Transients of the Riemann problem ..........c.ocoiiiiiiiiiiiiiat 33
3.4 Some phase-amplitude plots through break time....................... 35

2 The incompressible limuit..........ccoooiiiiiiiiiiiiiiiiiii 43
4 Exact SOIUIONS .. ..ovneiiii ittt ittt ittt 44
5 Thee=0problem......ccovvuiiiiiiiiiiiiiiiiiiiiii ettt ieriaenaanens 47
6 The multi-scale expansions............coovvvveneiennn., heeeestetescenterens 49
6.1 Leading order shock equations . e e 50

7 Modulation equations for the dispersive wave............ocoiiiiiiiiiiiae 51
7.1 O(1) modulation equations for Problem 1...............c..coiiiiiiiit 51

vii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7.2 O(1) modulation equations for Problem 2.................. ... ...052

7.3 Generalized frequency of the dispersive wave.......................... 53
7.4 O(e) modulation equations for Problem 1......................... .. 34
7.5 O(e) modulation equations for Problem 2................... ...l 35
7.6 EXDansion SUMIMATY ....coueeenteunnnernassaseaeennsassarearaeannennns 36
8 Solution of the shock equation for Problem 1.................coiiiiilt 57
8.1 Solution of the Riemann problem ..........c.ccoiviiiiiiiiiiiiiiin... 39
8.2 Shock structure for Problem 1.........cooiiiiiiiiiiiiiiiiiiiienan. 60
9 Solution of the shock equation for Problem 2................ooiiiiii, 62
9.1 Characteristic eqQUAtIONS «.......viiiiiiiiiiiiiii it 64
9.2 Single or multiple Shocks......covuiiiiieiiiiiiiiiii i 67
9.3 Long-time dynamics .......c.vvvrurerrieerniiieiniieniieeiiieiienaans 72
10 Numerical experiments. ... ....oveetieuieienitrerarieeenenerererananannnn. 79
N o]0V o Vo < 96
T 0 016 =< 100
Vb ot ittt ittt iiirerecnacnsasonasenasesancrssssnnsonssssansssnnenesenns 105
viii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Introduction

The simplest equation which allows shock formation even for smooth initial data is the

hyperbolic conservation law
U + utz =0. (0.1)

It is a special case of the equation u¢+ f(u)z = 0. Much work in the past fifty years has
been devoted to the development of a general theory for this equation and its extension
to systems of conservation laws [1, 2]. See also (3] for a very thorough list of significant
contributions up to 1980. Dissipative or dispersive effects may be introduced in (0.1)
by adding appropriate terms, typically higher order derivative terms or source terms,
which may compete with the nonlinearity and suppress shock formation. The basic
model of a shock wave in the presence of diffusion is Burgers’ equation [4]

Up + Uz = Nzz. (0.2)
The nu.r term smoothes out the solution and prohibits shock formation. For a large

class of initial data, Burgers’ equation is exactly solvable [5] via the Cole-Hopf trans-

formation. Another method of introducing damping effects is seen in the model
U + Uy = 0(zT)u. (0.3)

The source term ou can act as a damping term [2| which in some cases may prevent
shock formation (6]. This equation is studied in (7] as a model of gas flow through a
nozzle. For some recent results on stability of the solutions of (0.3) when ¢ is constant,
see (8. In [9, 10], more general nonlinearities are considered.

The fundamental and perhaps most well studied model which includes dispersive

effects in the conservation law is the scalar KdV equation (2]
Ut + UUz + Uzzz = 0. ' (0.4)

The effect of the additional dispersive term, with its accompanying oscillations, has
been well studied [11, 12, 13]. The KdV equation is a rather special model of shock-
dispersion competition in that it has a completely integrable structure {14, 15]. For a

1
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general discussion of various models of wave propagation through a dispersive environ-
ment, see (16, 17]. Equations which incorporate both diffusive and dispersive effects
are also of interest (18, 19, 20]. These equations have the form

Ue + f(U)z =QUzz +ﬁum, - (0.5)

where, for example, f(u) = u? (KdV-Burgers) or f(u) = u® (modified KdV-Burgers).
Examples (0.2)—(0.5) are scalar equations which include nonlinear terms that favor
shock formation and diffusive or dispersive terms which discourage shock formation. As
such, they are limited in the sense that they describe a single mode subject to various
competing forces (friction, advection, dispersion, etc.). More complicated models occur
as systems of equations governing the dynamics of two or more modes interacting with
each other in various ways. A simple example of such a system is a spring oscillating in
the transverse direction (like a tight string) while compressive waves propagate along
it in the longitudinal direction. To describe certain long wave/short wave resonant

interactions in shallow water, Djordjevic & Redekopp [21] derived the system

ue + a(|E|?)z =0 (0.6a)
iEe+ Ezz —uE =0. (0.6b)

Here, the real part of E(z,t) represents a short ‘compressive’ wave (a capillary wave due
to water surface tension) and the real-valued u(z, t) represents a long wave oscillating in
the transverse direction (a water wave due to gravity). The governing equation (0.6b)
for E is the dispersive Schrédinger equation with potential u. In [22], this system is
solved via the inverse scattering transform developed by Ablowitz et al (23]. A similar
pair of equations originating from plasma turbulence theory is the so-called Zakharov
system [24]

g — (4 + |E|?)zz = 0 . (0.72)
iEy + Ezz —uE =0, (0.7b)

coupling an ion-sound wave u with a dispersive plasma envelope E. Although the cou-

pling is nonlinear, the acoustic wave u is governed by a linear wave equation. Therefore,

2
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unless shocks are introduced in the acoustic wave as initial data, they will not develop.
Gibbons et al. show in [25] that (0.7) has a canonical Hamiltonian structure, but it is
not known if the system is completely integrable. As the parameter € goes to zero in
(0.7a), the speed of the acoustic wave goes to infinity. This limit is therefore called the
incompressible limit. A general program for studying incompressible limits has been
initiated by Ebin [26] and Klainerman & Majda [27]. For small ¢, (0.7) has two widely
separated time scales: ¢t and t/e. Letting € — 0 in (0.7a) gives u = —|E|? (modulo a
function of t), and substituting this into (0.7b) shows that when € — 0, E satisfies

iEy + Ezz + |E’E =0, (0.8)

the completely integrable cubic nonlinear Schrodinger equation (NLS). See 14, 28, 29
for a discussion of NLS. The incompressible limit is thus an integrable limit: for small
¢, system (0.7) is a perturbation of NLS, but the perturbation term u is a fast wave,
not a small magnitude wave. This limit is studied by Schochet & Weinstein in (30}, by
Ozawa & Tsutsumi in [31], and by Newton in {32]. In (32|, the incompressible limit
is investigated by a multi-time-scale perturbation method which takes advantage of
the widely separated time scales when ¢ is small. The method is used to analyze the
interactions of a fast unidirectional acoustic plane wave and a soliton solution of the
nonlinear Schrédinger equation.

In this doctoral thesis, a similar program is carried out for a system based on the
Zakharov system, but one which allows the development of shocks in the acoustic wave
u. Mimicking the Zakharov system, the model we consider here is

eus + u(u + 8| E|?): = 0 (0.9a)
iEt + Ezz —uE =0. (0.9b)

Although not explicitly derived from physical principals, it is a natural generalization
of the Zakharov and Djordjevic—Redekopp systems in that it replaces the acoustic
wave equations in those systems by the simplest possible nonlinear equation which
allows shock formation. This is seen by comparing the three systems in the absence
of a dispersive wave envelope (E = 0). The Djordjevic-Redekopp system reduces to

3
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ue = 0, the Zakharov system reduces to e2ug — uzz = 0, while system (0.9) reduces
to eus + uuz = 0, hence shock formation is admitted. System (0.9) is designed to
incorporate the interaction of shock waves and dispersive waves while not straying too
far (structurally) from these well-known physical models. In particular, the equation
governing the dispersive wave envelope E is exactly the same in all three systems. We

note some immediate observations regarding (0.9).
e Like the Zakharov system, there is no known integrable structure for system (0.9).

e When § = 0, the equations are coupled only by the presence of u(z, t) in (0.9b)
as the time dependent potential. We call this the weak coupling limit; it is the
subject of Chapter 1 of this thesis!.

e When there is no dispersive wave (E(z,t) = 0), the acoustic wave is governed by

the scalar conservation law
€Uy + uuz =0, (0.10)

whose wavespeed is inversely proportional to e. In the singular limit ¢ — 0,
equation (0.9a) can be solved by setting u = ~§|E|2. When this is substituted
into (0.9b), we get the NLS equation for E(z,t). Hence, this limit, as in the
Zakharov system, is an integrable limit. It is an incompressible limit in the sense
that the wavespeed u/e — oco. The incompressible limit of the fully coupled
(6 = 1) system, is the subject of Chapter 2 of this thesis.

Despite the fact that, to our knowledge, this is the first comprehensive study of
two mode shock—dispersive wave interactions, the propagation of shock waves through
a dispersive environment occurs in many natural settings. One example comes about
when acoustic shocks (e.g., underwater explosions) propagate through the ocean where
they potentially can interact with surface gravity waves or internal waves [34, 35]. For
general background on these and related issues, see [36]. A second example arises

when a supersonic object travels over the ocean, generating a sonic boom and leaving

'This work appears in (33].
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a footprint on the water’s surface. The interaction of this N-wave shock on the flat
ocean surface is examined in [37, 38, 39]. The more complicated situation in which deep
ocean waves interact with the N-wave has not been studied and is a clear example of the
interaction of shocks with finite amplitude dispersive waves. Another example arises
in medical applications where acoustic waves propagate through tissue and internal
organs and are used for non-destructive imaging, or as destructive devices, for example,
to break up kidney stones. A basic introduction to some of these issues can be found in
(40]. See also [41, 42]. As a last example, we mention the propagation of shock waves
through interstellar plasma media (43, 44, 45]. This may result from energetic events
such as mass loss by massive stars, supernova explosions, and cloud-cloud collisions,
for example. Such wave interactions can trigger a weak form of plasma turbulence [44]
and are thought to periodically cause interruptions in satellite based communication
systems on earth. The results of this thesis are intended as a first step in describing

such complex interaction problems.
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Chapter 1

The weak coupling limit

The weak coupling limit is obtained by letting § — 0 in (0.9a). This gives

U + Uty =0 (1.0a)
iBi+ Ezz —uE =0. (1.0b)

To solve (1.0), one must specify initial data u(z,0) = uo(z), £(z,0) = Eo(z) as well as
boundary conditions as |z| — co. The main question we are concerned with is how the
formation of shocks in the conservation law (1.0a) affects the dispersive wave envelope
governed by (1.0b).

Chapter 1 is organized as follows. In section 1 we consider the Riemann problem for
(1.0a) in which an acoustic shock propagates at a fixed constant speed determined by
the initial data. We solve for the dispersive wave envelope E(z,t) = R(z,t) exp(if(z, t))
by moving in a frame of reference with the shock and solving the resulting coupled
ode’s for the amplitude R and phase 4. In section 2 we replace (1.0a) with the Burgers’
equation and study the zero diffusion limit. We construct small diffusion asymptotic
expansions for the amplitude R and show that solutions constructed in section 1 are
zero diffusion limits of the augmented problem. For the asymptotic expansion, it is
necessary to keep track of algebraically small as well as exponentially small terms.
The exponentially small terms play an important role in enforcing continuity of the
amplitude in the region of rapid transition of the smoothed shock profile of Burgers’
equation. In section 3, we specify initial data for u(z,t) which evolves to a shock in
finite time and study the resulting time dependent dispersive wave. It is shown that
the formation of the shock drives a blow-up in the phase gradient, é=, of the dispersive
wave: the shock for u(z,t) develops algebraically in time, the phase gradient blows up
logarithmically in time. We then show that a subset of these time dependent solutions
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are transients of the Riemann problem steady states of section 1. In section 3.3, we
show plots of three time dependent solutions. The first is a solution that evolves to
a steady state constructed in section 1. The second is a solution that evolves to a
phase-kinked steady state, i.e. a traveling wave with a phase discontinuity. The third

is a non-transient solution.

1 The Riemann problem

We first consider the Riemann problem for system (1.0). Given initial data

uy z<0
u(z,O) = (11)

u >0,
where u(z,t) : R x Rt — R, u; —u, > 0, we seek solutions, E(z,t) : R x Rt — C, of
the time dependent Schrédinger equation (1.0b).

The solution to the conservation law (1.0a) with initial data (1.1) is given by a
propagating shock with speed ¢ = é—(u; + u,), [1, 46]. We assume without loss of
generality that u; + u, > 0. In terms of the traveling variable § = z —~ ct, the shock
solution is

u(§) = { uo <o (L2)

u £§>0.
We seek solutions to the time dependent Schraodinger equation that move with the
same speed as the shock, hence are steady in the traveling variable. Substituting
E(&) = R(&) exp(i0(€)) into (1.0b) leads to the coupled ordinary differential equations

0"R+ (20 —c)R =0 (1.3a)
R'+(f —(6)?-w)R=0, (1.3b)

where prime is differentiation with respect to £. Since only derivatives of 8 appear, it

is convenient to define a8 new variable

2(€) = 20 —¢. (1.4)
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We write

6
€ = R(§) €<0 8(6) = iW€) €<0 2(€) = z2(§) £<0
R.(§) £>0, 6-(&) £€>0, z(§) £>0,

and seek R;(§) and 6i(€), i = [,r. We then obtain solutions of (1.3) by piecing together

the solutions for £ < 0 and £ > 0 subject to the continuity condition
Ri(07) = R(0%) and 6i(07) =6.(0%).

We consider two cases.

1.1 Casel: z2=0

In this case, both parts of the phase, 6; and 6., are linear in £&. Equation (1.4) implies

2+ E<0
o) = {2 (L.5)

ct/2+% £>0.
The constants v and 4, are defined modulo multiples of 2x. In the case v # v (mod
2m), (1.5) represents a steady state phase-kink, i.e, a phase with a jump discontinuity
across € = 0. If yy = 4. (mod 2~), the phase is continuous. Equation (1.3b) reduces to
the time-independent Schrodinger equation for the amplitudes R; and R,:

Rl +ViRi=0 £<0 (1.6a)
RI+V:R- =0 £>0, (1.6b)

where Vi, = % — ue. The bounded solutions of (1.6) depend on the signs of V; and
V:. Figure 1 displays the regions of the (u,,4;) plane in which V; and V; have definite
signs. Because u; + u, > 0, there are only three allowable subregions of shock values.
Region I corresponds to Vi < 0, V; < 0, region II to V; < 0, V. > 0, while region III

corresponds to V; > 0, V» > 0. The dashed line in Figure 1 is the line w; = u,. The

bounded continuous solutions in the three regions are
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Figure 1: The (u,, u;) plane consisting of allowable shock strengths on either
side of £ = 0. Region I: amplitude R decays exponentially on each side of
& =0. Region II: R decays on the left, oscillates on the right. Region I[II: R
oscillates on both sides. All regions are above the dashed line u; = u,.

region [:
aexp(v-Vi€) £<0
R(E) = (1.7a)
aexp(-—v “crf) f > 0’
region II:
aexp(v=Vi§) §<0
,/-’V'-r"asin(\/WQ + acos(VVe€) €>0,
region III:

FnBsin(VVE) + acos(VViE)  £<0
R() = (1.7¢)

ApBsin(vVrE) + acos(vViE) € > 0.

The constants a and 3 are determined by R(0) and R’(0), respectively.
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1.2 Case 2: z#0
Solving (1.4) for 8(&) gives

0(e) = c/2+wf)+m £<0 (1.9)

c£/2+Ye(§) + £>0,
where
1 r¢
’A(f) = 5 A z;(s)ds, t=1lr, (]"9)

and 7, 7, are constants. In the limit z — 0, (1.8) reduces to the linear phase (1.5).
With @ given by (1.8), equation (1.3a) separates as

_HA_R 1.10
=z (1.10)
or equivalently
Ri(&) = —I-{-"—-, K; constant. (1.11)
V1€l
Substituting (1.11) into (1.3b) gives a nonlinear oscillator equation for z:
Z + f(z, %) +9(%) =0, (1.12)
where
3. n2,-1 l 3
fad) = -5@P5"Y o(m) = 54 —2Wia. (113)
To analyze (1.12) in more detail, we write it in first order form:
4 =w (1.14a)
3w? 1
i oy o x9 .
wi=5 +2Viz 54 | (1.14b)
If V; >0, i =1[,r (region III in Figure 1), then (1.14) has the fixed points
%=+2/V; (1.15)

10
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The fixed points correspond to solutions

R= B e<o (L.17)
Byt £>0,
2% + 0

g~ (/2 VV)E+m &< (L18)

(c/2£VVR)E+7 £>0,
of system (1.3), where Ki, Ky, W, 7 are constants. We show that these fixed point
solutions are centers, hence in the neighborhood of the fixed points there exist periodic
solutions.

Without loss of generality, we choose the plus sign in (1.15). A suitable transfor-
mation of the fixed point and a rescaling of the dependent and independent variables
renders system (1.14) in normal form. Let 2z = Z + q1/% and define = Z;§ and
g2 = dgi/dé. With - = d/df and q = (q1,42), (1.14) becomes

4= Aq+ f(q), (1.19)
where
0 1
A= , flg)= ) ) (1.20)
-1 0 f2(q)
and
H(g) =0, (1.21)
3 2
fa(q) = 3 ['zg—qja “:72';' - g’z] ‘ (1.22)

We make three observations about system (1.19).

1. The linear part of (1.19) has pure imaginary eigenvalues A = =i, hence no con-
clusion can be drawn on the nature of the fixed point ¢ = 0 based on linear

theory.
2. f(q) is analytic at the origin.

11
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3. (1.19) is symmetric under time reversal, i.e., if (ql(é),qg(é)) is a solution, so is
(q1(=£€), —g2(=6))-

By the Center Theorem of Liapunov [47], the first two observations allow us to conclude
that the equilibrium point g = 0 is either unstable, asymptotically stable, or a center.
The third observation implies that the fixed point ¢ = 0 is a center.

The periodic solutions for g near 0 correspond to solutions of (1.3) that have oscil-
latory amplitudes. Although these amplitudes are qualitatively similar to the solutions
discussed in the z = 0 case, they are not simple sinusoidal oscillations. In the next

section we construct an approximation of these periodic orbits.

1.3 Construction of periodic orbits

We approximate the periodic solutions for z(§) near the fixed points Z defined in
(1.15), i.e., near ¢ = 0. For this approximation, we transform to polar coordinates and
follow the general method described in [47). Let q1 = rcos(6) and ¢ = —rsin(d). Then

system (1.19) becomes

r=R(r,6), 6=1+6(r0). (1.23)
The right-hand sides are given by

R(r,0) = fi(rcos8, —rsin @) cosd — fo(rcosd, ~rsinf)sing, (1.24)

o(r,0) = —éfl(r cosf, —rsinf) sind — fa(rcosd, ~rsin ) cos b, (1.25)

where 6(0, ) is defined to be 0. Both R(r,0) and 6(r,0) are 2x-periodic functions
of 6, and in a neighborhood of ¢ = 0 we have § > 0. Dividing the first equation by
the second in (1.23) gives a scalar ordinary differential equation governing the radial

variable:

dr -
i R(r,8), (1.26)

12

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where

R(r,0) = TI}-Z%:_,)E)" (1.27)
By (1.21), (1.22), equations (1.24), (1.25) are .
2 2 3 o3
2 in2 2 a2 3 3
o(r,0) = —g cos(8) [ZJ; +s;nco(:()0) -t c;jg © _r c;;(e)] . (1.29)
j

Expanding the right-hand sides of (1.28), (1.29) in terms of r for r near the origin and
substituting into (1.27) gives

R(r,6) = —asin(8)r? + O(r%), (1.30)

where
_ 3sin?()  3cos?(6)

32 52
2 Z 2 Z3

We transform the radial variable in (1.26) to eliminate coefficients depending on 8. Let

(1.31)

r=p+B8(6)0° +0(°), (1.32)
where 3(0) is to be determined. Then
% = g-%gfo’- =(1+ 2Bp) 0 480 (1.33)
Using this in (1.26) gives the new radial equation
%‘93 = ~(asin(8) + §)p* + O(p%). (1.34)
For p to be independent of § through O(p?), 4(6) must satisfy:
G = —asin(d). (1.35)
Integrating gives
B(6) = —:fcos(o) —fcos’(o) 2_2 ' (1.36)

where the integration constant was chosen so that (0) = 0. Hence, through O(g?), we
have the approximate periodic orbit given by (1.32), (1.36) with p = constant. Note
that in (1.36), the z? term in the denominators is 4V if £ < 0 and 4V; if £ > 0.

13
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Up 4

o ¢
Figure 2: Smooth shock layer initial data (2.2) for Burgers’
equation (2.1a).

2 The zero diffusion limit

For pure conservation laws, the zero diffusion limiting process picks out a unique and
physically meaningful shock solution in what is otherwise a problem with many solu-
tions [1, 46, 48, 49, 50]. In this section we show that the solutions to the Riemann
problem (1.0), (1.1) constructed previously are zero diffusion limits of an augmented
model that incorporates the effects of viscosity. The augmented model for u‘(z, t; €)
and E¢(z,t;¢€) is

ug + u‘ug = eug, (2.1a)

iEf + EZ; —u*E* =0, (2.1b)

where 0 < € <« 1. As initial data for Burgers’ equation (2.1a) we take the smoothed
profile (Figure 2) corresponding to (1.1):

(ur — tr)
1 +exp (az/e)’ (22)

where @ = $(u —4,) > 0. In the limit € — 0, for z # 0, it is easy to verify that
u¢(z,0;€) — u(z, 0) given in (1.1). The solution to (2.1a) with initial data (2.2) can be

u(z,0;€) = u, +

explicitly written [2]:

(4 — ur) (2.3)

ué(§;€) = up + Treop(@/d’

14
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where the traveling variable £ and wavespeed ¢ are those given in the previous section.
We construct explicit asymptotic expansions for E€ in regions I, II, III which, in the
limit € — 0, reduce to (1.5), (1.7) of section 1.1. The asymptotic expansions for R¢(§)

are summarized first for convenience.

Theorem 1 (Small diffusion expansions). Consider solutions to (2.1b) of the form
E*(&€) = RE(&;¢) exp(i6°(§; €)), with & =z —ct, ¢ = (w + ur)/2. If the phase 6(§;¢)
is independent of € and corresponds to the limiting (e = 0) form in equation (1.5), then
the amplitude R*(§) satisfies the Schrodinger equation

d;g + (f - u‘(f)) R =0, (2.4)

4
where u¢(§) is given in (2.3). The approzimate solutions through O(e?) are:

region I:
{a + 222 1+ 0() - 2 exp(§) + t.s.t} exp (V=Vig) £<0,
R§) = J (2.5a)
{a - 222 1 O() + 22 axp(H£) + t.s.t} exp (-vV=V;€) £>0,

\

region II:
(
{a + e +0() - B exp($) + t-s.t-} ep(V=T)  £<0,

RE(€) = ¢ {" 1+ 52 +06) (2.5b)

+ l"a‘—2 exp(-";{)] + t.s.t.} sin(vV;€)

+ {a — 222 1 O(e%) + 22 exp(<£) + t.s.t.} cos (VVrE) €>0,

\

15
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region III:
4
{ -+ e~ e+ 0
- f%i;l exp($) + t.s.t.} sin (VVi€)

+ {a + G2 + O(%) + 22l op(§) + t.s.t.} cos (VVi€) €£<0,

RE(§) = (2.5¢)

{r+ e+ e 0
+ fg‘é exp(=E) + t.s.t} sin (vV;€)
{ {a_—_mjnlé) + 22 oxp(XK) + t.s. t}cos(s/Tf:f) £>0,

where t.5.t. denotes terms which, for fized §, are transcendentally small as € — 0.

In the limit € — 0, these solutions correspond to the solutions (1.5), (1.7) of the
zero diffusion model. Note that the terms in brackets are either algebraic in € or
transcendentally small. We have included the first transcendentally small term in each
case, as it represents the most important contribution to the solution in the inner
region |§| < 1. In the terminology of matched asymptotics [51], the algebraically small
terms constitute the outer solution while the transcendentally small terms constitute
the inner solution. The composite expansions (2.5) are obtained by adding the inner
and outer contributions. The remainder of this section is devoted to constructing these
asymptotic expansions. In Figures 3-5, plots of the expansions are presented. Each
figure contains three plots: the first two plots show the outer and composite expansions
in each region, the third plot compares the composite expansion to a numerical solution

of equation (2.4).

2.1 The general perturbation expansion

Our analysis is based on system (1.3) with potential u¢(§) given by (2.3). With z =
2¢ — ¢ =0, the phase @ is given by (1.5). It is then straightforward to show that (1.3b)

16

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.2
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R(g) 6
0.4
0.2

1 3
08 ¢t
06}
R( &)
0.4 ¢
02}
o 5
¥ -4 2 0 2 4 6
& °
R(E)

Figure 3: Region I (u; = 2, ur = 1, a = 1). (a) Outer expansion. Solid: ¢ = 0.
Dashed: € = 0.3. (b) Composite expansion (2.53). Solid: € = 0. Dashed: ¢ = 0.3.
(c) Composite expansion (2.5a) (dashed) vs. numerical solution of equation (2.4)
(solid) each with € = 0.3.
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R(E) ©

® °
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1
0.5
R(E) O
-0.5
-1
-1.5 =
-3 -2 -1 ] 1 2 3
() §

Figure 4: Region II (u; = 6, u» =2, a = 1). (a) Outer expansion. Solid: € = 0.
Dashed: € = 0.3. (b) Composite expansion (2.5b). Solid: € = 0. Dashed: € = 0.3.
(c) Composite expansion (2.5b) (dashed) vs. numerical solution of equation (2.4)
(solid) each with € = 0.3.
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RCE)

Figure 5: Region III (4; = 6, ur = 4, @ = 1, § = 1). (a) Outer expansion.
Solid: ¢ = 0. Dashed: € = 0.3. (b) Composite expansion (2.5¢). Solid: € = 0.
Dashed: € = 0.3. (¢) Composite expansion (2.5c) (dashed) vs. numerical solution
of equation (2.4) (solid) each with € = 0.3.
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reduces to the Schrodinger equation (2.4). We seek solutions of (2.4) which have the
same form as (1.7) but with coefficients a and 3 replaced by functions A, B, C, D of
€ and e. Since the potential V¢(§) = % — u¢(£) can be expanded as

Vi + 28 2, (- 1)"*+ exp (na/e) £<0

Ve 2050 (~1)"*exp(-nat/e)  €>0,

(2.6)

where Vi» = % — uyy, we are led to seek similar expansions for the coefficients A, B,C,

D. Expansion (2.6) displays V¢ as the sum

Ve = Out(V¢) + Inn(V*), @2.7)
where
7
Out(Ve) = { b §<0 (2.8)
Ve £€>0,
and

2032 (~1)"*exp (%) £<0
Inn(V<) = (2.9)

~20 302, (~1)"H exp(Z2K) £>0.
The outer part of the expansion, Out(V*), is a step function. The inner contribution,
Inn(V*¢), depends only on the scaled variable £/¢, and for £ # 0, is transcendentally
small as € — 0. As § — 0, however, Inn(V*) is of the same order of magnitude as
Out(V¢). The expansions for A, B, C, and D will also be sums of outer and inner parts.
These expansions will be subjected to matching conditions at £ = 0. The matching
conditions will ensure that R¢(0) = a, and that in regions II and III, 4£(0) = vV=Via
and %‘-(0) = f3, respectively. We define several operators that are needed to describe

the solutions.

Definition: For n > 1, define the operators -

2¢3 n -2y
T: = n[(na)2+4Vr€2] ( 2\/V: ? ) ) (210)

20
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-2¢3 = VW
.= n[(na)? + 4Vi€?] ( -2V, = ) ’ 210

ST = 22 (2.12)
" n(na +2v—Vee) ' )
(o =2

Sn = n(na +2v/=Vie) (2.13)

Definition: Let § = (61,...,6;), j > 1, be a multiindex with positive, integral entries.
We say that § has length j. Define T} by

Ti=T; T Toy (2.14)

where the product is interpreted as a composition of operators. Define T7, Sk,
and S similarly. Let A; be that set of all multiindices of length j. Define

A§={6€A1:51=k, 61)62>">6J} (215)

Definition: Define the operators

po(T*) = I, the 2 x 2 identity matrix, (2.16)
pa(T*) = f: ((-1)“-1' }: 7}) n>1. (2.17)
i=1 s€AT

Define pn(T7), pn(S"), and pa(ST) similarly.

We shall need the following lemma and corollary.

Lemma 1. Let m; = R?2 — R be the projection operators:

z z ifi=1,
i =
] y ifi=2.
21
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We have the following ezpansions:

mT; (”) 2o Vs, o), (2.18)
v nea n'a
T [T = 22” e + %V;” 3 4 0(eY), (2.19)
v n<a
7!'1T,“ (Z) = ;3:’2 4":{;'21/ e +O(64), (2.20)
y
Ty z) = _;%ez 47:/V2 3 +0(eY), (2.21)
y
Sie) = Ea - M TEa | o, (2.22)
St(z) = e, 4" i 23 1 O(e). (2.23)

n2aq

Proof. Formulas (2.18)—(2.23) are obtained by expanding the operators T, T, S%, and

S! in powers of ¢ using geometric series. a

Corollary 1. If z and y are O(e®), then

z T O(e>+4)
n(T) = (-1)™*'T, + , (2.24)
i (v) (u) (0«"“))

pn(S)(x) = (~1)**'Sn(z) + O(*), (2.25)
where superscripts r and | have been suppressed.

Proof. The only degree one term in the polynomial pa(T) is (—1)"*+! T,.. The same is
true for pn(S). a

The derivations of the asymptotic expansions listed in Theorem 1 are presented next.

22
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2.2 Asymptotic approximation in region I

We seek a solution of the form

AGe)exp(vV=ViE) £<0
R‘(&e) = (2.26)

B(& €)exp(—v=Vz€) £>0.
Substituting (2.26) into equation (2.4) gives the system

A" +2/-VIA' + (V¢ -V))A =0, (2.27)
B"-2\/-V,B' + (V¢ ~V;)B=0. (2.28)

These equations for A(§;€) and B(&;¢€) are at least as hard to solve as equation (2.4)
for R¢(§;€). We therefore introduce the following expansions:

A(E:©) = Aole) + 3 An(e)exp("22), (229)
1
00 __na{.
B(&:€) = Bo(€) + ) _ Ba(e) exp(—=), (2:30)
1
where the coefficients have expansions in powers of e:
An(e) =Y Aneéd  n20, (2.31)
j=0
Ba(e) = Z Bnje n2>0. (2.32)
j=0

Several points are worth emphasizing:

1. The terms Aq, Bg are the outer contributions, important away from £ = 0. They

can be represented as algebraic expansions in € as in (2.31), (2.32).

2. The terms A,, Bn, n 2> 1, also have expansions in powers of €, but the expres-
sions 3°7° An(€)exp(2%) and 305° Bn(e) exp(=2%) have summands which are
transcendentally small for £ # 0 as ¢ — 0. These terms constitute the inner

contributions, important near § = 0.

23
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3. The continuity of the solution at £ = 0 involves all of the terms A,, Bs, n >

0. This is because the inner terms and outer terms are of the same order of

magnitude at £ = 0. The expansions listed in Theorem 1 are constructed so as to

satisfy the continuity conditions at £ = 0 with all of the transcendentally small

terms included.

Equations (2.27) and (2.28) give algebraic equations for the coefficients An(e) and

Bn(€). These algebraic equations are easily solved. The solutions are
An =pn(SHYA n>0,
and

Bn=pa(S")By n>0,

(2.33)

(2.34)

where pn(S*) and pa(S™) are defined in (2.16) and (2.17). The coefficients Ay and B

will be determined by the matching condition
R4(07;€) = R(0%;¢) = a.
This matching condition is equivalent to the two conditions
1. A(O;¢) =a.
2. B(0;¢) = .
By (2.29), condition 1 gives the equation
[o <]
Ao(e) + Z An(e) = a.
1
By (2.33), this is
0
Ao+ _(Pn(5')Ao) = a.
1

With Ag(e) = 3_3° Aone™, (2.37) becomes
Y Aone™ + i (p,.(s‘) [Z Aoﬂe"] ) =a.
0 1 0

24
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Using Lemma 1 and Corollary 1, we collect powers of ¢ on both sides of the equation.
The first three equations obtained are:

0(1) : Aw = @,
O(e) : Ao1 =0,
O(e?) : Ao + Z (-t (=2400) =0
n2g ’
The result is
Ao(e) = a (1 + ge’ + O(e")) . (2.39)

Therefore, A(£;€) = Ag(€) + t.s.t. as claimed in the first paragraph of Theorem 1.
Matching condition 2 gives the equation

Bo+) (p(S")Bo) = . (2.40)
1

With Bo = Y g° Bone", we have the equations

O(1) : Boo =,
OC(e) : Boy =0,
O(e) : Boa + Z CL™ 2Bo) =0,
which results in
Bo(e) = (1 - g—:e’ + +0(e3)) , (2.41)

as in Theorem 1. This concludes the region I analysis.

2.3 Asymptotic approximation in region II

In region II we seek a solution in the form

A(&; €) exp(vV=Vi€) £<0
RE(€) = (2.42)

B(&;€)sin(vVr€) + C(§i€) cos(vVrE) € >0.
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The equations for A(£;¢€), B(&;¢€), and C(&;¢) are
A" +2\/<ViA + (VS -W)A =0, (2.43)
and the coupled system
B" - 2/=V,C' + (V¢ - V,)B =0,
C" +2/-V,B' + (V¢ - V;)C =0.
With C(&;€) = Y_g° Cn(€) exp(—naé/e), and A, B as before, we find

An = pn(S*)Ag n >0, (2.44)

(B") = pa(T") (30) n>0. (2.45)
Cn Co

The matching conditions in region II are

and

1. A(0;e) =a.
2. C(0;¢) =a.
3. A'(0;€) + V=VIA(0;€) = VVrB(0; €) + C'(0;¢).

Condition 3 is the requirement that 4(0) = 4=(0%). As in the region I analysis,

the result of condition 1 is

2
Ao(e) = (1 + :—a-e’ + O(e“)) . (2.46)
Condition 2 gives the equation
= By
Co + Z T2pn(TT) =a, (2.47)
1 Co
which implies
0(1) : Coo = a,
O(e) : Co1 =0,

o0 -1 n+l
O(€?) : Cog + Z ( nga. (2C00) = 0.
1
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The result is
Co(e) =a (1 - gz—aez + 0(53)) . (2.48)

Condition 3 gives the equation

Z("r?')pn(sl)AO +vV=Via=VV {30 +Y_ mpa(T7) (50) }
1 1
o~ =na W (T Bo )
+ I mn(T) (CO
Setting powers of € on both sides of (2.49) equal to zero gives
0(1) PV —‘/( = \/Vr ’
O 1\yn+l © r_1\yn+l
O(e) : 2{: ﬁ-—%——(-zw =V, Ba + }; i—lr');'—(?Coo),

0@ : 3 EN 4y Tidow) = VB + Ve 3 EU 2)
1 1

nae
1)n+1

- ST,
1

The result is
Bo(e) = ay/ 2VY£(1 + -2“28 + 0(53)). (2.50)

This concludes the region II analysis.

2.4 Asymptotic approximation in region III

The expansion in this region takes the form

A(&;€) sin(vVi€) + B(§i€) cos(VVIE) €<0
R(§) = (2:51)
C(&; €) sin(vVr€) + D(§;€) cos(VVeE) . € > 0.
The equations for A, B, C, and D are '
A" —2\/ViB'+ (V- W)A=0
B" +2\/ViA' + (V¢ - V)B =0,
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and

C" —2/ViD +(VE=V;)C =0
D' +2y/-V,.C'+(V: -V, )D=0.

The solutions of the resulting algebraic equations are

(A")=p,,(T‘)(A°), n>0 (2.52)

By By

( Cn ) = pa(T7) ( Co ) . n>0. (2.53)
Dn Do

The matching conditions are
1. B(0;¢) = a.
2. D(0;e) = a.
3. VVIA(0;€) + B'(0;¢) = 8.
4. VV.C(0;¢) + D'(0;¢) = B.

Conditions 3 and 4 are equivalent to 4(07) = 4% (0+) = B. The remaining analysis
is essentially the same as the region I and II analysis and so is omitted. This concludes

the derivations of the expansions in Theorem 1.

3 Dynamics prior to shock onset

We turn again to system (1.0) for u(z, t), E(z,t), but now with initial data (Figure 6)

for u:
U r< -2
u(z,0)=qu -2 (z+%) ze(-$% (3.1)
u, z>4,
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u(x,0)

--ul

-h/2 h/2

Figure 6: Initial data (3.1).

where a = %(u; —1u,) >0, and h is a fixed but arbitrary positive constant. [t is well
known [1, 2] that the initial data (3.1) evolves according to the conservation law (1.0a)
into a shock steady in the £ = £ — ¢t variable, ¢ = $(u;+u,) > 0. The shock formation
occurs at time t* = h/2a. In this section, a family of piecewise smooth solutions
of (1.0), (3.1) is described. One feature of these solutions is that §(§,t) is piecewise
linear in £. Though 8(§,t) does evolve in time, its spatial structure remains piecewise
linear. On a certain interval described later, the slope of 8(€,t) becomes infinite as
u(§,t) forms a shock. These solutions thus show how shock formation in u can drive a
finite time blow-up in f¢. Since ¢ can be interpreted as a generalized wavenumber for
the modulated wave Rexp(if), the result shows that shock formation of u provides a
mechanism by which small scales (high wavenumbers) are generated in the dispersive
system. Moreover, we show that the rate at which the wave number becomes infinite

is O(log(t* —t)) as t — t* while the shock forms at the rate O(1/(t* —t)) as t — t*.

3.1 The general procedure: variation of parameters

For ease of notation, let ‘gap’ denote the time dependent interval (~h/2+at, h/2 -at),
which is centered about 0 and collapses to 0 as ¢ — h/2a. By § < gap, we mean points
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to the left of this interval, etc. The solution of (1.0a), (3.1) can then be written as

uy £ < gap

u(€, t) = c— -‘.—‘f_—c §€ gap fort < ¢t*, (3.2a)
ur §> gap
u £<0

u(§, t) = fort > ¢t°, (3.2b)
u §>0

where t* = h/2a. The evolution of u(§,t) given by (3.2) is particularly simple: as
t — t*, the slanted line segment in Figure 6 steepens as the interval (—-h/2+at, h/2—at)
collapses to the origin. Then at time t*, u(£,t) becomes the steady-state step function

(1.2) considered in section 1. Motivated by equation (1.5), we seek (&, t) in the form

(&, t) = w(t)€ + x(t). (3.3)
This is simply a variation of parameters applied to (1.5). We break up 8(&, t) into three

parts corresponding to the intervals on which u(¢, ¢) is linear:

wi(t)§ +x1(8) § < gap
0(§,t) = wa(t)E + x2(t) €€ gap (3.4)
w3(t)§ + xa(t) &> gap,
and use (1.0b) to derive equations for w; and x;, ¢ = 1,2,3. We shall see that |ws(t)| —

o0 as t — t*. For the amplitude R, let

Ry(§,t) €< gap
R(&,t) = { Ry(€,t) €€ gap . (3.5)

R3(€,t) &> gap.
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3.2 Derivation of solutions

Equation (1.0b) in phase-amplitude form is

OR 09 R 0%
’at°+(25§"°)‘a?+WR=° (3.6a)
#R [ 080 [80\® 06

5?4-(652_(5?) —ﬁ—u) R=0. (3.6b)

Substituting 8 = wi(t)€ + xi(t) and R = R; into (3.6) gives
OFs _ (B
5= ¢ — 2w;) 3% (3.7a)
2p.
%g"i'(wi ~w? — &€ — X — w)Ri =0, (3.7b)

where - = d/dt. Equation (3.7a) is a first order wave equation for R; with variable
wavespeed. As long as R; depends only on £ + 74, with 75 = jg (¢ - 2w;(s)) ds, equation
(3.7a) will be satisfied. The potential cw; —w? — @€ — X; — u in (3.7b) must then be a
function only of the variable £ + 7. We state a simple lemma:

Lemma 2. If f,g and h are differentiable functions of a single varigble and if the

relation
h(t)€ + g(t) = £(§ + %) (3.8)
holds for t > 0 and all &, then h(t) = A, A constant, and g(t) = An; + p, u constant.
Proof. Differentiating both sides of (3.8) with respect to § gives
h(t) = f'(€ +m), (3.9)

where prime is differentiation with respect to & + 7;. Since the left side of (3.9) is
independent of &, both sides of (3.9) are equal to a constant, say A. Hence f(§ + ) =
A& + n;) + u for some constant u, and the lemma is proved. ; a

We use Lemma 2 to derive equations for w; and x;, ¢ = 1,2, 3, so that the potential

(cwi — w? — ix€ — Xi —u) (3.10)
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in (3.7b) depends as generally as possible on the single variable £ + 7. Each region is
treated separately.
For € < gap and ¢ < t*, u(§,t) is the constant u;. Applying the lemma with
h(t) = —&n, and g(t) = (cw1 ~ wf ~ X1 — w) gives
wp =M (3.11)

X1 =cwi ~wf — w4 Aim — (3.12)

where A; and u; are the constants from Lemma 2. Integrating (3.11) and (3.12) leads

to
w1 =Mt+061 (3.13)
-2
X1 = —3—‘c3 + (e =288 + (cBr — B} —w — pi)t + 1, (3.14)

where 8; and v, are constants of integration. Similarly, for £ > gap and ¢ < t°, we

have
w3 = Azt + 3 (3.15)
=2
X3 =~ 343 + A3(c —2B3)t2 + (cfs ~ B2 — ur — pa)t + 73, (3.16)

where A3, us, B3, and <3 are constants. In the gap region, u(é,t) = ¢ — &/(t* - ¢t).
Applying the lemma with h(t) = -3 + (t* — )~ and g(t) = (cwy —w? — X2 —¢) gives

we=Ag+(t°~t)"" (3.17)

X2 = cwa —wj — ¢ + Aot — g, (3.18)

where A2 and u» are constants. This gives

we = Aot + B — log (t* — ¢) (3.19)
t
X2 = / F | (3.20)
F = (cBa — B2 — ¢ ~ pa) + 2ho(c — 262 + 1)t — 22382 (3.21)

+ (262 — ¢ — 2)2t*) log(t* — t) + 4xqtlog(t* — t) ~log®(t* ~ ¢),
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where (3 is constant. Note that (3.19) implies |wo(t)] — oo logarithmically as ¢ — ¢*.
Also note (3.17), (3.18) show that wp and x2 become infinite as £ — £°.
We can now substitute w; and x;, 1 = 1,2,3 into (3.7b) to derive the governing

equation for the amplitudes R;. The result is
R +{=M(E+m)+m}Ri=0, =123, (3.22)

where prime denotes differentiation with respect to § + 7. If A; # 0, then (3.22) is
Airy’s equation and has the solution

Ri(E+m) = i {7 OuE +m) - w) } +aBi (NP OE+m) - w) ) (329)
where cg, ¢ are constants.
Although we do not have continuity in £ for the solutions R(§, t) and 8(&, t), we can
enforce temporal continuity through break time t* = h/2a by defining

RES) = Ri(E+m(t) £<0 E> e (3.24)

R3(§+m(t)) €>0

0E. 1) = wi(t)§ +x1(t) £€<0 £t (3.25)

wi(t)§ +x3(t) £€>0
We have thus described a family of spatially piecewise smooth solutions of (1.0}, (3.1)
which are defined for ¢ > 0. For these solutions, the phase (¢, t) becomes infinitely
steep on the collapsing interval (—h/2 + at, h/2 + at) as u(§,t) shocks.

3.3 Transients of the Riemann problem

As t — t* = h/2a, the initial data (3.1) for u(£,t) evolves to (i.l), the initial data of
the Riemann problem studied in section 1. In this sense, system (1.0), (3.1) extends
the Riemann problem back in time to a state prior to shock formation. The solutions

of (1.0), (3.1) derived in the previous section undergo phase gradient blow-up in the
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interval (—h/2a+at, h/2a—at), and then have evolutions given by (3.2b), (3.24), (3.25).
The following question then arises: Do any solutions of (1.0), (3.1) described in the
previous section coincide, for ¢ > t*, with the solutions (1.5), (1.7) of the Riemann
problem? The answer is yes. To identify which solutions evolve to the steady states
of section 1, it suffices to find conditions under which (3.24) and (3.25), the governing
equations for R and @ beyond ¢*, coincide with (1.5) and (1.6), the equations governing
the steady-state solutions. Obviously, if solutions are going to coincide with steady-
states beyond t*, they can not depend explicitly on ¢ beyond ¢*. This condition is, in
fact, sufficient: we will show that as long as R and 4, given by (3.24), (3.25), have no
explicit ¢ dependence beyond time t*, they correspond to solutions (1.5), (1.7) of section
1. These are the transients of solutions (1.5), (1.7) (see Figures 7 and 8). The solutions
which have explicit time dependence beyond ¢* can still be considered as solutions (for
t > t*) of the Riemann problem, but they are not transients of the steady-states of
section 1 (see Figure 9).

The solutions derived in the previous section are determined by the parameters i,
Bi, wi, and ¥, t = 1,2,3. By equation (3.24), R(&,t) will be a function of £ alone for
t > t* precisely when dr/dt =0, i = 1,3. Since 7i(t) = [5(c — 2wi(s)) ds, this is just
the condition that w; = ¢/2, i = 1,3. By (3.13) and (3.15), this is equivalent to A; =0,
Bi =¢/2, i = 1,3. Thus the steadiness of the amplitude for ¢ > t* is equivalent to the
phase having the form (for ¢ > ¢°)

66, 0) = c€/2+ (/4-w—mt+m §<0 (3.26)

€/2+(/A~ur —p3)t + 73 £>0,

and the amplitude satisfying

R{+mR =0 £<0 (3.27)
R{+usR3=0 £>0, (3.28)

where ' = d/d§. If we additionally require the phase to be a function of £ alone for

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



t > t*, we must set

= 62/4 -y =V (deﬁned after (16)),

pz=c/d—u =V,

in (3.26). Then for ¢ > t*,

2+ 0
o=t S (329
65/2 +73 E > 0!
and
R{+ViR1=0 (3.30)
R3 +V;R3 =0. (3.31)

These are exactly equations (1.5), (1.6) governing the steady-states in section 1. Thus
transients correspond to parameter values \; = 0, & = ¢/2, (i = 1,3), and y; = V},
ps = V. We remark that no conditions on parameters with subseript 2 are given.
These parameters determine the phase and amplitude in the gap region which vanishes

at time ¢* and so play no role in the evolution beyond ¢*.

3.4 Some phase-amplitude plots through break time

Figures 7, 8, and 9 show amplitude and phase evolutions which become steady state,
phase-kinked steady state, and non-steady state, respectively, at break time. We have
selected u; = 6 and u, = 2, which corresponds to shock values in region II (see Figure
1, page 9). The length parameter % as defined in equation (3.1) is 2 which implies that
break time is t* = 1/2. Figure 8 shows only the phase evolution since the amplitude in
this example is the same as for Figure 7. The amplitude in Figure 7 is given by
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exp(V2€) §<~1+2t
t<1/2: R =4 1 —14+2t<E<1 -2
sin(v/2€) + cos(v/2€) 1-2t<§&,

(3.32)
t>1/2: R, t) = exp(v/2) §<0
sin(v/2€) + cos(v2€) €>0.
The phase in Figure 7 is given by
2 E§<~1+2
£<1/2: 0(E, L) = (2 —log2 ~ log(1/2 —t))s —142<E<1-2
(3.33)
£>1/2 0(§,t)={ 2 £<0
26 £>0.

The actual phase would include the term xa(t) in the interval —~1 +2f < § <1 -—2¢
(see equations (3.3) and (3.20)). With the parameter values as specified, this term is
x2(t) = (0.5 ~¢t) (2 —21log2+ (log 2)2) +2(0.5—t) (log2—1) log(0.5 - ¢t)
+ (0.5 — t) log(0.5 — t)°.

(3.34)

For ease of graphing, we have set xa(t) = 0 in each figure. As a result, the phase always
passes through the origin.

The phase in Figure 8 goes to a kinked steady state. It is

% ~5 £<~1+2
t<1/2: 8(,t) = (7-1og2—1og(1/2—t))£ ~142<E<1 -2
% +5 1-2<E,
(3.35)
t>1/2:0(§,t)={2€—5 £<0
%+5 £>0.
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We have excluded

x2(t) = (0.5 — t) (37 — 12 log 2 + (log 2)%) +2 (0.5 — ¢} (log2 — 6) log(0.5 — ¢)
+(0.5 — t) log(0.5 — t)*.

(3.36)

Figure 9 shows an example of phase and amplitude evolutions through break time
t* = 1/2 which never reach steady states. The amplitude in Figure 9 is a function of
the variable £ + 1, n = —2¢, and is given by

exp(V2(€ - 2t)) E<-1+2t
t<1/2: R =4 1 ~14+2<E<1-2t
sin(2(§ — 2t)) 1-2t<¢§,
(3.37)
- 0
> 121 RED) = { exp(VE(E~2t)) €<
sin(2(6 —2t)) €>0.
The phase is
36—t E<-1+2
£<1/2: 0(E,t) = (3 ~log?2 —log(1/2 ~ t))f ~l+2A<E<L -2
36 -3t 1-2t<¢,
(3.38)
- 0
t>1/2:0(§,t)={ -t &<
-3t £>0.
We have excluded
xa2(t) = (0.5 —t) (5 —4 log2 + (log2)?) +2 (0.5 — t) (log2 —2) log(0.5 — t) (339)

+ (0.5 — t) log(0.5 — t)2.
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Figure 7: Amplitude evolution to steady state.
(a) Amplitude (3.32) at t = 0. (b) ¢t =0.3. (c)
t>0.5.

38

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



&
I\
L
o
—-—
nN
w

€)) 5

w

3 2 -1 0 1 2
§

(b)

w
n
-t
n
w

-1 0
(e s

Figure 7: Phase evolution to steady state.
(d) Phase (3.33) at t = 0. (e) t = 0.3. (f)
t>0.5.
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(d) Phase (3.38) at t = 0. (e) t = 0.5. (f)
t=1.5.
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Chapter 2

The incompressible limit

The fully coupled equations are obtained by setting § = 1 in (0.9a). They are

eus +u(u+E|*):: =0 (4.0a)

iEy + Egz — uE = 0, (4.0b)

with initial data given by u(z,0) = U(z), E(z,0) = Ey(z). In the incompressible
limit (e — 0), two widely separated time scales are discernible: a fast time scale of the
hyperbolic wave u, and a slow time scale of the dispersive wave envelope E. This is seen
by setting 7 = t/e in (4.0a), which absorbs the coefficient €. Section 4 lists some exact
solutions of system (4.0) which give insight into the nature of the nonlinear coupling
and the various phenomena the system supports. In section 5, the two solutions of
the € = 0 problem for (4.0) are presented: one in which E satisfies the cubic nonlinear
Schridinger equation, and one in which E satisfies the linear Schridinger equation.
This leads us to seek two distinct asymptotic approximations to (4.0). In sections 6
and 7, two multi-time-scale expansions for 4 and E are constructed, one about each of
the e = 0 solutions, and the equations governing the leading order dispersive wave terms
are solved. The solutions are the well-known soliton solution of NLS and an analogous
solution of the linear Schrodinger equation. In sections 8 and 9, the equations for the
leading order term in the expansions for u, what we call the effective shock equations,
are analyzed in detail. These equations determine how u is influenced by E, and also
how the phase of E is affected by the rapidly moving shock. We show that to leading
order, if the shock strength is weak compared to the soliton amplitude, the shock can
be completely blocked. Section 10 consists of a series of numerical experiments which

exemplify the shock phenomena described in sections 8 and 9.
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4 Exact solutions

Although it is not possible to solve (4.0) for arbitrary initial data, there are some special

solutions which give insight into the phenomena the system supports.
Ezample 1: Decoupled solutions.

We start by looking at two decoupled cases: u =0, E #0,and u #¥0, E=0.In
the absence of a shock wave, i.e. u = 0, the system reduces to the linear Schrodinger

equation for the dispersive wave envelope:
iEt + Ezz = 0, (4-1)
which is satisfied by a linear superposition of plane waves:
00
E= / a(w) exp(i( Vwz — wt)) dw. (4.2)
-00

To satisfy the initial data, we require that Eo(z) = f a(w) exp(ivwz)dw. This decou-
pled solution also solves (4.0) when € = 0. It is considered again in section 5. An
analogous solution can be obtained by setting u = ¢, where c is a constant. When the

dispersive wave is absent, i.e. E = 0, the system reduces to the conservation law
€ug + ultz =0, (4.3)

which we know shocks in finite time [1] as long as U’(z) < 0 at some point z.
Ezample 2: Coupled standing wave.

The fully coupled problem supports a much richer set of nonlinear solutions. From
the Zakharov system [25], we expect that our system should support a fully coupled
standing wave. It is straightforward to verify that an exact solution of this kind is

given by
v = G+ B —2sech®(Bz)) . (4.4)
E = 2Bsech(Bz)exp(—iGt). (4.5)

Notice that since u is independent of time, the parameter € does not play a role in the

solution, hence this solution is somewhat special and is not expected to arise as a result
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of a general wave interaction. In fact, (4.4), (4.5) solve (4.0} in the case ¢ = 0; (4.4) is
a solution of the form u = constant — |E|2.
Ezample 3: Finite time blow-up.

Motivated by the solutions to the weakly coupled system described in section 3.2 of
Chapter 1, a natural question to ask is whether the full system can support solutions
in which the wave u shocks in finite time. A solution of (4.0) demonstrating such shock
development is constructed in the following way. Specify initial data (Figure 6, page

29)
u z< -4
u(z,0) =y -R(z+54) ze(-33) (4.6)
Uy z> %,

where u;, 4, h > 0 are constants, and @ = $(u; — u,) > 0, and express E in phase-
amplitude form as E = Rexp(if). Let § = z — ct, where ¢ = 3(u + ur). The interval
(~h/2 + at, h/2 —~ at) at time ¢ = 0 is just (—h/2, h/2); at time ¢* = h/2a, it shrinks
down to the point 0. We call this interval the gap region, or just, ‘gap’. With this

notation, a solution of (4.0) can be given by

R(&,t) = constant, (4.7)
ore £t <t
oe = o S (48)
Oaper t21t°,
ore L < t*
we, )= e C S (4.9)
UsRer L 21°,
45
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where

Boefore = ¢

4

—ut £ < gap
w(t) +x(t) €€ gap

—urt § > gap,

\
(

baster =
and
Ubefore = ¢
Uafter =

-yt £<0

"uft f > 01

4

w §< gap
c—p £€ gap

v §> gap,

(
y £<0

(ur €>0.

The coefficients w(t) and x(t) are given by

u(t) = -IOg(t‘ - t):
x(t)

- (awq—o)t.

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

t* —t) {log(t‘ )L+t - %(t‘ —t)] - %(t‘ —t)+t* - 1} (4.15)

(4.12) and (4.13) show that u develops a shock at time ¢ = ¢* and that this shock

remains steady in the & variable for ¢ > t*. Equation (4.14) implies that |w(t)| — oo

as t — t*. Thus system (4.0) has solutions in which shock formation in u drives

a corresponding blow-up in the traveling phase gradient, 0, of the dispersive wave

envelope. Furthermore, for ¢ > t*, u(§, ) and 6(£,t) satisfy the equation

—0, =‘ u.

(4.16)

This equation will appear again in the small ¢ multi-scale expansion of (4.0). In the

context of dispersive waves, the quantity —@; is interpreted as a generalized frequency
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[2]. This is based on the simple observation that for a single linear mode, exp(i(kz —
wt)), —6: is the usual frequency w. Equation (4.16) shows that, for the special solution
constructed here, the frequency of the dispersive wave beyond break time has a moving

discontinuity: to the left of £ = 0 it is u;, and to the right of £ = 0 it is u,.

5 The ¢ =0 problem

When € = 0, (4.0) reduces to
u(u +|E[})z =0 (5.1)

iFy + Ezz — uE = 0. (5.2)

The two possible solutions of (5.1) are u = 0 and u = —|E|? + ¢, where ¢ may depend
on t. We will denote either one of these solutions by Uy and treat each € = 0 problem
separately. If Up = 0, equation (5.2) reduces to (4.1), the linear Schrédinger equation
(LS) for E. When U = —|E|? + ¢, equation (5.2) becomes

iE; + Ezz + (|E)> -~ ¢)E =0, (5.3)

which, for ¢ = 0, is the nonlinear Schrodinger equation (NLS). We will only be interested
in the ¢ = 0 case. The perturbations of u shall be of the form

u = ug + euy + O(e?), (5.4)
where
uo = Up + v(z, t/e). (5.5)

Note that the perturbation term v(z,t/e) depends only on the fast time ¢/e. It is not
assumed to be small in magnitude. The ¢ — 0 limit is singular in the sense that (i)
v(z, t/€) is not analytic in a neighborhood of ¢ = 0, and (ii) thé magnitude of v(z, t/e)
need not go to zero with ¢, rather its wavespeed tends to infinity as € goes to zero. If one
thinks of v(z, t/€) as representing an acoustic wave, the € — 0 limit corresponds to the

incompressible limit of the dispersive medium: as the compressibility of the medium
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goes to zero, the sound wave’s speed through that medium becomes infinite. The choice
of initial data for v depends on the phenomena we are interested in investigating. The

Riemann data

a z<P
v(z,0) = a>0and P eR, (5.6)

0 z>P

is the natural choice for the analysis of shock wave/dispersive wave interactions: it is
the simplest data which leads to shock propagation. In the case Uy = —|E|?, we shall
focus on the interaction of a fast shock wave and a frozen soliton solution of NLS. When
Us = 0, the soliton is replaced by a particular solution of LS which, in some ways, is a
linear analogue of the soliton. Expressing E in phase-amplitude form as E = Rexp(if),

the two fundamental problems are stated as follows:

Problem 1. Find an asymptotic (¢ — 0) approzimation to the solution of (4.0) such
that

o = —Rj + v(z, t/e) (5.7)

R —0 as |z| = oo, (5.8)

where v(z,0) is defined in (5.6), and Rq is the leading term in the small € ezpansion
for the amplitude R.

Problem 2. Find an asymptotic (¢ — 0) approzimation to the solution of (4.0) such
that

uo = 0+ v(z, t/e) (5.9)
R — 0 as [z| = oo, (5.10)

where v(z,0) is defined in (5.6)

Note that for the singular Zakharov system [31, 32|, the € = 0 problem has the single
solution ¥ = —|E|? + ¢ (modulo a linear function of z). As such, it is a perturbation
only of NLS and not of LS.
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6 The multi-scale expansions

To begin, rewrite system (4.0) in phase-amplitude form:

eue + u(u + R®z =0 £ (6.1)
Re+20:R. +0;zR=0 (6.2)
Rzz — R(6: + (0:)* +u) =0. (6.3)

The two time scales of the problem are given by

11 = t/e, the fast time scale of the hyperbolic wave,

T, =t, the slow time scale of the dispersive wave.

For ease of notation, drop the subscripts and use T and ¢ in place of 7y and 7, respec-

tively. Rewriting (6.1)—(6.3) in the z, ¢, 7 variables using the transformation

8 — 8 +¢0r,
gives the system
Ur + u(u + Rz +eus =0 (6.4)
€ 'R, + Ry +20:R; + 6:2R =0 (6.5)
€ 19r — Rez + R(6e + (62)% +u) = 0. (6.6)

Expand u, R, and & in powers of e:

u = ug(z,t,7) +eur(z, £, 7) + - (6.7)
R= RO(z’ t T) + ER[(Z, L, T) +oe (68)
6 =6o(z,t,7) + r(z, t,7) + -+, (6.9)

substitute these expansions into equations-(6.4)-(6.6), and collect like powers of €

through O(e) to obtain the systems
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o) :

Ror =0 (6.10)

Gor = 0. (6.11)
o(1) :

tor + tio(to + R3)z =0 (6.12)

Rir = - (ROt + 2Rozb00z + Rooﬂtu') (6°13)

b1 = .I%Rm — (foe + (foz)? + o) - (6.14)
O(e) :

urr + Uoliz + (o + R3)zu1 = —2ug(RoR1)z — uoe (6.15)

Rar = — (Ry¢ + 2Roz012 + 2R1z00z + Robizz + Rifozz) (6.16)

by = -%el, + 7 Rize = (Gue + sz + 1) - B (foe + (Bos +0) . (6.17)

6.1 Leading order shock equations

To derive the leading order shock equation for Problem 1, substitute (5.7) into (6.12).

This gives

dv 2o _

-é;-i-(v—Ro)-a—z- =0 (6.18)

v(z,0) = f(z), (6.19)
where f(z) is the Riemann data (5.6). For Problem 2, substitute (5.9) into (6.12) to
find

Fv d(v+R] _ -

o + v = 0 (6.20)

u(z,0) = f(z), (6.21)

where f(z) is the Riemann data (5.6).
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Since v must be independent of the slow time ¢ in equations (6.18) and (6.20), it is

necessary to enforce the condition
— =0. (6.22)

Since equations (6.10) and (6.11) state that Ry and 8y are independent of the fast time
7, (6.22) implies that Rp has only a spatial structure. Thus in the small € limit, Rp is
frozen in time, which is reasonable in our approximation because the shock is moving

so rapidly.

7 Modulation equations for the dispersive wave

For a description of the method of multiple time scales and many interesting applica-
tions of it, see [51]. The method is carried out by eliminating the r-independent, or
secular, terms on the right-hand sides of equations (6.13), (6.14) and (6.16), (6.17).
Setting the secular terms to zero gives the so-called modulation equations, or solvabil-
ity conditions, for the amplitude and phase at orders O(1) and O(e). We derive the
modulation equations for Problems 1 and 2 separately.

7.1 O(1) modulation equations for Problem 1

Setting secular terms on the right-hand sides of equations (6.13) and (6.14) to zero and
using equations (5.7), (6.22) gives the O(1) modulation equations:

dRo i) %6,
d:z:2 2R Rogez 6:::2 =0 (7.1)
L1 dRo i’@ _ (92 02
o G2y + R = (r2)
Equation (7.1) can be rewritten as
1 2600 - ’
z (B3) =o (3
which implies that
Oo(z,t) = / R3? + v, (7.4)
o1
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where a and ¥ may depend on t. Substituting (7.4) into (7.2) gives the leading order

amplitude equation:

d:sz"—Ro(d/zRJ2+¢+a2 “‘—Rg>=0- (7:5)

Since Rp is independent of ¢, we set & = 0 and 1) = A = constant in (7.5). Equations

(7.4) and (7.5) then become

bo(z,t) = a / 7?{,'2 + At 4+ constant (7.6)
%‘i - Ro (A +a’R5* - R§) =0. (7.7)

To focus on the interaction of a shock wave and a steady soliton, solve equations (7.6)

and (7.7) by setting a = 0 and

%@:uwﬁwh) (7.8)
fo(t) = At. (7.9)

Equations (7.8), (7.9) represent the well-known single hump soliton solution of NLS
[29].
7.2 O(1) modulation equations for Problem 2

The only difference here is that uq satisfies equation (5.9) instead of (5.7). The resulting

equations for Rq and G are

bo(z,t) = a / ;?;,‘2 + At + constant (7.10)
Tha —Ro(A+a?Rst) =0. (.11)

The linear analogue of the soliton solution (7.8), (7.9) (again setting a = 0) is
R3(z) = 2 exp(=2VA|z|) E (7.12)

fo(t) = M. (7.13)

The amplitude given by (7.12) is the Green’s function solution of (7.11) with @ = 0

(52]. It is continuous but has a jump discontinuity in its derivative at £ = 0. We shall
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Figure 10: Amplitudes (7.8) and (7.12).

refer to (7.12), (7.13) as a ‘linear soliton’ since the shape of its amplitude is similar
to (7.8) (Figure 10) and it decays to 0 as [z| — oo. This term is introduced only for
convenience and is not meant to suggest any connections to the theory of integrable

systems.

7.3 Generalized frequency of the dispersive wave

Once the O(1) modulation equations are satisfied, equations (6.13) and (6.14) become

ang‘;t, T) =0 (7‘14)
_BABET) (g ). (7.15)

This holds for both Problems 1 and 2. Equation (7.14) states that R; is independent
of the fast time 7. Integrating (7.15) gives

0y(z,t, 1) = ﬁ +0,(z, t). (7.16)

The terms 6, and R; will be determined by the O(e) modulation equations.

Compare equation (7.15) to equation (4.16) on page 46. In Mogy with example 3
in section 4, —6;r is interpreted formally as the first correction term to the generalized
frequency of the dispersive wave. In example 3, the steadily traveling shock wave
consisted of the two constant states u; for £ <0, u, for § > 0, and the frequency —6;
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jumped from one to the other across £ = 0. Here, if the leading order term v has a
propagating shock separating two states, say v;(r) on the left and v-(7) on the right
(which, in sections 8 and 9, is shown to be the case), then (7.15) suggests that the first
correction to the generalized frequency undergoes a sudden shift from v; to v, across

the shock layer.

7.4 O(e) modulation equations for Problem 1

With uo = —R2 + v, equation (6.15) becomes
3111 a(ul + 2RORI)

5 +(v—R? 5 Bzul =0. (7.17)
The change of variables
U = ﬁl - 23031 (7.18)
transforms (7.17) to
3u1 2 61'21 Bv - -
5 + (v — Ry) 3z + az(ul 2RoR;) =0. (7.19)

Substituting (7.6), (7.7), (7.16) and (7.18) into (6.16), (6.17) and setting 7-independent
terms on the right-hand sides to zero gives the general O(¢) modulation equations. They
are

at(RORl) + 5 (173601 +2a %) =0 (7.20)

32R1 2 p—~4 301 -2 66[
ST - (A+c®Rg*-3R}) Ri=Ro 5 2 Ry % (7.21)
This is a linear system for Ry(z, t) and 8,(z,t) with coefficients depending on z. Sub-
stituting the O(1) soliton solution (7.8), (7.9) into (7.20), (7.21) gives

OR,  ,dRo a6 9%,

Y L+ 233— + Ro—5- T2 0 (7.22)
aznl ~(A=3R)R, = ‘”‘ (7.23)
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To solve this system, we make the additional ansatz
— =0. (7.24)

Equation (7.22) then reduces to Ri; = 0, and (7.23) separates as

“% — (A= 3R})R, = BRo (7.25)
6,(t) = Bt + constant, (7.26)

where [ is the constant of separation which we set to zero. We solve (7.25) by setting
Ry ===, (7.27)

Then (7.19) can be solved by setting

. _Ov
b ==, (7.28)
or equivalently
_p2?
Uy = g&%’_"l (7.29)

When v has shocks, (7.29) is interpreted in the small diffusion limit. It is well-known
(see, for example, [46]) that by adding a diffusive term of the form nv.= to either of
the leading order shock equations (6.18), (6.20), v"(z, 7) is smoothed out. Replacing v
by v? when convenient still allows the qualitative aspects of the shock wave/dispersive

wave interactions to come through. With this in mind, equation (7.29) is taken to

mean
~R2 n
U = QL_E;T.*-U_)., (730)
for small 7.

7.5 O(e) modulation equations for Problem 2

The equations for Problem 2 are similar to those of Problem 1. In this case, we do not
make the change of variables (7.18). The general O(e) modulation equations obtained
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by substituting (7.10), (7.11) into (6.16), (6.17) are

) a (206 . R\ _
=(RoRy) + 5 (RQ — +2a -R;) =0 (7.31)
PRt _ )\ + R4V R, = aol 2a *269‘ 7.32
B2 - (A+0°Rg*) Ri = Ro | = +2aRg (7.32)
With the O(1) solutions (7.12), (7.13), these reduce to
9R, _ ,dRo0b _ , G
3 + 20— p- + Ry——> 32 = (7.33)
3R, 30,
—53:—2- - AR} = RQ-Et— (7.34)

We again make the ansatz §;; = 0. Equations (7.33), (7.34) are then separable, and
can be solved as in Problem 1 by setting

dRgy -
Ry = T’L‘- (7.30)
6=0 (7.36)
Equation (6.15) is then solved by setting
u = %, (7.37)
which is again interpreted as u; = 8v"/dz for a small diffusion coefficient 7.
7.6 Expansion summary
For Problem 1 (page 48), we have
u ~ (—R3(z) +v(z,7)) + € (-R3(z) + v(z,7))_ + O(e?) (7.38)
R~Rg+e¢ (‘%) +0(e) - (7.39)
O~ —¢€ ( [1:) + O(€?), (7.40)
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where R3(z) = 2A sechz(\/:\— z), and v(z, 7) satisfies
v 20
3 +(v—- RO)-a; =0

v(z,0) = Riemann data (5.6).

For Problem 2,
u ~ v(z, ) + € (vz(z, 7)) + O(6?) (7.41)
R~ Ry+e¢ (%) +0(e?) (7.42)
G~ A—¢ ( / :1) +0(e), (7.43)

where R3(z) = 2 exp(~2v/X |z]), and v(z, 7) satisfies
Qv , v+ R3) _
o'z 0
v(z,0) = Riemann data (5.6).

To understand the leading order interactions, it is thus necessary to analyze v. We

address this issue for Problems 1 and 2 in the next two sections.

8 Solution of the shock equation for Problem 1

In this section the exact solution of equations (6.18), (6.19) is presented. The solution
includes a detailed description of the shock structure. We think of (6.18) as a conser-
vation law with a spatially dependent wavespeed given by v — R3(z). The equation
may be thought of as a conservation law governing a shock p;opagating through an
inhomogeneous medium [16]. We shall show that the the shock speed is reduced as the
shock approaches the hump of the soliton, and if the soliton is large enough, the speed
may go to zero. Furthermore, if the shock starts in a particular interval centered about
the peak of the soliton, its direction mat be reversed.
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We first consider the characteristic equations derived by rewriting (6.18), (6.19) as
a system of ode’s for v(z(s), 7(s)). The system is

o0, Zov-REO), E=1,
with initial conditions
T(O) =0, I(O) =¢, U(O) = f(f)r

where f(z) is the Riemann data (6.19), and R3 is given by (7.8). These equations are
equivalent to the system

v=f(§) 8.1)
2 _ f(6) - B(e(r)) (3.2
dr

z(0) = €. (8.3)

The characteristic curve emanating from the point (§,0) will be denoted by z(7).
Equation (8.2) can be written as
gr_____1____
dz ~ f(§) - Ri(z)’
and in this form, the exact solution 7(z;£) can be expressed in closed form. Since the

(8.4)

exact formulas are not needed, we do not give them here. The shock structure for
equation (6.18) with data (5.6) is well known in the case A =0, i.e., in the absence of
a dispersive wave. The curves z¢(7) are straight lines of slope a for £ < P, vertical
lines for § > P, and the shock curve s(r) is a straight line of slope a/2 (Figure 11).
This means that the discontinuity simply travels to the right at the constant speed
a/2. Figure 13 on page 65 graphs the characteristic curves for various values of A.
The curves in the figure are obtained by exact integration of equations (8.1)-(8.3).
The following lemma shows that for the Riemann data (6.19), no new shocks develop
beyond 7 = 0.

Lemma 3. There ezists a unique shock curve s(r) in the characteristic plane. It starts
at the point (P,0).
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Characteristic plane

s (1)

P X
Figure 11: Straight characteristics impinging upon the
shock curve s(7) in the absence of a dispersive wave.

Proof. It suffices to show that characteristic curves emanating from either side of P

do not cross. If §; < & < P, then equations (8.1)—(8.3) for the characteristic curves

¢, (1) and z¢, () are

dz
Tf-l' = a- Rj(z¢)
Q&(O) =

and
dz
’a;&" = a—-R.?(a:e,)
z5,(0) = &

(8.5)
(8.6)

(8.7
(8.8)

In the (7, z) plane, the curves, when considered as functions r(z), are vertical translates

of each other and thus can not intersect. That is, each curve is of the form r(z) — r(£),

where 7(z) solves (8.4). The same holds for curves emanating from the right of P. 0O

8.1 Solution of the Riemann problem

Theorem 2. The solution of equation (6.18) with data (6.1.9) 13

oz, 7) ={ a z<s(r)

0 z>s(r),

where s(t) is described in Theorem 3.
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Proof. Equation (8.1) states that v is constant on characteristic curves. At any point
(z, 7), v is thus determined by tracing the characteristic curve through (z, r) backwards
in time to the 7 = 0 axis. Points to the left of the shock trace back to the value c, and
points to the right of the shock trace back to the value 0. a

8.2 Shock structure for Problem 1

The shock motion in the presence of the soliton depends on where the shock starts,
given by P, and the ratio of the unperturbed shock speed a/2 to the soliton amplitude

2A. To summarize,

e The shock either travels right for all time or left for all time, depending on where

it starts in relation to the center of the soliton.

e Depending on the size of a/2 compared to 2, the shock may be trapped in either

direction, or it may escape to infinity in the forward direction.
o If the shock escapes, its speed converges to a/2.

We thus see that the shock front may be completely blocked by the soliton if the soliton
is large enough (or, equivalently, if the shock strength is weak enough). Furthermore,
the influence of the soliton is localized in the sense that if the shock passes through the
soliton, it recovers its unperturbed speed of a/2, the propagation speed in the absence
of a dispersive wave. We will see that this is not the case for the leading order shock
equation of Problem 2. There, the effect of the soliton on the long term shock speed
can, in some cases, be permanent. Figures 18, 19, and 20 show numerical solutions of

equation (6.18) which demonstrate the phenomena described in the following theorem.
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Theorem 3 (Shock dynamics).
Case @ < 4A. Let Ny <0 < N, be the zeros of a/2 — 2) sech?(VAz).

Forwards capture: If P < N1, the shock location increases to Ny as 7 — o0

(Figure 19).

Backwards capture: If Ny < P < Na, the shock location decreases to Ny as

T — 0o (Figure 18).

Escape: If P > N,, the shock location increases to infinity as 7 — oo, and

its speed converyges to a/2 (Figure 20).

Steady state: If P = N or if P = Ny, the shock location does not move.
Case a = 4.

Forwards capture: If P < 0, the shock location increases to 0 as T — co.

Escape: If P > 0, the shock location increases to infinity as v — oo, and its

speed converges to a/2.

Steady state: If P =0, the shock location does not move.

Case a > 4.

Escape: For any P, the shock location increases to infinity as r — oo, and

its speed converges to a/2.
Proof. We first derive the Rankine-Hugoniot condition which governs the motion of
the shock. In (53], it is shown that for an equation of the form

U‘r + UU: = a(z)U, (8.10)
the shock curve S(r) satisfies
as 1. _ +
== 2(U +U™), (8.11)
where
=Y SRN :
U=(r) = :_‘l‘xgr(x:)i U(z,7). (8.12)

In equation (6.18), if we set U = v — R3 then the shock location, S(r), for U is the
same as the shock location, s(t), for v. Equation (6.18) in the U variable is (8.10) with
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a(z) = —£ RE. Since v~ = a and v* =0, then U~ = @ — R}(s) and U+ = 0 — R3(s).

Therefore
E = 2 (0-+0*) =3(a~289)) = 5 - R(s).

Since s starts at P, the equations for s(7) are simply

ds a
&= = 3R (8.13)
s(0) = P. (8.14)

The dynamics of s(r) as described in Theorem 3 follow from the (s,$) phase-plane
diagrams below (Figure 12). In each diagram, the arrows indicate the direction the
shock moves. Figure 12a shows the case a < 4\. There are fixed points at N, and Na.
If 3(0) € (N1, N2), then ds/dr < 0 and 8 — Ny. If P ¢ (N1, N2), ds/dT > 0,s0 8 = N,
if 5(0) < Ny, and 8 — oo if s(0) > N2. The a = 4\ case is shown in Figure 12b. Here
the interval (Ny, N2) collapses to the point at the origin, so if $(0) < 0, s increases to
0, if s(0) = 0, then s stays at 0, and if s(0) > 0, then s — oo. Figure 12c shows the
a > 4 case. In this case, ds/d‘r'is always positive, and no equilibrium points exist,
hence s — oo. Each phase portrait is essentially the graph of a/2 — 2Asech?(v/Xs),
which approaches a/2 as |s] — co. Thus the shock speed approaches a/2 if the shock

escapes. , a

9 Solution of the shock equation for Problem 2

We now consider equations (6.20), (6.21). Although it is not possible to write down
an exact formula for the solution as we did for Problem 1, there are exact formulas for
the long-time solution profile which make the effect of the dispersive wave on the shock
wave apparent. We think of equation (6.20) as a conservation law with a spatially
varying friction term —v(dR3/dz) due to the dispersive wave amplitude (7], which in
this case is the linear analogue of the soliton. For Problem 1, we saw that v retained

the shape of the initial data as the discontinuity propagated in fast time. For Problem

62

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ds/dt

[0 S
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ds/dt
—————— a — E e em— —
3
0
b
() ds/dt

(c)

Figure 12: (s, $) phase plane. (a) a < 4A. (b) a =4A. (c)
a > 4\. Ny and N, are the zeros of a/2 — 2Asech?(A!/2s),
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2, though v remains positive, it may increase or decrease depending on the sign of the
friction term. If the linear soliton is large enough, it may push v down to zero thereby
reducing the shock speed to zero. In section 10 we show some numerical solutions
of (6.20) (6.21) (with an added small diffusive term) that give a clear picture of how
v evolves and how the long-time states described in this section are obtained. The

analysis is again based on the characteristic equations.

9.1 Characteristic equations

The characteristic equations for (6.20), (6.21) are

dv_ d, o dz__ dr _
%= v ) v o=t

with initial conditions
7(0) =0, z(0) =¢§, v(0) = f(£),

where f(z) is the Riemann data (5.6) and R3(z) is given by (7.12). These equations
are equivalent to the system

v = f(€) + R3(§) — Ri(z(r)) (9-1)
2 = 10 + B(© - B(a(r) (9.2
2(0) =¢. (93

The phase plane (z¢, dz¢/dr) for each characteristic curve now depends on the param-
eter £, in contrast to the situation in Problem 1. In this sense system (9.1)-(9.3) is
nonautonomous. If (9.2) is written as

ar _ 1

dz  f(§) + R3(§) - Ri(z)’

the exact solution 7(z; &) is expressible in closed form. Since i:he closed form solution

(9.4)

is not needed, we do not write it here. Figure 13c graphs the characteristic curves
for various values of A. The curves in the figure are obtained by exact integration of

equations (9.1)~(9.3).
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Physical plane

0 S ————

(a) -o.s 0 0.5 x 1 1.5

Characteristic plane for Problem 1
- r T ™

0
(c)

Figure 13: Comparison of characteristic curves. (a) Initial
data (5.6) with a = 1. (b) Problem 1. Solid: .A = 0, small
dash: A = 0.1, large dash: A = 0.3. (c) Problem 2. Solid:
A =0, small dash: A = 0.3, large dash: A =0.7.
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With data (5.6), the characteristic equations become

v = a+ R3(€) - Ri(z(r)) (9.5)
L = a4 RHO-Ba()  frg<P (9.6)
20) = ¢ (9.7)

v = R¥E - R(z(r) (9.8)
Z = Ry - Ria(r) for § > P (9.9)
z(0) = ¢ (9-10)

Denoting by z¢(7) the characteristic curve from the point (§,0), the solution of the
& > P system is simply
v = 0 (9.11)
Te(r) = & 120 (9.12)
Thus for € > P, characteristic curves are vertical lines along which v = 0. For £ < P,
the curves z¢(7) are not straight, but have initial slope a since
dz

()| = (o+ Rk - Riteern)

= a+R3(§) - R3(8)

= Q.

(9.13)

=0

The next lemma describes the long-time behavior of the characteristic curves originat-
ing to the left of P.

Lemma 4. Suppose § < P. If a > 2, the curves z¢(T) increase (travel right) to
infinity as T — 00. If a < 2, define Q by

Q <0, a+R3Q) =2), ' (9.14)
and for £ < 2, define
_ L (et R _
Ae—%/xlog( o) ) <0. (9.13)
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Then for £ < Q, z¢(T) increases to a vertical asymptote at A¢, while for £ > Q, ze(r)

increases to infinity as T — oo.

Proof. If a > 2), then for a fixed point &, a + R3(£) > 2 + € where € > 0 depends on
the point £&. Then

dz

—= =a+Rj(§) - Ri(z) > ¢,

and so z¢(T) increases to infinity as 7 — co . This is true for each §.

For a < 2), refer to the (z¢,Z¢) phase planes shown in Figure 14. If § < Q
(Figure 14a), there are equilibrium points at A¢ and —A¢. Since Q < Ag, then z¢(r)
increases to Ag as 7 — oo. If § = Q (Figure 14b), the equilibria coalesce at the origin:
+A¢ = Aq = 0. Since Q < 0, then z¢(7) increases to0as 7 — c0. 2 < ¢ < -Q
(Figure 14c), then R3(£) > 2A — @, so there are no equilibrium points, and z¢(r) — o0
as T — oo. If £ > —Q (Figure 14d), there are equilibria at £Ag, but since z¢(7) starts
to the right of these equilibria, z¢(7) increases to infinity. a

Note that the asymptote location A¢ increases with £ on (—oo, 2} and satisfies

<A <0 (9.16)

2\/_log (2A)

This means that if & < & then z.(7) asymbptotes before z¢.(7). and that all the

asym2SYmaptote I locations are within the mteir:/al (j‘-‘ log (3%), 0] We shall see later that

under certain conditions on P, this is the interval in which the shock can stop.

9.2 Single or multiple shocks

Regions where characteristic curves cross correspond to regions where v would be multi-
valued. Shock curves prevent the crossing of characteristic curves (1, 2]. In this section
we show that if P < 0, there is only one shock, and if P > 0 is sufficiently large, a
transient shock develops at some positive time. In section 10, numerical examples are
presented which show the development of the transient shock when P is large enough
(Figure 21) and the suppression of the transient shock for P near 0 (Figure 22).
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dxg /dt
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(b) a=§t o0 -a :
dxg /dt
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(c) Q5 -Q 3
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Figure 14: (z¢,£¢) phase planes for a < 2.
(8)§<Q (b)) £=10. (c) £ €(,-Q). (d) § 2 -0
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Characteristic plane

right impinging
characteristic

hock
curve s(t)

3 P g

s 3

Figure 15: Problem 2 pullbacks. & is the left pullback; it
decreases in time. The right pullback, £}, increases in time.

Lemma 5. The Rankine-Hugoniot condition for a shock curve s(t) is
s _ l(v' + v+), (9.17)
where v* are defined in equation (8.12).

Proof. Since (6.20) has the same form as (8.10), then equations (8.11) and (8.12) hold
with U replaced by v. a

By equation (9.1), the terms v* in (9.17) are

v f(&7) + R}(&7) — R3(s) (9.18)
vt = (&) + RYEN - Ra(s), (9.19)

where & (&F) is the left (right) pullback from the shock curve to the r = 0 axis.
That is, to find & (&F), follow the left (right) impinging characteristic curve down to
where it originates (Figure 15). Lemma 4 shows that characteristic curves always have
positive slope. By equation (9.1), this implies that v is always.positive, hence v* are
always positive. Therefore, shocks always travel to the right. Because of this, £; must

decrease as T increases, and £} must increase with 7.
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Characteristic plane

%, X9
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& §2 P 0

X

Figure 16: The characteristic curves zg (7) and
Ze,(T). If P < 0, then z¢g(7) is always flatter and
lower than z, (7).

Theorem 4. If P < 0, the shock curve s(r) starting at (P,0) is the only shock that

0CCurs.

Proof. Since characteristic curves to the right of P are vertical lines, they clearly do
not intersect each other. Let § < & < P (Figure 16). We show that z¢ (1) can not
intersect z¢,(7). This will prove that one shock curve suffices to prevent all crossing
of characteristics. The curve z¢, () starts at the point (§,0) in the (z,7) plane. If it
has a vertical asymptote before &, i.e., if Ag; < &2, then it can not intersect ze,(T).
Suppose that either z¢, () has no vertical asymptote or that Ag, > 2. When z¢, ()
increases to &, it is above the point (£2,0), the starting point for the curve zg,(7).

Comparing the slopes of the curves at any point z > &; gives
4 ~a+ R(E) - B2 2(6,) — R2(z) = -
77 |7a (1) = a+ R5(§1) - Ry(z) < a+ Ry(§2) — Ro(z) = 7 | Za(n), (9-20)
z z

where the inequality comes from the fact that R2(£1) < R3(&2). Since z¢,(r) starts

below z¢, () and is always flatter than z¢, (7), the curves can not intersect. a

Theorem 5. Suppose P > 0. If P is sufficiently large, in addition to the shock s(t)

starting at (P,0), there is a second, transient shock 3(t) which starts at some time
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r* > 0 and merges with s() in finite time.
Figure 21 on page 86 shows the development of the transient shock.

Proof. If 0 < £) < & < P, then since R3 is decreasing on (0, 0) we have

£ |2 (1) =+ B(€) - RY(2) > a+ RE(En) - R3(@) = o=lag(r).  (921)

Thus the curve z¢, (7) is always flatter than z, (7). Since z¢ (T) starts to the left
of z¢,(7), the curves will eventually intersect. This holds for all characteristic curves
starting between 0 and P. If P is close to 0, the shock s(7) may prevent the crossing
of these characteristic curves. But if P is sufficiently large, a3 new shock § must form
to prevent crossing.

To prove that § merges with s, we consider the right pullbacks &+ of the transient
shock, and the left pullbacks £~ of the permanent shock. The right pullbacks increase
in time, while the left pullbacks decrease in time. We show that they converge to the
same point. Since all characteristic curves emanating from the right of P must hit the
shock s(r), we have that £+ < P. Since £+ is increasing and bounded above by P,
then £+ — k for some k < P. Likewise, since £~ is decreasing and bounded below by
0, £~ — k for some k > 0. We certainly have k < k. We show that equality holds. If
not, we could pick a point b with & < b < k and consider the characteristic curve zs(r).
It could not impinge on either shock curve. Its slope at a point z is a + R3(b) — R3(z).
But since b < k < §~, then

a+ R3(b) - R}(z) > a+ R3(K) - Rj(z) (9.22)
> a+ Rj(§”) - R3(=) (9.23)
> 3(a+R3E) - @) (924
ds
= Zlee (9.25)

This implies that z3(7) would eventually intersect s(r), which is a contradiction. There-
fore, we must have k = k. Since () impinges on both s and 3, the shocks must
intersect. After their intersection, the single shock s(7) prevents any further crossing

of characteristics. O
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9.3 Long-time dynamics

In the discussion following the proof of Lemma 4, we noted that ds/dr is always posi-
tive. This implies that s(7) either increases to infinity or to a finite supremum. We call
the former case shock escape and the latter case shock capture. The analysis is divided
into two parameter regimes: a > 2\ and a < 2A. In each case, numerical experiments
and analytical arguments are used to describe when shock capture or escape occurs.
Exact formulas are given for the long-time structure of the solution for various ranges
of the parameters a, A and P. In short, there is no shock capture for a > 2, while for

a < 2) there can be shock capture or escape depending on P.

Case: o > 2\

Theorem 6 (Shock escape—no speed change). Ifa > 2, the shock passes through
the linear soliton and goes to infinity as v — oco. The shock speed converges to a/2,

which is the shock speed for equation (6.20) in the absence of a dispersive wave.
A numerical example demonstrating Theorem 6 is shown in Figure 23 on page 90.

Proof. Let a — 2\ = ¢ > 0. The slope of the shock curve satisfies

% = -;-(a + R3(&7) - Rg(s)) > -;-(a - Rg(s)) >e. (9.26)

For s to converge to a finite point, its slope would have to converge to zero, which
(9.26) shows is not possible.

To find the limiting slope of s, we consider the left pullbacks ;7 (7). The left
pullbacks are decreasing in time, so go either to minus infinity or to a finite infimum.
We claim that they go to minus infinity. For suppose &, decreased to an infimum
k > —oc0. By Lemma 4, we know that the characteristic curve zx(r) increases to
infinity. By (9.2), its slope at a point z is

2t = o+ RY(K) - RE(@) (9.27)
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which goes to a + R3(k) as z — co. The slope of the shock curve is

ds 1

= =5 (a+RE) - R), (9.28)

which goes to %(a + R{‘,’(k)) as 8 — oo. This implies that zx(7) eventually intersects
s(t). Any point on the shock beyond where zx(r) impinges upon it will have a left
pullback less than k. This contradicts the fact that £ is the infimum over all left
pullbacks. Thus §; — —oo as 7 — oo. Therefore,

2 = (ot BE) - B()) = o/2

which completes the proof. a

Theorem 7. The long-time structure of the solution of (6.20), (6.21) when a > 2X is
given by the formula

_p2
v(z,7) — o~ R} @ <alr) (9.29)

0 z > s(1).
Figure 17a shows the long-time profile (9.29).

Proof. By (9.11) and (9.12), v is always zero to the right of the shock. Pick a point
X < 3(7). The left pullbacks §5 () of the vertical line z = X decrease to minus infinity.
If not, they would decrease to a finite infimum, k, and by looking at the characteristic

curve zx(r), we could derive a contradiction. By (9.5), we have

lim v(X,7) = lim &+ R3(€x) - R3(X) = a — R}(X).

T—=+00

This proves the theorem. |

The proofs of Theorems 6 and 7 go through when a = 2 provided we restrict to the
case P > 0. The only alteration required is in proving that the shock can not stop at
a finite point X. This is done as follows. Since s(0) = 0 and $(0) = a/2, then beyond

some time 19 > 0, we know that s > § for some § > 0. Then since R3 is decreasing on
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(0, 00) and R3(0) = , then a — R3(s) > € > 0 for all 7 > 7. As a result, the shock
speed at any finite point X satisfies

L = L+ BE) - B)) > (o - REO) 2. (9.30)

for r > 19. This shows that the shock can not stop at any finite point X. Numerical
evidence suggests that Theorems 6 and 7 extend to the case @ = 2A and P < 0, though

no proof of this is currently available.

Case: a < 2\

In this case, the long-time dynamics depend on the starting point P of the shock.
Using the notation introduced in Lemma 4, let A_oo = ;7= log (). Recall that for
§ € (—o0, 1], A¢ is location of the vertical asymptote for the characteristic curve z¢(7).

Theorem 8 (Shock capture). If a < 2\ and P < 2, then the shock is blocked by
the linear soliton (Figure 25), that is

Tllngo s(t) =%, (9.31)
where
Ao <T<Ap<O. (9.32)

Proof. We have already seen that the shock increases either to infinity or to a finite
supremum, and that the shock speed is the average value of the slopes of the left and
right impinging characteristic curves. The right impinging curves have zero slope so
contribute nothing to the shock speed. By Lemma 4, all characteristic curves originat-
ing from (—oo, P] approach vertical asymptotes in the interval (A—o, Ap]. The left
impinging slopes can therefore contribute nothing to the shock speed at or beyond Ap.
This shows that the shock can not pass beyond Ap because it can not have positive
slope beyond Ap. To see that it can not stop before A_o, pick a point X < A_.
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Then R%(X) < R3(A-x) = @ so a~ R3(X) = ¢ > 0 for some e. For all time, the slope
of the shock curve at X satisfies

ds 1 2 2
p= I CR G R} (X)) >e.
Therefore the shock can not stop at any point X < A_. a

Theorem 9. [fa < 2) and P < Q, the solution v(z, 1) of (6.20), (6.21) approaches

the steady state solution veo(z) given by

_ R
Veo(@) = 4 Rolz) =< 4w (9.33)

0 > Ao
Figure 17b shows the profile (9.33). It is has a discontinuous derivative at z = A_,
but has no jump discontinuity. Theorem 9 thus shows that when the initial shock
strength (the size of the jump) is smaller than the amplitude of the linear soliton, the
shock strength is pushed to zero as time goes on. This is in contrast to the long-time
behavior of v(z, ) in the case @ > 2A. Theorem 7 shows that in this case, the shock
strength is weakened to some nonzero minimum, but then returns to its original value

as 7 increases to infinity.

Proof. Let &x(7), or just £x, denote the left pullbacks of the vertical line z = X.
£x must decrease either to minus infinity or to a finite infimum as r — oco. It is
straightforward to show that if X < A_, then £x(7) = —00. If A_x < X < Ap,
then X is the vertical asymptote location for some characteristic curve starting to the
left of X. This follows from the definition of A¢. Suppose the curve starting from the
point Y has its vertical asymptote at X. It is then straightforward to show (using the
definition of an infimum) that the left pullbacks of the vertical line z = X decrease to

the point Y as 7 — 0o. These observations imply that
lim o(X,7) = lim o+ R3(€x) ~ R3(X) = a - R(X), i X < A_a,
and

Jlim v(X,7) = lim a + R(x) - R}(X)=0, if A_o <X <Ap.
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Since v = 0 to the right of the shock, the theorem is proved. a

Theorems 8 and 9 addressed the case P < Q (and a < 2)). The next two theorems

cover the case P > 0 (and a < 2A).

Theorem 10 (Shock escape with speed increase). If a < 2X and P > 0, the
shock passes through the linear soliton, and the shock speed converges to A (Figure 24).

Proof. Fix a point X > P. We show the shock speed can not go to zero at X, so the
shock can not converge to a finite supremum. Since X > 0 and Rj is decreasing on
(0, 00), then 2X — R3(X) = ¢ > 0 for some €. Since P > 0, characteristic curves starting
to the left of 2 can not impinge upon the shock. This is because all of these curves hit
vertical asymptotes before 0. The left pullbacks §; must therefore decrease to a finite
infimum, say k, with k& 2 2. We will show that k = Q. But first note that at any time
r, the slope of the shock curve at X satisfies

iii
dr

%(a + BY(&) ~ RE(X) (9.34)
> 5 (a+RE@ - R3(X)

- dp-rn)
> € (9.33)

=X

so the shock must increase to infinity. To prove that its long-time speed is A, we show
that k = . Since the characteristic curve zn(r) asymptotes at the line z = 0, zq4.(7)
intersects the line z = 0 at a time 1, which goes to infinity as € — 0. Therefore,
characteristic curves starting close enough to  can be made to intersect the line
z = 0 arbitrarily high up. Curves starting close enough to 2 will thus pass over any
transient shock that may have developed (see Theorem 5). By looking at the slopes of
these characteristic curves, we can show that they must eventtial]y intersect the shock.
Therefore, the left pullbacks of the shock must converge to Q. That is, '

k=rllngof:(1')=9.
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As a result

gﬁ. = 2 2 _ 1 2 _
dim o = lim (a +Ry(65) - Ro(s)) = -2-(a + RO(Q)) =
which concludes the proof. a

Theorem 11. If a < 2\ and P > 0, then the long-time structure of the solution of
equations (6.20), (6.21) is given by the formula

4

a—-R¥z) z<A_

0 A <z <0

u(z, T) = { (9.36)
20 - R3(z) O0<z<s(r)

0 z > s(r).

\
Figure 17c shows the profile (9.36). In the case a > 2, we saw that when the shock

escaped, its strength returned to its original state. In contrast to this, when a < 2A
and the shock escapes, its strength increases to 2A, the amplitude of the linear soliton.
In this sense, the effect of the dispersive wave on the shock wave is nonlocal. Though
the shock passes through the linear soliton, it does not return to its original speed as

it did in the case a > 2A; it undergoes a permanent strength increase.

Proof. The proof comes down to looking at the left pullbacks {x of the vertical line
z = X when X is in each of the intervals on the right-hand side of equation (9.36).
The arguments used in the proof of Theorem 9 show that for X < A_, §x — ~00,
and for A_oo < X <0, §x — Y where Ay = X. Therefore,
lim v(X,r) = lim a+ R(¢x) - BY(X) = - B XS A
0 Ao <X <O

For 0 < X < s(7), the arguments used in the proof of Theorem 10 show that £x(7) —
Q. So for 0 < X < 3(1), we have

Jim o(X,7) = lim o+ R3(€x) = RY(X) =+ RE(Q) - R3(X) =2\~ RE(X).

As always, v = 0 to the right of the shock, hence the theorem is proved. a
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Figure 17: (a) Long-time profile (9.29) for v in the case a > 2A. Shock
strength decreases to a nonzero minimum, then returns to a as 7 — oo. (b)
Long-time profile (9.33) in the case a < 2\, P < Q. Shock strength goes
to zero as T — oo. This is a steady-state solution of equation (6.20) (c)
Long-time profile (9.36) in the case a < 2, P 2> 0. Shock strength increases
from a to 2A.
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We next consider the case @ < 2\ and P € (,0). We make the following obser-
vations: If s starts at P and Q < P < 0, the characteristic curve zo(r) may impinge
on the shock curve or may not. If it does, all of the other left impinging characteristic
curves for later times originate from points left of Q. Thus if zq(r) impinges on the
shock curve, the shock will stop in the interval [A_o,0] because the left impinging
characteristics have asymptotes in this interval. Alternatively, if the shock increases
to the point s = 0 before £ impinges upon it, none of the characteristic curves which
asymptote in {A_x, 0] can reach the shock. In this case, the shock will escape. Re-
gardless of P, the initial slope of the shock is a/2, while the initial slope of zq(7) is a.
Thus one would expect s to intersect zq if it starts close to €2, or to reach 0 if it starts
close enough to 0. Numerical trials confirm this: they show that if P is negative but
near 0, the shock escapes, and if P is near but larger than €2, the shock stops before 0.

These observations lead to the following conjecture:

Conjecture Suppose a < 2A. There exists a point A with Q@ < A < 0 such that for
P < A the shock stops in the interval [A_, 0] and has the long-time structure (9.33).
For P > A, the shock escapes with long-time structure given by (9.36).

10 Numerical experiments

In this section we present numerical solutions! of the leading order shock equations

(6.18), (6.20) of Problems 1 and 2, respectively. In every case, the initial data is

1 z<P
wz,0)=¢  °° (10.1)
0 z>P.

This corresponds to the choice a = 1 in equation (5.6) on page 48. In all of the figures,

v is compared to the solution of the conservation law

Ur + Ul =0 (10.2)

!The software was written by Peiji Chen, Department of Aerospace Engineering, University of
Southern California, Los Angeles, CA.
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with data (10.1). The solution of (10.2) in each case is shown in dashed lines. Both
shock equations reduce to (10.2) when the dispersive wave amplitude A — 0.

The first three examples (Figures 18, 19, 20) are numerical solutions of equation
(6.18), the effective shock equation of Problem 1 . The evolution is described in The-
orems 2 and 3. In each case, @« =1 and A = 0.55, so the values of N} and N; defined
in Theorem 3 are approximately F¥1.28, respectively. The only difference in each run
is the value of the shock starting point P. In Figure 18, P = 0.5, which is between
N1 and N, so the shock move backwards to the stopping point N;. In Figure 19,
P = -2.5 < Nj, and so the shock moves forwards to the same stopping point. In
Figure 20, P = 1.5 > N>, and the shock travels right without stopping.

The next five figures (21-25) show numerical solutions of equation (6.20), the shock
equation of Problem 2. Figures 21 and 22 show the transient shock phenomenon
described in Theorem 5. In both runs, A = 0.8 but P varies. In Figure 21, P = 6,
and the transient shock develops, while in Figure 22, P = 2.5, and the transient shock
is suppressed. Figure 23 shows an example of shock escape with no speed change as
described in Theorems 6 and 7. Here, A = 0.3 and P = —0.5. In Figure 24, A = 1.5
and P = 0, so Theorems 10 and 11 imply that the shock escapes but increases in
size from a to 2A. In agreement with formula (9.36), v decreases to 0 in the interval
[A-w,0], where, in this case, A_o, = —0.45. The last example, Figure 25, shows the
shock capture described in Theorems 8 and 9. In this example, A = 1.5 and P = -0.3,
which is to the left of Q ~ —0.17 (defined in equation (9.14)).

Two comparisons are worth emphasizing. First, in Figures 24 and 25, A is the same,
only P varies. Thus for a fixed shock strength of 1 and linear soliton amplitude of 3,
starting the shock to the left of the soliton results in shock capture, while starting it
in the center of the soliton results in shock escape. Second, in Figures 23 and 25, P is
the same but A varies. This comparison shows that for a fixed shock strength of 1 and
a fixed starting point of —0.5, if the soliton’s amplitude is small enough, the shock will
pass through it (Figure 23), but if the amplitude is larger, the shock will be trapped
(Figure 25).

80

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 e ecaceccascnne

Figure 18: Problem 1: Backwards shock capture. (a) 7 = 0. (b)
r=3.()r=6.(c)r=9. a=1,1=0.55 P=0.5 N, = ~1.28.
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Figure 19: Problem 1: Forwards shock capture. (a) 7 = 0.
b)r=2 (c)r=4 a=1A=055 P=-25 N =
—1.28. (Dashed: A = 0).
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Figure 19: Problem 1: Forwards shock capture. (d) T = 6.
e)r=8 (fyr=10. a=1, A =055 P=-25 N, =
~1.28. (Dashed: A =0).
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Figure 20: Problem 1: Shock escape. (a) t = 0. (b) ¢t = 2.
(c)t=4. a=1, A=0.55 P =15 N} ~ ~1.28. (Dashed:
A=0).
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Figure 20: Problem 1: Shock escape. (d) ¢t = 6. (¢) t = 8.
() t =10. a =1, A = 0.55, P = 1.5, N; ~ —1.28. (Dashed:
A=0).
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Figure 21: Problem 2: Development of transient shock. (a)
t=0.(b)t=2 (c)t=4. a=1,A=0.8, P =6. (Dashed:
A=0).
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Figure 21: Problem 2: Development of transient shock. (d)
t=7.(e)t=9 (f)t=10. a=1, A =0.8, P =6. (Dashed:
A=0).
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Figure 22: Problem 2: Suppression of transient shock. (a)
t=0. b)t=2 (cjt=4. a=1A=08, P =23
(Dashed: A =0).

88

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12 /-
7 /I

08

04
0.2

12 /'
A .

08

04}

'
]
02} ‘
'
D

1.2 /'
7 A

08}
0.6
04}
02}

2 4 6 8 10 12

Figure 22: Problem 2: Suppression of transient shock. (d)
t=7 (et=9. ()t=10. a=1, A =08 P =25.
(Dashed: A = 0).
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Figure 23: Problem 2: Shock escape — no speed change. (a)
t=0. )t=2. (c)t=4. a=1, =03, P=-05.
(Dashed: A =0).
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Figure 23: Problem 2: Shock escape — no speed change. (d)

t=6. ()t=8 (t=10. a=1 A=03, P=-05.
(Dashed: A =0).
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Figure 24: Problem 2: Shock escape with speed change. (a)
t=0. (b)¢t =002 (c)¢t=03 a=1A=15 P =0,
A_o = —0.45. (Dashed: A =0).
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Figure 24: Problem 2: Shock escape with speed change. (d)
t=07 (t=1 (ft=15 a=1A=15P=0,
A_o = —0.45. (Dashed: A =0).
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Figure 25: Problem 2: Shock capture. (a) ¢t = 0. (b) ¢ =0.5.
e)t=1 a=1A=15 P = -05, A-o = =045,
Q =~ —0.17. (Dashed: A =0).
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Appendix

In Chapters | and 2, system (0.9) (page 3) was analyzed in the weak coupling limit as
well as in the incompressible limit. This system is one of a family of equations which
model shock wave-dispersive interactions. In this appendix, several other models are
identified and briefly compared to (0.9). In some cases, the work in Chapters 1 and 2
carries over without much alteration. The general form of all the systems considered

here is
eus + W(u, E)uz = F(u, E)
iE; + Ezz = V(u,E)E,

(A1)

where

W = wavespeed coefficient
F = forcing term

V = potential.
System (0.9) is obtained by setting

W=y
F = —u(8| Bz
V=u.

Other systems result from different choices of W, F, and V. One is

eue + (u — 8| E)uz =0
¢+ (u — 6| E|")us (A2)

iBy+ Ezz +uE =0.
When 6 = 0 (weak coupling), all of Chapter 1 (with a slight modification to account
for the sign change in the potential) is applicable. The work of Chapter 2 also applies,
but the positions of the soliton and cusped exponential are switched. More specifically,
consider the ¢ = 0 problem (with & = 1). It has solutions u = |E|? or u = ¢, which lead
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to the NLS equation for E in the latter case, and the linear dispersive equation
iEg + Ezz + CE = 0,

in the former. We set ¢ = 0, though generally it may depend on ¢. After carrying out
the multi-scale expansions for u, R, and 8, the effective shock equations about each

€ = 0 solution are

Problem 1 uo = R +v(z,7):

vy +v(v+ R3): =0, (A3)
R2 = 2Asech®(VAz).

Problem 2  uo =v(z,T):

vr + (v — R3)v; =0, (A4)
R} = 2xexp(-2VA|z|).

The soliton now appears in the variable friction equation (A3), while the cusped expo-
nential appears in the variable wavespeed equation (A4). The theorems in Chapter 2
describing the shock dynamics for each problem still hold because they did not make
use of the formulas for R2, only their shapes. If one wanted to focus only on soliton-
shock interactions, system (0.9) would model soliton—shock interactions in the case of
a variable wavespeed coupling, and system (A2) would govern these interactions in the

case of a variable friction coupling.
An interesting variation of (0.9) is given by
ety + u(u + 6|E|®)z =0
iEt + Ezz + (u + |E|?)E =0,

(A5)

where a nonlinearity appears in the potential of the E equation. The weak coupling
limit is more difficult, yet Chapter 1, excluding the small diffusion limits, carries over.
[n particular, the steady-state Riemann problem and the transient problem can be
solved with little modification. The main difference is that all of the equations for
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R contain an additional R? term, so the solutions for R are less explicit. In the
incompressible limit, system (AS5) is, to leading order, identical to system (0.9), though
the higher order correction terms are different. The effective shock equations are the
same, but the ¢ = 0 problems are switched. That is, when € = 0, the solutions are still
u = —|E|? and u = 0, but these give LS and NLS, respectively, for E, instead of NLS
and LS, respectively, in (0.9). The two problems are:

Problem 1 uo = —R3 + v(z,7):

Ur + U(U + Rg)z = Ov
R} = 2xexp(~2VA[z)).

Problem 2 up =v(z,7):
vr + (v = R3)vz =0,
R2 = 2)sech?(VAz).
Again, the shock dynamics of Chapter 2 still apply. As was done in system (A2),
the soliton can be made to appear in the variable friction equation by considering the
system
ete + (u — 8|E[})uz =0
iE¢ + Ezz ~ (u—|E]?)E =0.

(A6)

Systems (A5) and (A6) can be thought of as modeling two different types of soliton—
shock interactions. The nonlinear potential in these systems leads to different dynamics
at higher orders, but this is still being investigated.

A model whose associated effective shock equations are very different than the ones

above and in Chapter 2 is
e+ (u+6|EPu =0
¢ ) (A7)
3E¢+Exz '-uE=0.
The E equation agrees with that of (0.9), but now the z derivative in the first equation
has been moved. The weakly coupled system is identical to the one considered in

Chapter 1, but the incompressible limit is very different. The two problems are:
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Problem 1 = ~R3 +v(z,7):

vr + (v + R3)v: =0, (A8)
R3 = 2)sech?(VAz). , (A9)
Problem 2 ug =v(z,T):
vr +v(v ~ R3); =0, (A10)
R} = 2\ exp(~2VA|z]). (All)

Compare (A8) to (A4) and (A10) to (A3). The sign difference has a great effect on
the characteristic equations and on the resulting shock dynamics. In particular, one
can immediately see that in (A8) no shock blocking occurs because the + A2 term can
only increase the shock speed. The shock dynamics for (A10) are also different and are
currently being studied. Variations of system (A7) are

eue + u(u — 8| E*): =0

(A12)
et + (4 + 8| EP)ug = 0
(A13)
iE¢ + Ezz + (u + |E|*)E = 0,
and
eus + u(u — 6lE[?): =0
t ( I I )z (A14)

iE¢ + Egz — (4 — |E|2)E = 0.

Systems (A12)—(A14) are related to (A10) as systems (A2)—(A4) are related to (0.9).

99

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



References

(1] P.D. Lax, Hyperbolic Systems of Conservation Laws and the Mathemat-
ical Theory of Shock Waves, SIAM, 1972.

[2] G.B. Whitham, Linear and Nonlinear Waves, Wiley, 1974.

(3] B.L. Rozdestvenskii, N.N. Janenko, Systems of quasilinear equations and
their applications to gas dynamics, Translations of Mathematical Mono-
graphs, Vol. 55, AMS, 1980.

[4] J.M. Burgers, The Nonlinear Diffusion Equation: Asymptotic Solutions
and Statistical Problems, Reidel, 1974.

[5] E. Hopf, ‘The partial differential equation u¢ + uu; = pu;.’', Comm. Pure App.
Math. 3, 201-230, 1950.

[6] C.M. Dafermos, ‘Contemporary issues in the dynamic behavior of continuous me-
dia’, LCDS Lecture Notes #85-1, 1985.

(7] Tai-Ping Liu, ‘Nonlinear resonance for quasilinear hyperbolic equation’, J. Math.
Phys. 28 (11), Nov., 1987.

(8] B. Hayes, ‘Stability of solutions to a destabilized Hopf equation’, Comm. Pure
App. Math., Vol. XLVII, 1-10, 1995.

[9] C.M. Dafermos, ‘Asymptotic behavior of solutions of hyperbolic balance laws’, pp.
521-533 in: Bifurcation Phenomena in Mathematical Physics and Related Topics,
C. Bardos and D. Bessis, eds., Reidel, Dordrecht, 1980.

[10] A.N. Lyberopoulos, ‘Asymptotic oscillations of the solutions of scalar conservation
laws with convexity under the action of a linear excitation’, Quart. Appl. Math.
48, 755-765, 1991.

100

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(11] P.D. Lax, C.D. Levermore, ‘The small dispersion limit for the KdV equation I’,
Comm. Pure App. Math. 36, 253, 1983.

{12] P.D. Lax, C.D. Levermore, ‘The small dispersion limit for the KdV equation II’,
Comm. Pure App. Math. 36, 571, 1983.

{13] P.D. Lax, C.D. Levermore, ‘The small dispersion limit for the KdV equation III’,
Comm. Pure App. Math. 36, 809, 1983.

(14] C.S. Gardner, J.M. Greene, M.D. Kruskal, R.M. Muira, ‘Method for solving the
KdV equation’, Phys. Rev. Lett. 19, 1095, 1967.

(15] P.D. Lax, ‘Integrals of nonlinear equations of evolution and solitary waves’, Comm.
Pure App. Math., Vol. XXI, 467, 1968.

(16] V.I. Karpman, Nonlinear Waves in Dispersive Media, Pergamon Press, 1975.

(17] T.H. Havelock, The Propagation of Disturbances in Dispersive Media,
Stechert—~Hafner, 1964.

(18] J.L. Bona, V.A. Douglis, O.A. Karakahian, W.R. McKinney, ‘Conservative high-
order schemes for the generalized Korteweg-de Vries equation’, Phil. Trans. R.
Soc. Lond. A 351, 107-164, 1995.

(19] J.L. Bona, M.E. Schonbeck, ‘Traveling wave solutions to the Korteweg-de Vries
Burgers equation’, Proc. A Roy. Soc. Edinburgh 101A, 207-226, 1985.

[20] D. Jacobs, W.R. McKinney, M. Shearer, ‘Traveling wave solutions of the modified
Korteweg-de Vries Burgers equation’, J. Diff. Equa. 116, 448-467, 1995.

(21] V.D. Djordjevic, L.G. Redekopp, ‘On two-dimensional packets of capillary-gravity
waves’, J. Fluid Mech 79, part 4, 703-714, 1977.

[22] N. Yajima, M. Okawa, ‘Formulation and interaction of sonic-Langmuir solitons’,
Prog. Theor. Phys. 56, 1719, 1976.

101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



{23] M.S. Ablowitz, D.J. Kaup, A.C. Newell, H. Segur, ‘The inverse scattering trans-
form — Fourier analysis for nonlinear problems’, Studies in Appl. Math. 53, 249,
1974.

{24] V.E. Zakharov, ‘Collapse of Langmuir waves’, Sov. Phys. 17, 153, 1977.

[25] J. Gibbons, S.G. Thornhill, M.J. Wardrop, D. Ter Harr, ‘On the theory of Lang-
muir solitons’, J. Plasma Physics 17 (2), 153, 1977.

[26] D.G. Ebin, ‘The motion of slightly compressible fluids viewed as a motion with
strong constraining force’, Ann. of Math. 105, 141-200, 1977.

(27] S. Klainerman, A. Majda, ‘Singular limits of quasilinear hyperbolic systems with
large parameters and the incompressible limit of compressible fluids’, Comm. Pure

App. Math., Vol. XXXIV, 481-524, 1981.

(28] Y.S. Kivshar, B.A. Malomed, ‘Dynamics of solitons in nearly integrable systems’,
Rev. Mod. Phys. 61, No. 4, Qct. 1989.

(29] R.K. Dodd, J.C. Eilbeck, J.D. Gibbon, H.C. Morris, Solitons and Nonlinear
Wave Equations, Academic Press, 1982.

[30] S.H. Schochet, M.I. Weinstein, ‘The nonlinear Schriodinger limit of the Zakharov
equations governing Langmuir turbulence’, Comm. Math. Phys. 1086, 569, 1986.

{31] T. Ozawa, Y. Tsutsumi, ‘The nonlinear Schrodinger limit and the initial layer of
the Zakharov equations’, Diff. and Int. Equa. 5 (4), 721, July 1992.

(32] P.K. Newton, ‘Wave interactions in the singular Zakharov system’, J. Math. Phys.
32 (2), 431, Feb., 1991.

[33] R.M. Axel, P.K. Newton, ‘The interaction of shocks with dispersive waves: I. Weak
coupling limit’, Studies in Appl. Math. 96, 201-246, 1996.

[34] W. Mune, ‘Acoustic monitoring of ocean gyres’, J. Fluid Mech. 173 , 43-53, 1986.

102

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[35] R.C. Shockley, J. Northrop, P.G. Hansen, ‘SOFAR propagation paths from Aus-
tralia to Bermuda: comparison of signal speed algorithms and experiments’, J.
Acoust. Soc. Am. 71, 51-60, 1982.

{36] D.G. Crighton, A.P. Dowling, J.E. Ffowcs Williams, M. Heckl, F.G. Leppington,
Modern Methods in Analytical Acoustics, Lecture Notes, Springer-Verlag,
1992.

[37] R. Cook, ‘Penetration of a sonic boom into water’, J. Acous. Soc. Am. 47, No. 5,
1430, 1970.

[38] K. Sawyers, ‘Underwater sound pressure from sonic booms’, J. Acous. Soc. Am.
44, No. 2, 523, 1968.

[39] V. Sparrow, ‘The effect of aircraft speed on the persiration of sonic boom noise

into a flat ocean’, research notes, 1993.

[40] M. Hussey, Diagnostic Ultrasound: An Introduction to the Interactions
Between Ultrasound and Biological Tissues, Wiley, 1975.

(41} L. Hutchins, S. Leeman, ‘Tissue parameter measurement and imaging’, in Acous-

tical Imaging, Vol. 11, Ed. J.P. Powers, Plenum Press, 1982.

[42] S. Leeman, ‘Ultrasound pulse propagation in dispersive media’, Phys. Med. Biol.,
25:481, 1980.

[43] E.J. Smith, ‘Observations of interplanetary shocks: recent progress’, Space Sci.
Review 34, 101, 1983.

[44] C.F. Kennel, F.L. Scarf, F.V. Coroniti, E.J. Smith, D.A. Gumett, ‘Nonlocal
plasma turbulence associated with interplanetary shocks’, J. Geo. Res. 87, Al,
17, 1982. '

[45] G.S. Bisnovatyi-Kogan, S.A. Silich, ‘Shock-wave propagation in the nonuniform
interstellar medium’, Rev. Mod. Phys. 67, No. 3, 661, 1995.

103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[46] O. Oleinik, ‘Discontinuous solutions of nonlinear differential equations’, Usp. Mat.
Nauk. 12, 3, 1957, English trans: Amer. Math. Soc. Transl. Ser. 2 26, 95, 1962.

[47) J.K. Hale, H. Kogak, Dynamics and Bifurcations, Springer-Verlag, 1991.

[48] P.D. Lax, ‘Shock waves, increase of entropy and loss of information’, in Seminar
on Nonlinear PDE, Ed. S.S. Chern, MSRI Pub. 2, Springer 1984.

[49] M. Slemrod, ‘Interrelationships among mechanics, numerical analysis, compen-
sated compactness, and oscillation theory’, in Oscillation Theory, Computa-
tion, and Methods of Compensated Compactness, Eds. Dafermos, Eriksen,
Kinderlehrer, Slemrod, IMA Vol.2, Springer-Verlag, 1986.

(50] J. Smoller, Shock Waves and Reaction Diffusion Equations, Springer-
Verlag, 1983.

[51] J. Kevorkian, J. Cole, Perturbation Methods in Applied Mathematics, Ap-
plied Math. Sci. Vol. 34, Springer, 1980.

[52] C.M. Bender, S.A. Orszag, Advanced Mathematical Methods for Scientists
and Engineers, McGraw-Hill, 1978.

(53] J. Kevorkian, Partial Differential Equations: Analytical Solution Tech-
niques, Wadsworth & Brooks/Cole, 1990.

[54] M.V. Goldman, ‘Strong turbulence of plasma waves’, Rev. Mod. Phys. 56 (4), 709,
1984.

104

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Vita

Ralph Axel was born in Great Neck, New York in 1968. In 1990, he obtained a
B.S. in mathematics from the University of Massachusetts. As a graduate student
at the University of Illinois, he received an M.S. in 1994 and a Ph.D. in 1996, both
in mathematics. For portions of his graduate career, he was awarded a Department
of Education National Needs Fellowship. As a teaching assistant, he was a three time
member of the university wide Incomplete List of Ezcellent Teachers. He is a coauthor
of the article The interaction of shocks with dispersive waves: [. Weak coupling limit,
which appears in Studies in Applied Mathematics, 1996. His interests include literature,

music and mountain biking. He is currently pursuing a career in finance.

105

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



