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Lori Jensen Jo n  Miller, Ph.D.

(Re)Discovering Fundamentalism in the Cultural Margins:
Calvary Chapel Congregations as Sites o f  Cultural Resistance 

and Religious Transformation

This dissertation examines the changing face o f  the Calvary Chapel movement, a 

religious “awakening” that began among the hippies o f the 1960s and has continued to appeal to 

a new generation o f  “alternative” youth involved in various subcultures. The focus o f  the study 

is four Calvary Chapel congregations in the Southern California area, in which I conducted 

participant observation and in-depth interviews for four years. I conclude that these churches are 

sites o f  symbolic resistance and transformation, similar to the Gramscian model, where 

resistance is mounted against the hegemonic religious and cultural establishment.

Such protest and resistance is accomplished through the charismatic leadership o f the 

pastors, which enters a ripe social context and leads those in the cultural margins into a 

transformative religious faith. These transformed individuals are then empowered to live 

purposeful lives in the name o f  something higher than themselves. This empowerment by the 

churches is manifested through a conservative, straightforward ideology; charismatic worship 

that transcends the mundane; close-knit and intimate community; flexible organization and loose 

operational structure; and acceptance and appropriation o f  certain cultural forms, while rejecting 

and replacing the cultural content. Indeed, these churches consider themselves to be in the center 

o f  a cosmic battle waged on various fronts, with the churches providing specific locations for 

spiritual, as well as cultural, resistance. Moreover, it is in this tension with the culture about 

them that these churches exhibit certain sectarian qualities. However, they defy the previous 

definitions o f “sect” and “cult,”  challenging the current classifications o f  religious movements,
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and appear to be a new  type o f  religious form. Thus, these churches have (re)discovered (as this 

type o f  protest has been present throughout the history o f  Christianity in various forms) a 

fundamentalist strain o f Protestantism in the m ost unlikely places—that o f  the cultural margins.
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Chapter 1

Introduction

1.1 Outline

In this thesis we study, through  th e  use of H am iltonian m ethods, some vortex dy

namics problems, w ith particu la r em phasis on the  two-layer geostrophic model.
We begin, in this chapter, by  describing the geostrophic equations of the two-layer 

model. We com pute the stream functions and H am iltonian for N  point vortices using 
these equations. We conclude our introduction to the  two-layer model by describing, 

in detail the two-vortex problem  and  its solution, due to  G ryanik [26], and present 
our first result which is a derivation of the  relative equations of three point vortices. 
We end the first chapter by providing a  review of some of th e  literature on vortex 
dynamics, mentioning, in particu lar, work th a t has been done on the sphere, on 
the  plane, on domains w ith boundaries, and non-integrable problems as well as a 
sum m ary of the work th a t has been done for two-layer geostrophic (baroclinic) vortex 
dynamics. In C hapter 2 we form ulate th e  geostrophic two-layer model as an infinite 
dimensional Ham iltonian system . Analogously, th e  poin t (singular) vortex m odel is 
w ritten  as a finite dimensional H am iltonian system . In th is framework, we obtain, by 
v irtue of symmetries, the conservation laws and invariants of the  respective system s. 
In th e  point vortex case it is shown th a t the three-vortex  problem is integrable. 
We also present o ther in tegrable four-vortex system s for th e  two-layer model. In 
C hapter 3 we locate and characterize all the equilibrium  solutions, for the  three- 
vortex two-layer problem, including both  fixed and  relative equilibria. We are also 
able to  locate the relative equilibria in  th e  trilinear plane. We continue our discussion 
of th e  two-layer model in C hap ter 4 by describing some aspects of the finite-tim e

1
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collision problem as well as the alignm ent process for three vortices in the two-layer 
problem. In our m ain results we show th a t for the three-vortex problem, two-vortices 

in the same layer cannot collide in finite tim e if the third vortex is in the other layer. 
We also dem onstrate that the two-layer model admits non-self-similar collapse for 
three vortices in the same layer. We end th a t chapter by explicitly constructing 
vortex alignment solutions for the three-vortex problem. We conclude our study 
of the two-layer model in C hapter 5, which is a numerical study of integrable two- 
layer vortex dynamics. We present some numerical work on stream lines, integrable 
four-vortex dynamics and a brief study  of particle advection.

Chapter 6 contains some results on point vortex dynamics on the sphere. In our 

first result we show that the only finite-tim e collapsing solutions for three vortices 
on the sphere (or on the plane) axe self-similar ones. This allows us to conclude that 
the  only self-similar solutions for the three-vortex problem on th e  sphere are either 
equilibrium  solutions or self-similar collisions. We also obtain a  negative result on 
the collapse of certain  symmetrical paralleloid configurations of four vortices on the 

sphere. We conclude Chapter 6 by presenting new solutions. Included amongst these 
axe relative equilibrium  solutions of four vortices that axe not great-circle equilibria. 
O ther solutions include two explicit quadratures of three vortex-configurations where 
the  orbits asym ptotically approach equilibria. We end C hapter 6 w ith a result on 
new integrable four-vortex systems possessing coaxial symmetry.

We conclude w ith Chapter 7, in which we study vortex dynamics in a circular 
(planar) domain. We show th a t two vortices in a circular domain cannot collide (self 
sim ilarly or otherwise) in a finite time.

1.2 The Two-layer Model

T he evolution equations for the /-p lan e  2-layer quasi geostrophic potential vortex 
model axe:

duj; , .
—  +  [u;,-, xbi\ =  0 , * =  1, 2 ,

Wj. =  -1- Ci(V>2 — V’l), (1-1)

w2 =  A-^2 — £2 (^ 2  ~  cnf>i),

2
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where [,] is th e  Jacobian given by [a, 6] :=  axby — aybx, wt- the geostrophic potential 
vorticity in the  f-th  layer ipi the corresponding streamfunction, pi the  respective 

fluid densities (pi <  P2), Hi the thicknesses of each layer, I the Coriolis param eter 
and g  the constant of gravitational acceleration. The thicknesses o f the  layers Hi is 
are assumed to  be much smaller than  th e  horizontal scale L  of th e  system  so that 
the fluid is always in hydrostatic equilibrium , as shown in Fig. 1.1. A free upper

Figure 1.1: The quasi-geostrophic two-layer model.

boundary is assum ed and the lower boundary is solid. Observe th a t the  first of 
these equations are evolution equations th a t describe the evolution of th e  vorticity 
field. The second set of equations are Poisson-like equations w ith the vorticity on 
the left hand side. These are nonlinearly coupled to the evolution equations. A nice 
derivation of these equations can be found in [54].

We can w rite the two equations for th e  vector potentials ipi, in operator form,

£ -0  =

£  :=  A  -t- M,

, ( 1.2 )

3
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Pi  P p 2 12P2

a  p 2 £ l (p 2 — p i ) g H i '  62 ( p 2 - p i ) g H 2 '

By introducing new dependent variables we m ay diagonalize the system  of equations 

( 1.1):

Tip  :=  ip,

CTxjj a>,

T ~ l£Trjj :=

so th a t

(A  +  D )^  =  r - 1w, (1.3).

where

( \  2 n \  f  H-\ —H f —s / d  Hi  - H - y + ' / d
1 I T ’ — I 2aHi 2 aHi

0 - a 22 /  ’ V I  1

It can be shown th a t  A2i i2 =  and d =  (H 2 — H i ) 2 +  4ctH±H2. Thus by
a change of variables the streamfunctions -0 can be com puted by solving a pair of 
reduced wave equations given by:

(A  -  \  =  T _ ^  (1 4)

(A  -  \ 2 2 )ip2 j

By standard techniques , one can write the solution of the reduced wave equation 
in term s of the G reen’s function for the reduced wave operator

xh
\bi =  J  G(x — z)iui(z)dz, i =  1 , 2 .

The velocity profiles in tu rn  are obtained from  the  equations (1.12). In the  singular 
or point geostrophic vortex model we consider a  vortex distribution of th e  form:

=  £  r i* (*  -  x \)5{y  -  y i)  i  =  1, 2 . (1.5)
k=l

4
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where the superscrip t i  denotes the layer,the subscript k  indexes the vortices in th a t 
layer and iVt- is th e  num ber of vortices in th a t layer. The T*. axe the strengths of 

the vortices. T h e  solution of (1.4) w ith the  poin t vortex allocation (1.5) can be 
expressed by th e  Green function for the reduced wave equation ^ i v 0(Atr) , where 

K q { x )  is th e  m odified zero-order Bessel function of the first kind. In the sequel 
|r  — r a[ :=  [(x — x a)2 +  (y — ya)2]1̂ 2. Consider first a  single vortex in the upper layer 
labeled by its vortex strength  I\-,

r |£ (x  -  x\)5{y  -  y\)
u> =  |

0

so that

r~lw =_  a H i  (  - T \5 ( x  -  x})5(y -  y}) \  _  (  (A  —
y/d  ^ r l £ ( x - x l ) £ ( y - y l )  J \  ( A  -  A22) ^ 2

or, upon solving for ip, using the Green function and recalling th a t ip =  Tip,  we get

r /  -A 'oC A ilr-rfl)
2irV3 (  A'„(A2|r - r J | )

We finally ob tain  the contribution to the stream functions due to the vortex r\- as:

*  =  +  1)A'°<A‘ lr -  r'D +  ( +  l)^ o(A 2|r -  rj  [)], (1.6)

Wi =  “ ^==-[A'o(A2|r _  rj|) -  A'o(Ai|r -  r ‘ [)]. (1.7)

We follow the sam e procedure for a single vortex in  the  lower layer labeled T2 to
obtain the con tribu tion  of this vortex to the stream  functions:

p 2 jj

*  =  +  K ^ T ~

*  =  -  r?D +  AW-MA^Ir -  r?|)], (1.9)
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where
, _  H i -  H2 + y/d A __ H 2 -  H ! +  V d

A_ .— -------   r=-------*> ~
2 y/d 2 V d

By lineax superposition, the stream functions in th e  two layers due to an ensemble 
of point vortices with Ni  of strength. F[ in layer 1 and N 2 of strength F] in layer 2 

is given by 1

V>i =  ^ E r ; [ / t + « . ( A 1|r - r f | )  +  J4_A'o(A,|r-r![)] +
w7r t=X

E  r?^ [A 'o (A 2|r -  r | | )  -  A'„(A,|r -  r ||)] ,

I N’t TT
^2 = ^  E  r ^ [ A T 0(A2|r -  r}\) -  K 0(Xl \r -  r}\)} +  

In  {=1 y/d.
<V2
E  rj2[A_/i0(A1|r -  t j \ )  -  A+K0{\2\r -  r?|)].
i=i

( 1.10)

Now the dynamics of the point vortices can be obtained  by differentiating the stream - 
functions as follows:

dxfji
dy Vk =

dtpi

r=r; d x i = 1, 2 ,
r = r t-

(1.12)

where i  denotes the layer and k indexes a vortex  in th a t layer. To this end we us 
the recurrence relation ,K'0 (x) = —Ki{x),  for th e  zero and first order modified Bessel 
functions, to obtain  the equations for a  vortex k  in the first layer:

■f1 — ^ '  r 1 ~   ̂n ( \ r l  r l |A ^ p 2  -®2 (j/fc ~  V j ) c f \ i  2 | \  / t  i o l

-  - E g  r ‘- k T ^ T ^ (|rfc “  r ‘-0  -  E g  r ’ 7 2 w ^ m r k  ~  rA (L13)

-•1 _   ̂ n i Ah I  ̂ r 2 ^Xk — f  f\ 1 _  2|\ /1
Vk 2tt g  *' | r £  -  r} | f  ^  +  2 t t  g  y/d H  -  r]\ f ^ k j  ^  (  ^

1Note that there is a disagreement with the com putations in Gryanik [26].
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Here and throughout the ' on the sum m ation m eans omission of the  singular te rm  
i =  k. A sim ilar set of formulae hold for th e  dynam ical equations of a  vortex m  in 
the second layer:

=

y 2m

— — y *  r-  a H l  -— f( \ r 2 — r i |)

1 (Zf  ̂ — V  ̂1

y= 1 \rm - rj\

—  1 V* r 1 a H l ^X ” 1 ~  f fir2 — r 1!')
"  '2*  k  < V d  \r*m -  r}\ f{ lr -  r<l)

2 -  E  r j [,.2 _  r 2 f K \ r m 7il)
ir m — n

(1.15)

(1.16)

where for / >  0 and  Xi > X2

h(l)

m

9(1)

=  —[ A - X i K i ( X i l )  +  A+A2AA(A2Z)], 

=  X ^ i X J )  -  X2 K l (X2 l),

=  - [A +A1A'1(A1Z) +  A_A2£ 1(A2/)J.

Extensive use will be m ade of these functions (1.17) in much of what follows. Sim
ilarly, we will also m ake use of the functions appearing in the stream functions and 
the Ham iltonian. These are defined as follows,

G(l) :=  A +I\o(Xil) +  A_AT0(A2Z),

H(l )  :=  A .K o (X l l) +  A +K 0 (X2 l), (1.18)

F(l )  :=  A o ( A 2 / )  -  AT0(A1/).

We now m ention th a t there are other sim pler two-layer models, th a t are often used 
in the geophysical community. One that we will often consider shares m any of the
features of the full two-layer model of (1.1). T he evolution equations are th e  same,
but the equations for the  potential vorticity are

Ui =  A ^ , +  ( - l ) ‘A-2(^ i  ~7b2) i  =  1,2. (1.19)
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There is ju st one param eter A to consider here, which can  be interpreted as th e  rigid
ity  of th e  interface separating the two-layers. The G reen’s functions corresponding 

to this system is a little  different and the functions corresponding to / ,  g, h, and 
F, G, H ,  take the form

^>
1 «—. 1 1 tr  ( i

1  ~  a  1 V;

W )

 ̂
1 N

£
 

T—1+
 

t—( |II

F{1) :=  ln(/) -  j K q

<7(0 1 "< 
+J3II

r

: r

T he two-vortex problem  has been studied by G ryanik [26]. It is shown th a t  as 
a  consequence of the conservation of energy th e  two vortices either ro ta te  about 
their common center of vorticity  or if their center of vorticity  is a t infinity th e  pair 
translates uniformly. T he center of vorticity, given in  general by

( Y v y  E L i  PiHi r > g » -  

( ’ j E L i  pi Hi rj- ’

is invariant in view of the  conservation of linear m om entum  and is located a t X  =  

Flr  1+^2 and Y  =  ^ r l + r ^  ôr ^wo vor^ ces in th e  sam e layer. For two vortices 
in the top layer, for which r \  +  r 2 ^  0 , w ith the  in itia l distance between them  
r( t)  =  r ( 0 ) =  a the periodic orbit is given by x  =  a cos ujt and y  =  a sin ust where x  
and y  axe relative coordinates, x  =  x x — x2 and y =  y i  — y<i. The angular frequency 
is given by

O = Ti +  r 2 t N
In a

If Ti +  r 2 =  0 then the  speed of translation is

v  = Ti 9(a)
2 it
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Similar formulae hold for two vortices in the bo tto m  layer with h(a) replacing 
g(a). For two vortices in different layers, Ti, r 2 in the top and  bottom  layers respec
tively, say, the center of vorticity is

( X , Y )  =
PiffiTxXj.  +  p2H 2Y2x 2 P i H i T i y i  + P2H2Y2y2\  
 ̂ P1 H 1 Y i + p 2 H2 Y2 ’ P1 H 1 T i + p 2 H 2 Y2 J

For pi Hi  Ti +  p2 H 2 V2 7  ̂ 0 the vortices ro tate about th e  center of vorticity with 
angular frequency:

n = (T .aH i  +  r  2 H 2 ) f (a)
2tt a \fd

while if piH i  Ti +  p2 H 2 V2 =  0 the vortices translate w ith speed:

v =
F 2 H2

'2n \ f d

In all cases the center of vorticity is invariant. These invariants will be described 

thoroughly in C hapter 2.

1.3 Derivation of the relative equations.

In this section we derive the relative equations for the  two-layer three vortex problem. 
These equations are readily generalized to the N -vortex case. For the purpose of
illustration, we focus on the case of three vortices in the upper layer, w ith strengths
T,-, at positions (x t-, y,-), i =  1 ,2 ,3 . We have shown th a t

n  p  y  ̂ f \ p  2/1 2/3 r \2-X i  =  —r 2---------9\.r i2) — r 3-----------g(r  13),
ri2 r 13

2 ~  y x =  r 2 — ---------— g{rx2) +  r 3 — --------— g(ri3),
ri2 r 13

2 t t x 2 =  —  r i — — —g(ri2) —  F 3 — -------— g(r23) ,
T12 r 2 3

2-n y 2 =  r i — — — 5f(r 12) +  r 3 — ---------— g(r23).
7~12 r2 3

Subtracting these equations we obtain,

27t(xi — x 2) =  (—r 2 — F i ) ^ — - ^ ^ ( r 12) — r 3^ - — ^ ^ ( r 13) r 3^ - —^-<7( r23),
r i 2  r 13 r 23
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27r(yi -  y2) =  ( r 2 +  T i)—— — g{rl2) +  r 3—— — £ (rx3) -  r 3—— — g{r23).
r 12 r 13 r23

Now,

1 dv̂
=  {xl - x 2 ) {x l - x 2) + {:y l - y 2 ) ( y i - y 2)

.  (_r, -  rt) (X1 ~x' ){y' ~ W „) -  r3 (*‘ ~ *»)(* ~ y' \ {ra)
1̂2 r X3

+ r 3 ^ - * ^ - y > ) g(r, 3)
7*23

. , t ,  . o  ^(yl  - y 2 ){*L - x 2) ^  ( y i  - y 2)(a:i -  x3) ,
+ ( r 2 +  1 1 ) g[r 12) +  1 3 ------------------------------- 5,( r i3j

7*12 r l3

_ r , ( » . - .IS>i? - * » ) g ( ra )
r 23

_  r 35'(r i3 ) [(a. 1 _  x 3)(?/1 -  y 2) -  (ari -  ar2) ( y i  -  2/3)]
r X3

r3g(r23)
r 23

[ - ( x 2 -  x3)(yx -  y2) +  (xi -  x 2)(y2 -  Sta)]-

In the last equation the term s in the square parentheses are ± 2 A X23, where Ax23 is 
the area of the triangle enclosed by the three vortices T,-, i =  1,2,3, respectively. 

We conclude th a t

1 dr \ 2 _  r 3<xAX23
2 dt  2tt

ff(̂ *13) _  g(r23)
f  13 r 23

(1.20)

where cr is the orientation of the triangle, 1 for a  cyclic perm uation of 1,2,3 and 

-1 otherwise. Similar equations are obtained for r X3 and  r 23 as well as for various 
allocation of vortices in different layers. One can generalize these relative equations 
for N  point vortices, however the notation becomes too cumbersome if one is to 
consider general perm utations of N  vortices between th e  two layers. The relevant 
equations will be cited where these are needed.

1.4 Literature review

There is by now a vast litera tu re  on the fV-body problem . The Hamiltonian frame
work of these mechanical systems can be found in th e  books by [5, 6 , 24]. An
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excellent review article is th a t  by Deift [14]. L iteratu re on the  N -vortex problem, 
is extensive and can be found in  m any papers, m any of which are referenced in the 
upcom ing book by Newton [46]. T he geostrophic vortex  models are described in 
m any geophysics texts including [51, 54]. There is also a  body of review papers on 
the H am iltonian description of geostrophic fluid dynam ics [45, 55]. There has been 
some work done on two-layer point vortex dynam ics. These include the works of 

Young, and Hogg and Stom m el [57, 29, 30], and, which have been prim arily numer
ical investigations. More analy tic  results can be found in the work of Gryanik [26] 
and Zabusky and McW illiams [44]. Some experim ental work has been done by Grif
fiths and  Hopfinger [25]. T here is also a growing lite ra tu re  on baroclinic vortex 
patches [IS, 52, 53]. Since our work can be seen as an  extension of [26], we describe 
the  results obtained there. G ryanik system atically derives the equations of motion 
for point vortices in the two-layer (baroclinic) m odel using the  evolution equations 
of potential vorticity. The uncoupling of the stream functions by the diagonalization 

technique, described in Section 1.2 is due to him . He is also credited with form ulat
ing the  dynam ical equations for two-layer point vortices as a  Ham iltonian system. 
He also derives the m otion integrals by appealing to N oether’s theorem. Although 
m ention is made of integrable four-vortex problems, these are not explicitly pre
sented. The two-vortex problem  is integrated by v irtue  of the integral invariants. 
We extend  these results by studying the  three-vortex problem  and begin by deriving 
the relative equations and finding the  equilibrium solutions. In  addition the collapse 
and alignm ent processes can occur only with a  m inim um  of three vortices, since the 
distance between two vortices is always invariant. O ur work on these aspects of two- 
layer point-vortex dynamics is therefore new, as is our application of the trilinear 
plane reduction techniques in studying qualitative features of three-vortex two-layer 
point-vortex dynamics.

In addition, Gryanik also studies point vortices in a  flow w ith the  simplest regular 
current, nam ely constant po ten tia l vorticity. Again, th e  study  is restricted to the 
case of two vortices. The work also contains a study  of non-conservative effects, and 
contains ideas which have not been fully exploited. We have not pursued either of 
these directions in our study.

O ur numerical work in C hap ter 5 is in the  sp irit of [57]. In th a t work Young 
studies various interactions betw een two and four baroclinic point vortices. The
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study  focuses on the qualitative changes in behavior which occur as the size of the 
Rossby deformation radius is varied. He also investigates th e  transport of passive 
fluid by a translating baroclinic pair. He found th a t a  pa ir of vorices in the top layer 
transports no lower layer fluid if the  distance between th e  vortices is less than  1.72 

deform ation radii. Our study is very similar: whereas he stud ied  coaxial four-vortex 
configurations, we show th a t collinear four-vortex configurations are also integrable, 
and s tudy  the various interactions of these four-vortex stystem s, by dem onstrat
ing the  various types of m otions including direct scattering, exchange scattering, 

and (quasi-) periodic behavior. VVe extend his study of the  advection problem for 
translating  vortex pairs to ro ta ting  vortex pairs.

We compare many of our results, for both the geostrophic two-layer model as 
well as the model on the sphere, w ith analogous results on the plane. There is a vast 

body of literature for point vortex dynamics on the plane. O ur work is compared 
with some of the results obtained  by Aref [2] and Synge [56]. T he work of Aref, is 

the first system atic study of three vortices of arb itrary  strengths on the plane, and 
so extends the work of Novikov [47]. Aref’s work contains a  thorough qualitative 
analysis of the three-vortex problem . Using trilinear p lane techniques the regimes 
of m otion are classified according to the signs of the arithm etic , geometric, and 

harm onic means of the three vortex strengths. For the special case where the vortex 
strengths take the values (+T , +17, —T), the m otion has an in terpretation in term s 
of th e  scattering of a neutral pair by a  single vortex. Q uan tita tive  details, including 
explicit integration in term s of elliptic integrals, are presented for this special case. 
A system atic study of the finite-tim e collapse process is also studied. He obtains 
necessary and sufficient conditions for three vortices to collide in finite time. He 
also provides a method for explicitly constructing initial conditions which lead to 
finite-tim e collapse of the th ree  vortices.

We study the collapse process for the two-layer m odel as well as the sphere. 
On the  plane explicit collapsing solutions can be found in th e  works of Aref [2] 
and K im ura [35]. Four- and five-vortex collapsing solutions have been obtained by 
Novikov [49]. On the sphere vortex  collision has been stud ied  extensively, for the 
three-vortex problem, by K idam bi and Newton [31, 33]. In  C hapter 4 we investigate 
the alignm ent process for point vortices in the two-layer m odel. Work,in this area 
has been done for vortex patches. I t  has been studied in  detail by Polvani [52].

12

R e p r o d u c e d  w ith  p e r m is s io n  of  th e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



Numerical simulations have also been performed by M cW illiams [43]. A general 
discussion of the mechanism  of vortex alignment can be found in the article by 

Salmon [53]. There is also an  extensive literature on equilibria of vortex dynamics. 
Our work for the two-layer m odel follows, fairly closely, th a t of Synge [56] The papers 

by Lewis and Ratiu [38] and  M arsden and Pekarsky [42], contain ideas th a t may 
apply to relative equilibria for the two-layer model.

Nonintegrable vortex dynam ics have been studied in  the work of Ziglin [5S], 
Aref [3, 4] and Novikov [4S]. Detailed presentations can be found in [11, 12, 13].

Our primary reference for our work on the sphere is [31]. In their study, Kidambi 
and Newton, present a  thorough analysis of the three-vortex problem  on the sphere, 

in the spirit of Aref’s work on the plane [2]. Instead of using spherical coordinates, 
they use cartesian coordinates. They present the Poisson-bracket formalism and 
prove that the three-vortex problem  on the sphere is integrable, as well as describe 

integrable four-vortex system s. In our work we present new integrable four-vortex 
configurations. In addition to  obtaining all the m otion integrals, they use the in
variance of the center of vorticity  vector c, to geom etrically classify the motions into 
five distinct families. They then  fully characterize all fixed and relative equlibria on 
the sphere. They show th a t for fixed equilibria the vortices m ust lie on great circles. 
T he relative equlibria are classified as either degenerate, c =  0, or non-degenerate 
otherwise. For each type th e  shape of the vortex triangle is described and the fre
quency of rotation is com puted. As in the planar problem  the trilinear plane is 
introduced to study the m otion in the phase plane. All equilibrium  solutions are 

located in the trilinear phase plane, and more complex relative dynamics are also 
characterized in term s of these coordinates. As on the plane, they state necessary 
and sufficient conditions for self-similar collapse of three vortices, computing the col
lapse times and vortex tra jectories on the route to collapse. The collapse formualas 

on the plane and on the sphere are also compared asymptotically. In our work we 
show that the only (finite-tim e) collapse of three-vortices on the sphere (or on the 
plane) is self-similar. We show th a t the only self-similar solutions of the three-vortex 
problem  on the sphere (or on th e  plane) are equilibria or self-similar collapsing solu
tions. We then study the  collapse of a  four-vortex problem  on the sphere. Our work 
also includes four-vortex relative equilibria tha t are not triv ial great-circle (geodesic)
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configurations. We present the explicit integration of special three-vortex solutions, 
analogous to a periodic one com puted in [31].

System atic derivations for the equations of motion for point vortices on the sphere 
can be found in [7, 34]. The paper [S] contains a study of the m otion of three identical 
point vortices on the sphere and generalizes the planar results o f [47]. Papers that 
address the effects of rotation include [9, 16, 22, 37, 15]. T he recent and ongoing 

work of Lim [39] uses symplectic reduction and sym m etry techniques for the general 

iV-body problem on the sphere, w ith applications to  vortex dynam ics. The work 
of Hally [2S] and Ivirwan [36] contains interesting and general ideas th a t have not 
been fully exploited.There are several papers, including [10, 17], th a t address the 
im portance of vortex triples and their emergence in physical system s.

In C hapter 7 we study the collision process for two vortices in  a circular domain. 
Flucher and Gustafsson have studied the collapse for a more general class of domains 
in [19]. O ther references for vortex dynam ics in regions w ith  boundaries include [40], 

where the existence of the Kirchoff-Routh function was established. O ther explicit 
solutions and proofs of non-integrability for specific domains can be found in [11, 21]. 
Recently Kidambi and Newton have worked on the problem  of vortex dynamics on 
the sphere w ith solid boundaries [32].
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Chapter 2

Symmetries and conservation laws for the 

two-layer model 

2.1 Outline

It is well known th a t  m any of the equations of geophysical fluid dynam ics have 
Ham iltonian form ulations. In  this chapter we present the Hamiltonian formalism 

for the two-layer quasi-geostrophic equations. O ur presentation is in the spirit of 
the review papers [45, 55]. We first present th e  infinite-dimensional Ham iltonian for
malism, by introducing th e  Poisson bracket and  then  showing th a t it is well-defined. 
We then derive conservation laws for the infinite-dim ensional Hamiltonian system 
by invoking N oether’s theorem . Likewise, we present the analogous Hamiltonian for
malism, for the discrete (point-vortex) geophysical model. In the point-vortex case, 
we obtain the in tegral invariants and show th a t  for the three-vortex problem  (in the 

unbounded plane) there  are sufficiently m any integrals in involution to make the 
problem integrable. We also present some sym m etrical four-vortex problems that 
axe integrable. We conclude w ith  a description of the  discrete sym m etries present in 
the equations for po in t vortices.

2.2 Infinite-dimensional Hamiltonian Formalism

As in the 2D Euler equations th e  energy of th e  system  (1.1) is given by
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Integrating by parts and substituting for v  by o,v and fa,

V.(uj) =  J  (PiHi'&iUi +  p2 H 2 fa u 2 )dxdy. (2 .1)

For simplicity we assume that —> 0 as r  -> oo. Substituting into (2 .1) the
equations for uii from (1.1), and integrating by parts, we obtain:

H  =  [A fr  +  p i f a  ~  » i)l
j2

+P2 H 2 f a [ A f a -----7p ( — —— 4>i-------—— fa  )])dxdy
g t l 2  P2 — P i  P2 — Pi

=  \  J  { p i ^ f a l V f a f  + P2 H 2 f a \ V f a \2

I2-j----
9

- P2Pl f a { V i  -  f a )  +  p i f a { — —— f a  — — f a )
, P 2  — P i  P 2 — P i  P 2 P 1

Rearranging yields:

n  =  \  J  {p iH ifa \Vfa \2 +  p2H2fa \V fa \2

)-dxdy.

Introduce the standard  inner product (•, -) for F ,G  : R 2 R 2:

(F , G) = [  F  ■ Gdxdy.
J R

where F. G  G £ 2(R 2)2). We work in the function space:

A  = {F  e  L2 ( R 2)2\F  -> 0, as r  -j. 00}.

Using this and the definition of H(u>) in  (2.1), one can show th a t th e  vorticity 
form ulation and integration by parts leads to the following variational derivatives:

8H IT I S n  zr /

}dxdy.

■1—  \pitP 1 H----- —— {fa — — ipi) 2
g  I P 2 — P1 P2
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Recall that the variational derivative of a  functional J- w ith respect to u is given by

8 T  — T { u  +  Su) — P (u )  =  (-7—, 8 u) +  0 (8 u 2), 
ou

for admissible but otherwise arbitrary variations. More details can be found in the 
article of Shepherd [55] or in Olver [50] (Sec 4.1). N ote th a t a  functional derivative 

is itself a function (possibly nonlocal) of u.

2.2 .1  T he infin ite-d im ensional P o isso n  bracket

Introduce the Poisson bracket between two functionals, for a linear operator J  acting 
on functions belonging to A ,

^  := (§ -4 § )-  <2-2>

D e fin itio n  2 .1  J  will be called Hamiltonian i f  its Poisson bracket satisfies the con
ditions of

(i) Skew-symmetry

[v,c] = -[c,v],

(ii) and the Jacobi-identity,

[fP , £ ], K] +  [[H,V],C\  +  [[£, f t ] , V] =  0.

fo r  all functionals V , C and 1Z fo r  which (2.2) is well-defined.

To verify these we use the language of functional m ulti-vectors and the exposition 
in Olver [50] (C hapter 7.1). We shall make use of th e  following theorem [50].

T h eorem  2.2 Let T> be a skew-adjoint q x  q matrix differential operator and 0  =  
j  f{&  A T>0}dx, the corresponding functional bi-vector, then ~D is Hamiltonian i f  and  
only i f

pr  V2)5(0 ) =  0. (2.3)
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Here pr v Vg(Q) is the action  of the prolongation of the  “vector field” on the  
functional bi-vector 0  and  is given by (2.4) for th e  paxticulax case of the two-layer 
model. In addition, for the  two-layer model,

fo.-l \
P i H i

to.-l I ’
P2H2  /

f   [(^1 )x-Dy Dr]  ̂ (cJi)yDT 0
*'«* —  r r  —  r r  J 1 —

P i  Hi pi Hi

where, following the no tation  of Chapter 1, [a, 6] :=  axby — aybx. The adjoint of J n  
-is

Jii  =  p vHx

=   7p[( — — (v i)yD x +  (^’l)ry +  (wi)xZ?y]
P i H i

P 1 H 1

Likewise J^2 =  —J 2 2 , thereby verifying th a t J  is skew-adjoint. We now apply the 
theorem  to verify the Jacobi identity. To ease no tation , let a;1 and uj2 denote the 
vorticity fields in layer 1 and layer 2 respectively. In  this framework the functional 
bi-vector becomes:

0  =  — J  6 A 'DQdxdy =  — J [ 9 l A T>n 9l + 92 A  'D2-2.92\dxdy

= j  K 01 A A °l\dxdy + 5̂  J H <>2 A el -  “2J2 A e2s)dxdy.
Here, the prolongation of the  “vector field” v-og is given by

p r  v v ,  =  £  D , ( V ( 2 .4 )

where D i is the  to tal derivative given by the m ulti-index I .
In  this framework, we can s ta te  the fundam ental theorem  of this chapter.

18
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T h e o re m  2.3 The two-layer geostrophic voriicity equations, (1.1), form  an infinite- 
dim ensional Hamiltonian system .

P ro o f :  According to the Theorem  2.2 it remains to show th a t

pr vpfl(O) =  0.

T he argum ent is a straightforw ard generalization of the one in Olver [50], (Example 
7.10). Integrating by parts,

v w ( e )  =  J  E  ^  -  wi» il A 0s A -  «;«■) a s‘ a  e‘y}dxdy .

Consider i =  1, and define:

A  :=  / ( K / x  +  -  u lxyely -  u lJ lyy] A 01 A 0*

\ J l  +  “ l dL  -  "l J ly -  A e1 A

B ut,

A e l A =  0 =  <4,19J A « ‘ A »; ,

by th e  skew-linearity of the wedge-product, i.e:

0 l A 0 l  = 0ly A 0 \ =  0.

Moreover,

A 0l A 01 =  - WJX0J A 01 A 0̂  =  - ^ 0 *  A 0* A 0XX =  A 01 A 0j. 

Hence the th ird  and fourth term s cancel, giving

A :=  / K P ^ A ^ A S J - ^ A ^ A ^ ]

+ ^ [ 0 ^  A 01 A 0 1 -  0lxx A 0 l A 0\]}dxdy.
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Integrating the second and fourth  terms,

~  J  6yy A A A &i)dxdy =  J  9ly A A 01 A 0* +  A ^  +  ^ A  0^)]</xdp

=  J [ u ^ e l  A 01 A e l + w£0j A 01 A 0^] dxdy,

since 0* A 0* =  0. Likewise,

— J  0*x A (cu* A 9l A 9y)dxdy = J [u ly 9 lx A 01 A 9ly +  A 01 A 0 y  dxdy.

Substituting these last two into A, and using the anti-com m utative property of the 
wedge product gives, finally,

A  = J A 0 1 A +  0J A 01 A 0 ^ )  +  A 6 l A 6 l

+ w j(« i, a  e 1 A +  el A 0 1 A «£,) +  A « ‘ A SjJ&rfj,.

This completes the proof, since i  =  2 is similar. □.
Now that we have established th a t J  is Ham iltonian, we express the Poisson 

bracket in a more fam iliar form:

where the last follows after an  integration by parts.
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2.2.2 C onservation  law s

In this section we present the conservation laws for the two-layer model in infinite

dimensional Ham iltonian form. F irst, recall th a t for any functional T ,  the dynamics 
can be expressed by

The invariants are sum m arized in the following proposition, and  are derived 
essentially by appeal to N oether’s theorem.

T h e o re m  2 .4  The quasi-geostrophic two-layer model in the unbounded plane, has 
• as integral motion invariants, TL, linear momentum A4X, and, A dy, and, angular 

momentum Ad$.

P ro o f: The invariance of TL is im m ediate since =  [TL, TL\ =  0, by the skew- 
linearity of the Poisson bracket. Since TL and J  have no explicit dependence on x  or 
y, TL is invariant with respect to spatial displacements. A pplying N oether’s theorem 
with respect to x  we seek a function M. for which:

t S M
— =  —u x, or oco

By inspection,
S M  r r
& T =  piH iy'

is a candidate, so tha t the  linear m om entum  in the x-direction,

M x =  J[p iH iiv i + p2H 2uJ2\ydxdy,

is an integral invariant and  sim ilarly so is the linear m om entum  in the y-direction,

M -y =  J[piH iW i + p2H 2oj2]xdxdy.
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We now consider ro ta tional sym m etry. In polar coordinates, x  =  r  cos 6, y  =  rs in # , 
the H am iltonian is expressed as:

= JlpiHiiftiUJi +  p2H 2ib2oj2\rdrd9. (2.5)

Using the chain-rule, we have, in polar coordinates,

[fl, 6] .— cLybg — &f)br)* (2.6)

From (2.5) and  (2.6) it is clear th a t T-L and J  do not depend explicitly on 0 so

applying N oether’s theorem , we seek a functional M  for which:

J S M
=  — Idg,  or

Suj

By inspection,
S M 2

Suj{ 2

so that the angular m om entum ,

M g  = \  j[ fiiH iU i + p2H2ui2]r2dxdy,

is also an in tegral invariant. □

We rem ark th a t  these conservation laws axe the  n a tu ra l generalizations of the 
planar or one-layer m odel. An alternative derivation of these invariants can be found 
in the article by Young [57].

2.2.3 T h e  C asim ir invariants

In addition to th e  conservation laws arising from the  H am iltonian  sym m etries, there 
are also “distinguished functionals,” arising from  the degeneracies of th e  Poisson 
bracket itself. T hese Casim ir invariants are solutions of

SC
=  °- <2-7) 
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To see th a t C indeed determines a conservation law observe th a t

Now the solutions of (2.7) are given by

[W», =  0 * =  1’2’

which implies th a t

SC dC{cvx, ivf)
SuJi diu'i ’

(2.S)

for some sufficiently smooth function C (uji, uj2), of w =  (lvi, uj2), Necessary and 

sufficient conditions on C  and C for solutions of (2.8) are:

C(u>) =  J  C{uJi,u2)dxdy.

Observe, in particular, the following invariants which are conservation of cirulation 
and enstrophy respectively:

Ci — J  +  p iH 2u>2)dxdy,

C2 =  J  +  p2H2w \)dxdy.

O ther conservation laws can be obtained from m anipulation of the  invariants 
TL, M x, M y, M r, Ci, C2. We m ention two im portant ones in the  following corollary.

C o ro lla ry  2 .5  The center o f vorticity

x  __ M x _  f  x[piH iU i +  p iH 2u 2]dxdy 
Ci j { p iH i^ i  +  P2HiU2)dxdy '

y  M y  _  fy[piHiUJi +  p iH 2u 2]dxdy
Ci f{.P\H\P>\ +  p2H2u 2)dxdy

is invariant as is the vorticity distribution about its center o f  vorticity:

/[(x  — X )2 +  (y — Y ) 2](piHiUi + p2H 2co2)dxdy
D 2 :=

f{ p iH xu ji+  p2H 2uj2)dxdy
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2.3 Hamiltonian formalism for point vortices

2 .3 .1  P oin t sym m etries

We now present the Hamiltonian form alism  for the point vortices introduced in 

Chapter 1. Using the formula for the energy (2.1) and the singular (point) vortices 

from Chapter 1, one obtains the  following finite-dimensional H am iltonian system:

H =  7Z E  (p iili)r lrH A +Ao(A1/l/) +  A_^o(A2fl7)]

1 N2
+ —  ^ 2  (p2H 2) r ^ r 5[A + A"o(A1/t / ) +  a _ a 0( a 2/,-/ )]

4/1

+7T~ E   7j— r i r j [ R o W i j )  — Ro(Xili j))In •J s/d

=  -  E  +  /  i :  (p2n 2) ^ r 2jG (ij j )

1 ATlf JVa r r

+ 7 -  E  (2.9)
4 '1 £,i V<*

where /&,m denotes the distance between the vortices labeled A: and m, and where 
all constants and functions were defined in Chapter 1 . W ith this, the  dynamical 
equations can be put in the following H am iltonian form:

< - $ •  f i — S '

<lk :== x k Pk :=  FkPiHiVk * =  1,2 and k =  1, • - •, N t. (2.11)

The Poisson bracket then becomes the  canonical one:

™-£.i(SS-SS)'
and the conservation of H  is im m ediate. The other invariants axe obtained by 

appealing to N oether’s theorem , since the  Ham iltonian (2.9) is seen to  be invariant 
w ith respect to arbitrary  spatial displacements as well as rotations. Alternatively,
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and more tediously, they  can be verified by substitu ting  into the  Poisson bracket
(2.12). These invariants are linear and  angular m om entum ,

M ,  := Q =
t=i i=i

M y : = p  =  E ^ E r ; y ; ,
1=1 y=i 

M r  =  T}/}2,
.=1 j=l

where
/«'2 t’2 , 12
^  = 2 :i  + y} •

Now, by the conservation of P, Q, and  / ,  it is clear th a t

[H,P] =  {H,Q} = [H,I} = 0. (2.13)

It is straightforw ard, if laborious, to  com pute th a t

[Q, I] =  2P, [P,/] =  2Q.

Using the Leibnitz rule and these last two we obtain,

[ P \  /] =  - [ / ,  P2j =  - [ / ,  P P ] =  —2[/, P ]P  =  -4 Q P ,

K?2, /] =  - v ,  Q2] =  - [J ,  QG] =  -2 [ / ,  Q]Q =  AQP.

Hence we see th a t

[P2 +  Q 2, / ]  =  0. (2.14)

These calculations allow us to conclude the following theorem .

T h e o re m  2 .6  The three-vortex two-layer problem, on the unbounded plane is 
integrable.
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P ro o f: The invariance of H , / ,  and P 2 + Q2, either by appeal to N oether’s theorem 
or through the  use of the Poisson bracket, has already been established. The calcu
lations leading to (2.13) and (2.14) show th a t there are three analytic integrals in 
involution, nam ely H , / ,  and P 2 + Q 2. For the three-vortex problem  this is sufficient 
to conclude integrability. □

As in the one-layer model, since / ,  P, Q and 17,- are all conserved quantities, so 
is the following:

t= i y = i  i<j i<j
(2.15)

*ij

The invariance of the left-hand side is evident, the equality however is straightfor
ward if tedious to verify. As in the one-layer case (or as on the sphere) we will make 

use of this invariant, in much of w hat follows, particularly  in reducing the three- 
vortex problem  through the use of the trilinear plane in C hapter 3. This will be 
achieved ,for the  three-vortex problem, by regarding this invariant as a parameter 

to  characterize the dynam ical regimes of motion. We rem ark, also, th a t the center 
of vorticity given by

(X , Y ) =  P ^

is invariant. This together with the invariants Ai x , j\4 r show th a t the distribu
tion of the vorticity  about its center of vorticity,

ZLi PiHi £& rj2------------------w------------. (2-16)

is also invariant. We conclude by considering integrable four-vortex two-layer prob
lems, and prove the following result.

T h e o re m  2 .7  I f  P  =  Q = 0 and

X > ^ . T ; r ;  =  o, (2.i7)
•'=1 3-1
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holds, then the four-vortex two-layer -problem on the unbounded plane is integrable. 

P ro o f: An easy com putation shows th a t

[Q,P\ = ' b p i H i ( ' t r %  (2.18)
»-=  1 1 = 1

and since

[<?,/] =  2P, [P ,/]  =  -2<3,

if we have P  =  Q =  0, then there are four integrals in involution, nam ely (H , P, Q , I). 
■ But since P  = Q — 0 and (2.IS) holds it is clearly necessary tha t (2.17) holds. We 
conclude th a t if P  =  Q =  0 and (2.17) holds then the four-vortex two-layer problem 

is integrable. □
We rem ark th a t this is similar to the  one-layer model on the plane, but differs 

from the situation  on the sphere, for exam ple, where the corresponding requirement, 
(2.17) is not necessary, as shown in [31]. This is also discussed in C hapter 6 . Other 
integrable four-vortex configurations possessing other symmetries such as axial or 

collinear sym m etry, are also discussed in Chapter 5.

2.3.2 D iscr e te  sym m etries

The dynam ical equations of Chapter 1, or the equations (2.10-2.11), explicitly ex
panded, possess certain  discrete symmetries. In particular, it is not difficult to prove 
the following result:

T h e o re m  2 .8  I f  r i , r 2, . . .  , r n;X i,x 2, . .  - , x n; t satisfy the equations o f motion, then 

so do:

(«)

(6) 

(c)
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In addition, fo r  the case o f two vortices in  the same layer (labeled 1 and 2) and 
the third vortex (labeled 3) in the other, the equations o f motion are invariant with 

respect to interchanging the indices I and 2.

These sym m etries m ean that in the s tudy  of the three vortex problem , it will be 

sufficient to consider only the three cases (i)Tx, T2, r 3 >  0 , (ii)T i5 <  0 , T3 >  0 , and 
(iii) Ti >  0, r 2 <  0, T3 >  0. Observe th a t th e  two-layer model gives rise to one more 
case than  the  planar model, where it suffices to  consider only (i) and  (ii). Naturally, 
for all three vortices in the same layer th ere  are additional discrete symmetries, 

namely cyclically and anticyclically perm uting  the  indices of the vortices, in which 
case, as in th e  planar model, one need only consider (i) and (ii).

Note also th a t the dynamical equations for the  planar model are  invariant with 
respect to th e  scale transform ation [49]:

x  i—y Ax' t  (->• A2t'

The presence ot the two length scales A fi, (the inner and ou ter Rossby radii of 
deform ation), in the two layer model leads to  a breakdown in th is symmetry. It 

is conceivable th a t this may have im plications for the existence of self-similar (ho
mogenous) collapsing solutions in the two-layer model. See for instance some of the 
results in C hapter 4, in particular Fig. 4.1.
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Chapter 3

Equilibrium solutions for the 2-layer 

quasi-geostrophic model

In this chapter we locate all the equilibria for the three-vortex two-layer problem. 
These are the  sim plest solutions of th e  dynam ical equations, and  are useful, for 
instance, in studying  particle advection, due to the motion of these point vortices in 

relative equilibrium . They are also typically  the solutions about which pertubations 
are made to s tu d y  non-integrable vortex dynamics, as well as th e  reduced four-vortex 
problem. We define equilibria as vortex m otions in which the  in ter-vortical distances 
stay fixed. R elative equilibria are th e  fixed points of the relative equations (1.20), 
and for which th e  vortices form rigid configurations either ro ta ting  about the center 
of vorticity, or rigidly translating. F ixed equilibria are the fixed points of the system 
(1.13-1.16). O ur analysis, in this chap ter, follows the m ethods used by Synge [56] 

and Aref [2]. To this end we will m ake extensive use of functions defined in (1.17) 
and (1.18) as well as some of their properties.

3.1 Location of fixed equilibria

In our first resu lt we locate all fixed three-vortex equilibria, where the  vortices may 
be axbitraxily perm uted  between the  tw o layers.

T h e o re m  3 .1  (F ix e d  e q u ilib r ia )  Necessary and sufficient conditions fo r  fixed equi
libria are:
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1. For three vortices in the top layer,
(a) The vortices are collinear with,

, \ r 3 flf(/i3) 1̂2 f _  x j
( * 1 - * 2) =  p -------7----------- 7 J — r ( * 3 - * i ) ,

1-2 ‘ 13 g \ L 12)

f E l Y  =
v r  3 /  W (^i2) /

rirvg(/i2)/i2 +  r^ rs^ isK n  +  r3r2<7(/32)/32 =  0.

2. For three vortices in the lower layer the above conditions hold with h{l) replac
ing g{l).

3. For two vortices in the upper layer (labeled 1 and 2) and a third (labeled 3) in 

the bottom layer,
(a) The vortices are collinear with

r 3 t f 2 / G l 3 )  ll2 , ,
=  T ,T d  la  W * - " 0 , a n i '

rEiV = d k £ M \ 2 
v r 3;  \V d g { i i 2 ) j

(b) r 1r 2^ ( /i2) /12 +  +  r 3r 2^ / ( / 32)^32 =  o.

4■ For 1 vortex in the upper layer (labeled I)  and two vortices in the lower layer 

(labeled 2 and 3),
(a) The vortices are collinear with

,  ̂ r 3 / ( / i 3) ^12 i  ̂ j
( * i - * 2 )  =  p  1 r r ,  A x 3 ~ x i ) ,  and,

1 2  ‘13 J{n2)
r 2 \ 2 f f V i z ) \ 2

m 3 '  \ f ( l l 2 ) J

(b) r i r 2^ / ( / i 2)/i2 +  r i r 3^ / ( / i 3)/i3 +  ^ 3 ^ 2 ^ 1 3 2 ) ^ 2  =  0 .
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P ro o f. We prove (3); the other statem ents have similar proofs. Using the Hamilto
nian, obtain the following dynamical equations:

x i =  ~  TT-2 ?r

, r3ff2, ,/(/«)
r 2(yi -  1/2)—̂—— H----- 7=-(jh -  !fe)

12 y fd I13

2 / i  =

x2 =  -
2~

t sg(l 12) , r 3fr2, /(Z13)
r 2(xi -  x 2) - ^ - + -^ = ~ (x i -  ar3) - y

 ̂ , Ny(2 12) , r3zr2/
£ 1 (2/2 — 2/1) —7— 1— 7 7 -12/2 -  1/3 )

13

/(feO

2/2 =  ^ r
1_

2tt
f i ( x 2 -  Xi)

U2 V d  t>°> 123
g ( l  12) r 3 . f f 2 ^ / ( Z  2 3)_r+_(I2_I3)_

‘23

X3 =

2/3 =

r i ( 2 / 3  -  2/ l )  /(Z l3) r 2 ( l / 3  —  1/2 ) /(Z23)
yfd. I13 yfd I23

2 tt
r i ( x 3 - x Q  / ( / 13)  +  r 2 ( x 3 -  X2) /(Z23)

\/d Z13 yfd I23

Setting x"i =  z/i =  0, it  is clear tha t

{gVi2)r 2(x i -  x 2) : Z12

r 3Jf f 2 / ( z 13)  •

" T T T k ,  ( 3 0 ’

so that the vortices are collineax. Taking dot products on the left w ith

>5^ 12)
r 2 ( « i  - * 2 ) :

z 12

and on the right w ith,
r 3 # 2  /(Z13)
y fd  Zi3

( * 3 ~ X i) ,

yields,

T il
T \H l l\3

2 12 /241 ■12

^  r r 2A2 f H 2 f ( i l3y
/ ( / » )  , or

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

We now establish (b) by taking “dot-products,” as follows (recall x t- =  i/t- =  0):

—xiF ii/i +  j/'iTiXi — x2r 2y2 +  y2r 2x2 — x 3^ ~  +  =  0.
octLi a H i

(3.7)
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This establishes necessity, since

l h s  =  r ir 2s(/1 2)/i2 + +  r3r2 —̂ /( / 3 2 )/3 2 =  o.

To establish sufficiency, begin by assuming:

i  r3  fr2 /( /i3) 1̂2 ,  t o

=  :■» -  * l ) ’ <3' s ’

r ir 2^(/12)Zi2 + r ir 3 -^=/(/i3)Zi3 +  r3 r 2 —y=f (132)^32 = 0. (3 .10)

We show th a t this is a  fixed equilibrium configuration. Substitute (3.S) in to  (3.1-3.2) 
to conclude th a t iq  =  yi =  0. For (3.3-3.4) observe th a t it suffices to show that:

r, f _  12) _  F3II2 f _  _ 23) /o
I T ( * 2 — * 0 —J =  —7J~(X3 — * 2) —;-----  (3-11)

‘12 V a  ‘23

W ithout loss of generality  in (3.9) assume th a t

l 2S(/l2) =

W ith this, (3.8), becomes

( ® i - - * 2) =  7̂ (® i - * 2), so tha t (as3 -  ®2) =  (1 +  j^ ) (x i .  -  * 2)
‘ 13 ‘12

and hence

3̂2 =  (̂ 12 +  ^13)2-

Taking l32 — I12 +  1̂3, and considering the righ t-hand  side of (3.11),

p  ZTC  _  ~  \ f V 2 3 )  _  T 3 H 2  / ( / 23) n  i l3 w  N

■ I»  d  +  s j K - * — *)

=  h ^ / ( i 23)is3(a.1 _  a.2)( 'l27t ^ H ) =  -  x 2).
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Next use (3.10) and recall from (3.9) th a t, ^ < 7(112) =  r3fr^JSll3'> t so th a t (3.10) 
becomes

r i r 2 ^ ( / 1 2 ) z l 2  +  r i r 2^ ( / l 2 ) / i 3  +  r 2r 3—^ = / ( ^ 23 ) ^ 23  —  o .

Hence r 1̂ ( /i2) =  ~ r^gz/(^ 23); because l l2  +  U3  =  2̂3, so th a t the RHS of (3.11) 
becomes

R H S  =  T i ^ ^ - ( x 2 -  *0  =  L H S ,
‘ 12

leading us to conclude th a t  x 2 =  y2 =  0. Sim ilarly we can show tha t x 3 =  y3 =  0 .0  
R e m a rk : Notice th a t  the conditions (b) involve the distances 1,-y between the 

vortices. This is different from  the one-layer case [56] where the criterion is simply 

J2 i< j  I\Tj =  0 and is independent of the vortex positions 221 The two-layer m odel is 
similar in this regard to  the  situation on the sphere, where the condition is [31]

5D r ‘( r i  +  =  °> i r  3 k,

and which clearly depends on the  initial positions, x,-.

3.2 Location of relative equilibria

We now locate the relative equilibria for the three-vortex problem for the two-layer 
model. These equilibria are determ ined by the functions h (l), f ( l )  and g(l) defined in 
C hapter 1, (1.17). Typical graphs of these functions as well as the functions ^ p ,  ^ p ,  
and ^ p  are shown in Fig. 3.1. Observe th a t while h(l) and g(l) are monotonic, 
/ ( / )  is not. Notice however th a t all of the functions ^ p ,  p p  and ^ p ,  do appear 
to be monotonically decreasing. We will show th a t this property will be critical, 
particularly in locating relative equilibria for vortices in different layers. We begin 
by considering three vortices in the same layer, the  upper layer say, for which the 
relative equations axe:

d ll2 _  2aAT3 
dt 7r

<7(^13) _  9 (123) 
I13 123
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0  . 
0  . 
0  . 
0  .

r 1

2 .

1 .

0 .

(a)

Figure 3.1: Typical graphs of the functions (a) / ,  g, h\ (b) p p , ŝ p, (I >  0)

(b)

dl\ 3 
dt

dll 3
dt

2crAr2

#(^12) _  <7(^13) 
1̂2

9 (123)
I23 I

113

9 (112)

(3.12)

12

where <7 is the orientation of the triangle formed by the three vortices and A (t)  is 
the area enclosed by it. As mentioned in C hapter 1, the equations for three vortices 

in the lower layer are sim ilar with g(J) replacing h(l). Now the relative equilibria 
are the fixed points of th e  vector field (3.12). These occur where either A ( t) =  0 or 

term s of the form — g~̂ ~ ]  =  0. Now since K i(I)  is decreasing so is the linear
combination given by —g(l), (or —h(l)). We conclude th a t since j  is decreasing so 
is —^ p  (or —^ p ) .  We can now locate all relative equilibria given by the equations,
(3.12) and summarize th is result in the following theorem:

T h e o re m  3.2 (L o c a tio n  o f  re la tiv e  e q u lib r ia : v o r tic e s  in  th e  sa m e  lay e r)  For
the two-layer model the only relative equlibria, fo r  which all three vortices are in the 
sam e layer are:

1. Equilateral triangle configurations, and

2. Collinear states fo r  which necessary and sufficient conditions are given by 

.4(0) =  A(0) =  0.
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Assuming th a t J2 T,- 0, we com pute that the vortices ro ta te  about the center of
vorticity with rotation frequency

fi =  f ^ ( r . + r 2 +  r 3 ),

for three vortices in the upper layer and,

fi =  ^ ( r i  +  r 2 +  r 3) ,
Z n  S

for three vortices in the lower layer. In either case if  J2 T,- =  0, the center of vorticity 
is a t infinity and the triangles move parallel to them selves w ith  speeds

v = [| (r? + r! + r§)l5 s(s) 

» = [ | (r? + rl + r|)
2?r ’ 

? h(s)  
9.7T ’

respectively. By repeated differentiation and induction we can show th a t collinear 
configurations, A  =  0 can form  relative equilibria if an d  only if A(0) =  A(0) =  0.

By Heron’s formula for the a rea  of a  triangle this becomes, upon using the relative
equations (3.12),

A(0) =  [r(r -  Z23)(r — Z31)(r — Zi2)]? =  0, (3.13)

A ( 0 )  =  ( r  ~  , ^ ) ( r  ~ ' 12) E f l  P . 3 g f e )  -  ' l 2 g ( ' l 3 ) l
47ri12i l 2 ‘23

+  —7—7— — +  1̂35r(^12)] +  r'l[^125r(^13) +  Zj.35r(Zi2)]
47rq2i i 2i 23

+ r i [Zi2 (̂Zl3) +  ^13^(Zl2)]}(^ — ^3l)0~ — Z12), (3.14)

where

r  — o 12 +  Zl3 +  Z23).2

In th e  last equation, (for A(0) =  0), both  summ ations axe over cyclic perm utations 
of the indices, 1 ,2 ,3 . Again, for th ree vortices in the lower layer, the same formula 
hold with g(l), replaced by Zi(Z).
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There is a  sim ilar analysis for vortices lying in different layers. We will need 

to use properties of the modified Bessel functions K„{x). These can be found in 

Abramovvitz and  Stegun [1]. To locate these equilibria we m ake use, in particular, 
of the following lem m a.

L e m m a  3 .3  Let / ( / )  :=  AXA'X(AX/) — A2A'X(A2Z) where I > 0, and  Ax >  A2 >  0, 
and where A'x(/) is the modified first-order Bessel function, then is a monotonic 
function

P ro o f. We begin by defining the function <p(x),

,/ > f ( x )  =  A1A'1(Aix) — A2/v’i(A2x)
4>(x) =   = --------------------------------------- , for Ax >  A2 >  0, and, x  > 0.

x  x

Differentiating, gives,

/ '( x ) x  -  / ( x )
4>\x) =

x 2

We show th a t  the num erator, / ' (  x )x  — / ( x ) ,  is of one sign where,

f '( x )  =  Ax AT( (Axx) -  Axiv((Axar).

We do this by  m aking use of the following recurrence relation for modified Bessel 
functions [1]:

L'u(z) =  L u+i(z )  =  —L u(z), (3.15)

where
L„{z) :=  e™ K u{z).

Thus, for instance, —K [{z) =  /v2(z) — A/vx(s), from which we m ay  obtain

/ '( * )  =  A? [ ^ ^ ( A , * ) ]  -  A, [ j ^ ^ x ) ]  ,

so that,

/ '( x ) x  — / ( x )  =  AxA'x(Axx) — AxxAT2(Axx) — A2JfiTx(A2x)
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+ ^ 2 V̂2(^2X)

—A1/v'i(A1x) 4 -A2ATi (A2x)

=  A ^ x A ^ ^ x )  — A |x AT2(A2x)

=  i  [(AjiJ’ X itA n ) -  (A,x)2A'2(A2:z:)] .

Since Ax >  A2, and x > 0, this is clearly of one sign, since x2 A 2(x ) is a monotonically 
decreasing function, as shown in Figure 3.2. To rigorously prove this we begin by 

defining g(x) := x 2K 2(x). Then,

g '(x ) =  2xA'2(x) 4- x 2K'2{x ) 
T2
-R 'i ( x )  4- A'o(x)
T

=  2 x  

=  2 x

4- x 2 [—A'i(x) -  - i v 2(x) 
ix  j L x

-ATi(x) +  K 0(x) +  x 2 [— A'x(x) — — f —ATi(x) +  /v0(a 
. x  J L x  \ x

=  4A"i(x) +  2xATo(x) — x 2A T i ( x )  — 4A'1(x) — 2x I \ q ( x )

=  - x 2 A T ( x ) ,

where we have made repeated use of the recurrence relation (3.15). □
We m ention that Lemma 3.3 is used in an essential way to locate all relative 

equilibria for three vortices lying in different layers. However it does not apply 
to the simplified model given by (1-19) and used for example in [57]. There the 
interaction term s for point vortices is a little  different. A Ham iltonian formulation 
of th a t model leads to the Ham iltonian

H
7T

- I ln (/u ) -  Ko ( y +  2 r 1 r s 1x l(/13) -  A 'o  ( y

+  2 r 3 r 2 -  A'„ ( ‘- f ' (3.16)

where vortices 1 and 2 are in the upper layer, and vortex 3 is in the lower. The 

relative equations take the form

dll2 
dt =  r 3o-A \jg{lzz) — ^(^13)] 5
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where,

Similar dynam ical equations are obtained for Zf3, and l\z , w ith term s th a t also involve 

the function f ( l ) ,

/ W : = i + i A ' 1 ( { ) , U > 0 .

It is clear th a t / ( / )  is monotonic. As for g(l),  we use the recurence relation —K[(z)  =  
K 2 { z )  — ^ K x { z ) .  Differentiating, yields,

9V) =  + A2/' A

P  +  A/2 A l ( a )  +  A2/ { K I Â A )

1_
P

VVe now use the fact th a t x 2K 2(x) is monotonically decreasing and bounded by 2 

since (see Fig. 3.2),
su p x 2A'2(x) =  lim  x 2K 2(x ) =  2.
x >0 x —*0 +

Conclude th a t g '( l) is negative, so th a t g(l) is a  monotonically decreasing function. 
The preceding analysis shows that all of the  qualitative conclusions arising due to 
Lemma 3.3 for th e  full two-layer model, apply to the simplified two-layer model 

given by (1.19).

1 .

0  .

10

Figure 3.2: G raph of the  function x 2K 2{x).
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We begin by considering (for the full two-layer m odel), two vortices in  the upper 
layer (labeled 1 and 2), and a th ird  vortex (labeled 3) in the lower layer (Case I). 

T he relative dynam ical equations in this case are  :

dl\2 H2 2<t A ?z [ /( /is )  /(fas)]
dt yfd 7T /l3 I23

d/2 3 2cr A r! g{i13) ccH, / ( / 13)
dt 7r /1 2  \ fd  h  3

dl\3 2<x AF2 r ccH ^fih s) g(ln)
dt 7T . y/d I23  h  2

In order to locate the relative equilibria we see th a t finding the zeros of the first 

equation in (3.17) gives,
/ ( / is )  _  /( /a s )  _

/ l 3  /2 3

The monotonicity of the  function implies th a t th is can occur only when /13 =  

l23 :=  s. We now use the  second and th ird  equations to obtain th a t 112 is given by 

the solution of
g{l 12) _  Q-ffi f ( s )  

/12  \ fd  s

Such a solution, /12 :=  t(s)  exists and is unique, by virtue of the fact th a t both 
and are m onotonically decreasing and, moreover, assume all positive values 

as seen in Fig 3.1. In general though, 112 7  ̂ /13 =  /23- We conclude th a t  relative 
equilibria are given by isosceles triangles. Note, however that these are no t arb itrary  
isosceles triangles. (Recall th a t in the planar (one-layer) model as on the  sphere, 
arb itrary  equilateral triangles form relative equilibria.) For the two-layer model, 
given any s >  0 there  exists an isosceles triangle relative equilibria, for which /13 =  
l23 =  s. The shape of this isosceles, for a given s is obtained from /i2 :=  t(s ) ,  which 
is uniquely determ ined by the solution of

g(h2) = i W  =  / ( / 1 3 )  =  ocH, f ( s )

/1 2  t y/d 113 \ f d  s
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T he solution of these im plicit equations depends, in  general, on many param eters. 
It is cleax th a t they define a whole family of isosceles triangles. We illustrate this 

w ith  the simplified m odel m entioned earlier, (3.16), where the implicit equations axe

<700 =  /(*)•

The only param eter appeaxing in this equation is th e  Rossby radius of deformation, 
A. Solutions of t(s) as a function of s for various A axe shown in Fig. 3.3. Notice th a t 
for each fixed s there is a  unique t as seen from the  monotonicity of the function 
f(s). Observe also in Fig. 3.3(b), that for large s , regardless of A, there is only 
one isosceles triangle equilibrium , since for large s the  ratio j  is one (an equilateral 
triangle). It is also seen, in Fig. 3.3 (b), th a t for every A, the ratio takes all 
values in  the range ( l,o o ) , i.e. for any A, given any a  E ( l,o c ) ,  there is an isosceles 
triangle relative equilbrium  with =  a.

A =  2

=  1.5

1 .5
A =  1

A =  0.5

A =  0.25

(a) (b)

F igure 3.3: Families of relative equilibria for different Rossby radii of deformation, 
A. (s is one length of th e  isosceles triangle, and t(s )  the other, (a) t against s, (b) 
T he ra tio  j  against s. (A =  0.5, 1, 2, 3, w ith A =  0.5, the bottom  curve and A =  3 
the  topm ost curve.)
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Assuming pxH x{Fx +  r 2) +  P2 ^ 2F3 r  0, it is straightforward to show th a t the 
vortices rotate around the center of vorticity w ith  ro tation  frequency

O /(^ )  _  fn  i p  \ i r» ]
n _ 1 2) V3 a l '

T he analysis for one vortex in the upper layer (labeled 1) and two vortices (labeled 
2 and 3) in the lower layer is similar. In th a t case (case II), the relative equations 

are

dl2l2
dt

d l^
dt

dt

2aAF3 H2 f ( l 13) h{l23)
\ fd  113 ^23

H 2 2crAri
y /d  n
2aAF2

f ( k 2 ) / ( / is )

7T

/ l2  /l3
h{l23) H 2 / ( / 12)

I23 y /d  /12

We summarize these results on relative equilibria in the following proposition.

T h e o re m  3 .4  (L o c a tio n  o f  re la tiv e  e q u il ib r ia iv o r tic e s  in  d iffe ren t lay e rs)  The
relative equilibria fo r  the three-vortex problem, with vortices lying in different layers
are:

1. Case I: For two vortices in the top layer (labeled 1 and 2), and, vortex 3 in the 
bottom layer, the relative equilibria are isosceles triangles, with li3 =  l23 :=  s, 
and l12 =  £(s) =  t, given by the unique solution o f

9{l) _  <*HX f ( s )  
t y/d s

(3.18)

When p iH ffF i  +  r 2 )  +  p2H 2F3 /  0 ,  the vortices rotate about the center o f 
vorticity with rotation frequency

n = /(*) 
2i~y/di

= [aHl (F1 + F2) + F3H 2].

41

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



If, PiHl ( r l +  r 2 )  - f  P2 H 2 I 3 =  0 ,  the triangle translates parallel to itself with 
speed

v =
2 - \ /Z d

/ w  ( 1  +  i  Q)2) (rf + Yl) + H i  ( 2  — i  Q)2) r

(3.19)

When or /(f)" =  I tffi  so that s =  t, corresponding to equilateral
triangle configurations, this formula (3.19), sim plifies to

v = [a2H?(r; + rl) + fl|rl]*.

Case II: For vortex 1 in the top layer and vortices 2 and 3 in the bottom, the 

relative equilibria are isosceles triangles with 113 =  112 ■— s and /23 =  t(s)  :=  t, 
given by the unique solution o f

H2 f ( s )  = h (t)
Vd s t

When p 1 H 1 r 1 + p 2 H 2 ( r 2 T3 ) 7̂  0, the vortices rotate about the center o f vorticity  
with rotation frequency

P. = f(s)
2 tt y/ds

= [ff2(r3 + r 2) + r laHlH2].

I f  P iH iTi +  p2 H 2 (r 2 +  1̂ 3) =  0, the triangle translates parallel to itself with 
speed

v = m
2-V3d a ' H ? ( 2 - 1 G)2) r ? + v  (j+1 G)2) <r2+

+ 2  H i  1 -(£ r2r3 (3.20)
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When or so that s  =  t , corresponding to equilateral
triangle configurations, this form ula (3.20), sim plifies to

f ( s )
v = 2^ 5 3 + +  !? )] '

2. In both cases there are also collinear relative equilibria fo r  which necessary/ and 
sufficient conditions are A(0) =  A(0) =  0, which explicitly take the form

A(0) =  [r(r  -  Z23)(r  -  Z31)(r  -  l ^ ) ] 1 =  0 ,

where r = I ( l l2 =  /23 +  h i) , and,

.4 (0 ) =  0 =  t z M t z
4/iti2tl3‘23

+ ■ ; — 7 7 7 +  r 2 ^ 1 3  - r  r 3 * 2 ] ( r  —  —  h l ) -4/Ti12ti3i23

Here both summations, denoted by J2', are over cyclic permutations o f the 
indices and where the 4>ki, are given by

4*23 ■= fif(Zl2) / l 3  ^ = - / ( Z i 3)Zl2, 4>23 : =  —[^(Zl2) / l3  +  /(Zl3)Zl2],

<f>l3 := ^  [f(l23)ll2 — g(l 12)123], 4*13 ■= — [~^y=~f(l23)ll2 +  (̂ 1̂ 2 )̂ 23],

4*12 ■= y=[/(Zl3)Z23 — /(Z23)/l3], 4*12 := — ̂ =[/(Z l3)Z23 +  /(Z23)Zi3],

for case I, and fo r  case II, by

4*23 := ^ [ / ( Z i 2)Zi3 -  f ( h 3 ) k 2 ] ,  4*23 : =  - ^ = - [ f { h 2 ) h 3  +  / ( f is c a l ,

4*13 7=  h(l23)l\2 — ^ = / ( Z l 2)Z23], 4*12 '•= — [h(l23)ll2 +  ^ = / ( Z l 2)Z23],

<f>l2 := ^ [ f ( l 13)l23 -  h(l23)ll3], 4>l2 := _ [ ^ / ( Z 13)/23 +  h(l23)ll3\.
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3.2 .1  R elative equilibria and th e  energy-m om entum  m apping

It would be interesting to study the nonlinear stability  of these relative equilibria.

A systematic study would be fairly involved since there are many parameters to 

consider in the full two-layer model, as well as more possible cases to consider as 
regards to vortex strength and sign allocations of the three vortices. There is a  
further complication regarding the isosceles triangle equilibria, which axe defined 

only implicitly as for example in (3.18).
Nevertheless, a  nonlinear stability analysis involves the  use of the energy-momentum  

mapping. The relative equilibria have an interesting description in terms of the  
energy-momentum mapping which we now present. We follow Arnold’s treatm ent [5,

6].

In Chapter 2 we saw that the Hamiltonian for the two-layer model is invariant 

with respect to abritrary displacements in x  and y  as well as arbitrary rotations. 
Call G the connected Lie group of these sym m etries acting (as symplectic diffeomor- 

phisms) on the phase space (M 2n, cj2) and Q, its Lie algebra. Then, to every element 
a E G, there corresponds a one-param eter group of symplectic diffeomorphisms of 
M 2n with a single-valued Hamiltonian, Ha. In addition G is a Poisson action on 
M 2n,

where the first brackets denote vector m ultiplication in the Lie algebra Q. and the  
second the Poisson bracket in phase space (M 2ri,u;2). In other words the Poisson 
action of the group G defines a homomorphism from its Lie algebra Q, to the Lie 
algebra of hamiltonian functions on (M 2n, cj2 ). We are now in a  position to define the  
momentum mapping. The Poisson action of the  group G on the symplectic manifold 

(M 2n,u;2) defines a mapping of M 2n into the dual space of the Lie algebra Q

P : M - *
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i.e. choose a  point x  in M  and consider th e  function on the Lie algebra which 
associates to an element a €  G, the value of th e  H am iltonian Ha at the chosen point 

x
px(a) =  Ha(x).

It is well known that a phase curve of a  system  w ith a  G-invariant ham iltonian 
function is a relative equilibrium if and only if it is the orbit of a one-param eter 

subgroup of G in the original phase space.
Another theorem from mechanics states the  the critical points of the m om entum  

and energy mapping
P  x H  : M  -»> Qm x  R , 

on a  regular m om entum  level set are exactly th e  relative equilibria.

3.3 Trilinear formulation and location of equilibria 

in the trilinear plane

In this section we formulate the equations of relative m otion in the phase plane and  
locate the relative equilibria. The dynamical system  given by the relative equations
(3.12) for example, has a 3D phase space. However this can be reduced to a  2D 

‘phase plane’ by making use of the invariant C i, (2.15), as a  param eter or tim e-scale 
in the problem. We follow the methods introduced by Synge [56] for the p lanar 
problem. To this end we begin by considering case I for which the invariant C\ is,

c x = (pitfo’-rhiy  ̂+ (p1H1)(/92JH2)(r1r3/r3 + r2ry223),

and the param eter C  is defined by

p2H2r2r3il3 + PlHl{r1r2i2l2 + rir3/̂ 3) = 3rir2r3cr,

w ith trilinear coordinates (for ( 7 ^ 0 ) ,

h  - = ^ P i H 2, 6, := is : =
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Similaxly, for case II, the invariant C\ is

Ci = (p2ff2)2r2r3(|3  + (piHi)(P2H2)(Fir2ih + r iUi2a ),

and the param eter C  is defined by

P2H2r 2r 3il3 + p l H 1( r l r 2i2l2 +  r xr  3/?3) =

with trilinear coordinates (for C r  °).

b\ :=  |r^ /5 2 ^ 2 , b2 :=  - ^ q Pi H i , 63 :=  ^ q Pi H i .

It is then clear tha t 61 +  62 +  63 =  0. Using H eron’s form ula (3.13), it is easy to  
verify th a t the physical region is

l$2 +  1̂3 +  2̂3 ^  2(/i2li3 +  /12/23 +  2̂3 1̂3)* (3.21)

In the  trilinear plane, only parts of the phase space correspond to configurations 
of three vortices. The reason is th a t the lengths, /x2, I2 3 , £13, must form sides of a  
triangle, and therefore satisfy the  triangle inequalities,

1̂2 ^  623 +  ll3i 123 ^  1̂3 +  1̂2j 1̂3 ^  1̂2 +  2̂3* (3.22)

T he regions of the phase space where these inequalities hold will be called physical 

regions. It is easy to show th a t (3.22), is equivalent to (3.21). Assuming th a t Ci ^  0, 
the  physical region becomes

( £ 363+  + I A V  , / T i M 2 < 2
\ p i H J  ^ \ p 2 H 2 j  \ p 2 B 2 )  -

( I ^ \ + ( I ^ C\  < 2
\ p i H J  \ p 2H 2 )  ^ \ p 1 H 1 j  ~

63r 3 b2V2 t b3r 3 6iTi  ( 6iTi 62F2
1------- 77----------77-r_P\H\ p2H 2 p \H \ p2H 2 p2H2 p2H2

63r 3 62T2 +  63T3_ 6iTL +  6iFi  &2T2
mP\H\ p \H \ p iH i p2H 2 p2H 2 pi Hi

for cases I and II respectively. T he case where C =  0, is relevant to vortex collapse 
and we defer a discussion of it to C hapter 4. The trilinear p lane and physical region 

axe shown in Fig 3.4, for three vortices in the same layer, w ith  r x =  T2 =  T3 =  1.
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Figure 3.4: The trilinear plane and physical region: th ree  vortices in the same layer 
w ith lb  =  I?2 =  I^  =  1. The arrows indicate the positive directions of 6,-. (Negative 
values are possible and correspond to  vortices not restric ted  to  being positive.)

We make several observations regarding these trilinear coordinates. Firstly, these 

differ slightly from the one-layer case due to the appearance of the densities and 
thicknesses of the two layers. Secondly, for three vortices, all in the same layer, 
or when p iH i =  p iH i, the physical region and trilinear coordinates axe identical 
to  those of the one-layer model. Finally, observe th a t th e  non-homogeneity of the 

Bessel functions, means th a t the trilinear plane is not as useful for the two-layer 
model as on the plane. Indeed, to plot the phase-curves of (3.16), for example, one 
substitu tes bk for . However these are related via th e  invariant C\ which cannot 
be elim inated, as on the plane, due to the homogeneity of the  logarithm function. 
This means th a t in the two-layer model, the trilinear plane, phase curves axe drawn 

for different energy levels, H , but for fixed m om entum  C \.
In the x-y  plane these trilinear coordinates axe

h  =  =  y,

t>2 =  ^ (3  - y - y / x ) ,

bz =  ^ (3  — y + y/x).
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One can use these to  show that the relative equations assume th e  following Hamil

tonian form ulation. In case I, C ^  0,

. =  16Ap2H2 d H  i  =  16Ap2H2 d H
V y /Z V tfiT zC 2 d x '  X V z r ^ r 3C 2 d y '  1 ’

and in case II,

. 1 GAp.H, d H  . = 16APlf f 1 d H
y V zr^V tC 2 dx' x v/3rxr2rzc 2 dy ' 1 ]

where A(ar, y) is the area of the triangle form ed by the three vortices. Notice that 
the presence of this term  means th a t (3.23) and (3.24) are in non-canonical Hamil- 

-tonian form. It is interesting to note th a t th e  Hamiltonian structu re  of the relative 
equations (as in (3.17) for example) rem ains hidden in the original form but be

comes transparen t when the cartesian variables in the trilinear plane axe used, in 
the manner described above. A general discussion can be found in  [41].

Using (3.23) and (3.24), we can conclude that A =  0 at points where A2 =  
constant and  the phase curve H  = co n sta n t, are tangent. In particular, in (3.23) 

for example, we have using the chain-rule,

d A  . dA  . 16Api.Hi
A =  ~̂—x  +  —  y =

d x  d y y y / z r ^ r  3c 2
■ Ad A d  H  B A d H
A - —   A

dx dy d y  d x
SptH ,

v ^ r i r a r a C 2
d A2 d H  _  d A 2 d H
d x  dy dy  dx

Using the definitions of the trilinear coordinates and the location of relative equilibria 
in Proposition 2, it is straightforward to prove the  following:

T h e o re m  3 .5  (L o c a tio n  o f re la tiv e  e q u il ib r ia  in  th e  t r i l in e a r  p la n e )  Relative 
equilibria are represented by points S  or Q, where,

1. S  are points at which the physical region boundary A =  0 and the phase curve 

H  =  constan t are tangent,
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2. Q are poin ts representing isosceles triangle configurations with trilinear coor
dinates given by,

1 ( P2 H 2 P2 H 2 p iH i/3 \
Q =  A r f r ’ “ f T ’ ~ r r J ’ <,r’

_  1 P2 H 2I3  p iH i pxH i(3\
h \  r x ’ r 2 ’ r 3  y ’

fo r  cases I  and I I  respectively and where h is the “modified harmonic mean”,

PiHi-f; + P2H2 (iY +
h  =   ?____________

+  f^-) + ^ 2 -^ 2 ^ -’

fo r  cases I  and I I  respectively, and 3  :=  (y)2 is the ratio o f the lengths o f 
the sides o f  the isosceles triangle relative equilibrium, and m ust belong to the 
admissible set,

A  =  =  - r ,  where, , fo r , case I ,  and
[ t 2 t  y/d s

=  / r r ' f o r  c a s e  u )  ■

These coordinates simplify when t  =  s, corresponding to equilateral triangle 
configurations, and they become

f  P2H2 P2H2 P i  H i  ,   3_________
a I r. ’ r2 ' r3 ) '  -  afi + P, H, (£ + £) ’

Q = i  h  =
AVr1 ' r 2 ’ r3 r  Plfflfe + x) + ^ -

fo r  cases I  and II, respectively.
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We have no t as yet been able to locate the  fixed equilibria o f Proposion 4 in the 
trilinear p lane. This is a difficult problem  because in the two-layer model the lengths 

lij are re la ted  only implicitly; for th ree  vortices in the  top layer we have for example,

( h . Y ==f i M ) 2
VrJ  \ g { l n ) J  ’

rir2̂ (/12)fi2 + r1r3̂ (/i3)/i3 + r3r2<7(̂ 32)z32 = o,

with a sim ilar relationship for Z23. These im plicit relations do no t allow us to elimi
nate the lengths from both th e  trilinear coordinates 6,- and th e  invariant C\. This 
is different from  the situation on the  plane or the  sphere. Indeed, on the plane the 
fixed equilibria lead to  the following explicit relations between th e  lengths /,-j, [56],

F2 r 2/2 _  i_2/2 /2 _  1 2 /2
12 ~  j->2 135 ‘23 ~  p 2 ‘ l3 '

On the sphere a  necessary and sufficient condition for fixed equilibria is

£ r t- ( i v  +  r * ) * i  =  o ,

from which one obtains the explicit relations between the lengths [31],

(r, + r 2)11, = (r, + r3)*;2, (r2 + v3)i\2 = (r, + r2)/l3.
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Chapter 4 

Vortex collapse and vortex alignment for the 

3-vortex quasi-geostrophic model

In this chapter we study collision of three vortices in the two-layer model. It is seen 
th a t although, collapse for three vortices in  the  same layer is possible, the collision 

process, in general, is not self-similar (homogenous). We also find th a t  if two vortices 
are in one layer and the th ird  in the other, the  two vortices in the sam e layer cannot 
collide. Our m ethods are based on the properties of the invariants, and are in this 
sense elementary. We also investigate some aspects of a  process know as vortex 
alignment, in  which vortices in different layers can merge.

4.1 Vortex collapse in the two-layer model

If we consider simultaneous vortex collapse, it is clear th a t Z.-y =  0 a t the instance 
of collapse. Thus using the invariants of C hapter 2 necessary conditions for collapse 
are:
i) the vortices are not in equilibrium,

ii)

o =  Ci = r;-)]/ - q 2 - p 2
« = 1  j= 1

N i  N 2

= { p . H . f  Y  rjrjc/J-1 ) 2 +  {P2H2f  Y  r?r?(z? / ) 2

(4.1)
Z i,j
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It is necessary th a t C\ =  0 since Uj —> 0, for collapse. We begin by looking at 
self-similar collapse for th ree vortices all in the sam e layer. Recall the definitions of 

the following functions:

G (l) := A+Ao(A1/) +  A_A'o(A20 ,

H (l) := A .K 0(X il)-h  A+Ko(X2l),

F ( l ) :=  Ao(A20  -  K o^X J).

W ithout loss of generality we consider three vortices in the upper layer for which 
the Ham iltonian is:

Z § £ i r 1 r  2G(il2) +  r i r 3 G ( / 1 3 )  +  r 3 r 2 G ( / 2 3 ) .
Z n

(The Ham iltonian for three vortices in the lower layer is the same except th a t H{1) 
replaces G (l)). These two functions have the sam e qualitative behavior. We m ake 

use of the fact th a t H  is invariant to deduce a  necessary condition for self-similar 
collapse to occur. We m ake the ansatz:

/,j(t) =  A(t)/jj(0), X(t) — 0, as t  — t < oo

We make use of the property:

K q { z )  ~  — ln z  as z  0 

Thus near collapse t  0 and,

H  ~  - ^ ^ [ r 1r 2(A+ lnA1/12 + A _ ln A 2/12)
2 n

+ r i T 3(A+ In Xilis +  A_ In A2/i3)

+ r 3 r 2 (A+ In Ax/23 -|- A_ In A2Z23)] [as lij — 0]

~  [TiF2(A+ +  A_) In A(£)

+ r 1r 3(A+ +  A_)lnA(i)

+ r 3 r 2 (A+ +  A_) In A(i)] [ u s i n g  the a n s a t z ]

=  _ : ^ i n A ( * ) [ r 1r 2 +  r 2r 3 +  r 1r 3]
Z7T
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It is now apparent th a t in  o rder that H  rem ain invariant as \{ t )  —y 0, th a t T il^  +  

TiTa r 2r 3 =  0, or,

‘  =  E ^  =  »- (4-2)

We conclude th t although (4.1) is a more general necessary condition for collapse 
it implies, in particular, (4.2), for self-similar collapse of three vortices in the  same 
layer. Although this is the one-layer case w ith logarithm ic singular vortices, this is 
not im m ediate from (4.1) because the two-layer geophysical model contains Bessel 

function type singular vortices. In addition (4.2) is a  relation only on th e  vortex 
strengths and unlike (4.1) is independent of the relative distances or coordinates 
of the vortices themselves. Before we discuss collapse of vortices in different layers 

there is one other com m ent we can make regarding the  collapse of three vortices in 
the same layer. Plots of the phase curves in the bi~b2 plane for h < 0 reveal them  to 
be closed through the origin O , but are intercepted by the physical region boundary 

V  =  0 before they can reach O. Likewise th e  phase curves for h > 0 are open and 

do not pass through the origin. These curves are qualitatively sim ilar to  those for 
vortex m otion on the sphere, as shown in Fig. 6.1, and are therefore om itted . We 
shall prove th a t h =  0 is necessary for any triple-collapse of three-vortices in one 
layer, regardless of self-similarity. In fact phase plots for h =  0 reveal collapsing 
configurations which axe clearly not self-similar. T h is is explained by th e  presence 
of the Bessel function singularities, Bessel functions, unlike logarithm ic functions 

being non-homogenous. For exam ple if we plot th e  phase curves for the  simplified 
two-layer model as used by Young [57], and given by equation (1.19), w ith  three 
vortices in the  upper layer th e  Hamiltonian is:

H  =  - ^ r [ F i r 2 ( l n / 12 -  Ko ( y j )  +  r lr3 ( l n l l3 -  A'o ( y ) )

+ r 3r 2 ^in /23 — Ao

This differs from the usual one-layer case only by th e  presence of the m odified Bessel 
functions. Phase curves axe shown for r x =  r 2 =  1 , T3 =  —0.5, A =  1 (A =  0) in 
Fig. 4.1, in which the non-self-similax collapsing configurations are cleax, since the
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Figure 4.1: Phase diagram  for Cy =  0: (a) Ifi =  T2 =  1, T3 =  0.5, for three vortices 
in the same layer, using the two-layer model, showing non-self-similar collapsing 
configurations.

phase curves are not stra igh t lines through the origin. We summ arize this im portant 
observation in the following propostion.

P ro p o s i t io n  4 .1  The two-layer model admits finite-tim e, non-self-similar collapse 

fo r  three vortices in the same layer. Necessary conditions fo r  all collapsing configu
rations o f three vortices in the same layer are Cy  =  h =  0.

P ro o f: The existence has been dem onstrated by the phase curves in Fig. 4.1. In our 
comments following (4.1), we argued why Cy  m ust vanish. It is also clear from Fig.
4.1 th a t the phase curves for collapsing configurations reach the origin with finite 
non-zero slopes. This m eans th a t near collision the collapse is asym ptotically self- 
similar, but our calculations leading to (4.2) show th a t h m ust vanish for self-similar 
collapse. □

We conclude by rem arking th a t closed form expressions for these collapsing con
figurations are difficult to  obtain, because the non-homogeneity of the Bessel terms 
makes the equations difficult to integrate explicitly, unlike the three-vortex problem 
on the plane or the  sphere.

We now consider th e  case of three vortices lying in different layers. We have the 
following proposition for three vortices in the 2-layer quasi-geostrophic model:

T h e o re m  4 .2  Suppose that vortices 1 and 2 are in layer 1 (or 2) and vortex 3 is 
in layer 2 (respectively 1), then vortices 1 and 2 cannot collide in finite time.
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P ro o f: W ithout loss of generality, we consider two vortices in the upper layer and 
the third in the  lower. Now since we are considering vortices and not m arkers, 

|Til >  0. Suppose now th a t 112 —>■ 0 so th a t necessarily, 113 —>• 2̂3- We then have:

h  =  - ^ • { r 1r JG (/ij) +  ^ [ r . r 3F ( /13 +  r 2r 3n w l }

 £ 5 f L { r , r 2 [ ( A +  +  A - ]  l n ' 121 +  ^ ( r ‘ r 3  +  r 2 r 3 ) f  ( ' « ) > -  <4 -4 )

as
li2 0, and, I13 —j- I2 3 .

We consider three cases:
(a) /13 - f  0 (triple collapse),
(b) li3 —f co,

(c) 113 —>■ /, where 0 <  / <  00 .

(a) If li3 —v 0 then,

-A(/i3) ~  In A2/i3 — In Aj.^3

~  ln /13 — In 113 -j- In A2 — In A^.

This gives,

H  ~  - ^ L{ r 1r 2(A+ +  A _)lnZ12L7r

+ ^ ( r i r 2 +  r 2r 3)(in a2 -  in a ^ } ,  (4.5)

as •

/12 —> 0 .

The invariance of H implies I h ^  =  0 , a contradiction.

(b) If Z13 —> oo then:

^ (^ 13) =  •Zio('̂ 2Zi3) ~  Ao(A1Z13) —>■ 0 , (4-6)
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because iv0(x) —> 0 as x  —> oo.
(c) Finally, if 0 <  I <  oo we see th a t the second term  on the RHS of (4.4) is bounded 

yielding (4.5). This concludes the proof. □
We rem ark th a t th e  inability  of the two vortices in the same layer to collide, 

indeed, precludes trip le  collision as seen in the proof. It is also interesting to note 
th a t this case, (two vortices in the same layer and the  th ird  in the other), is sim ilar 

in this regard to the two vortex (1-layer) problem  on th e  plane. It is not possible 

for two vortices to collide, there being a m inim um  positive distance between the two 
vortices. In conclusion, given a two vortex configuration in a given layer, introducing 
a th ird  in the other will not adm it the original two vortices to collide. On the o ther 

hand, this is very different from the three vortex case on the plane (or on the sphere, 
see Chapter 6 ), where for instance three vortices can self-similarly collide.

4.2 Vortex alignment in the two-layer model

We have already seen th a t  for the quasi-geostrophic two-layer point vortex model, 
configurations for which th er are two vortices in the  sam e layer (labeled 1 and 2 ) 
and a  third vortex (vortex 3) in the other, do not adm it collision of the two vortices 
in the same layer. This is due essentially to  the  nature of the  Bessel-type singularity 
associated w ith the poin t vortices. We now dem onstrate, however, th a t the distance 

in the  x-y plane betw een vortex 3 in the second layer and one of the vortices (either 
1 or 2) in the first layer can go to zero. In the lite ra tu re  such an event has been 
term ed vortex alignm ent, because the vortices align in the  x-y plane while rem aining 
in their respective layers. This phenomenon has been studied in detail for vortex 
patches in the two-layer m odel by Polvani [52], and num erically by McWilliams [43]. 

Aspects of this phenom enon have also been m entioned by Polvani et al in [IS]. It has 
been noted th a t this process, whereby vortices from different layers coalesce, is the  
fundam ental m echanism  for the cascade from baroclinic (two-layer) to barotropic 
(one-layer) modes, in th e  sam e way tha t the well-known collapse process m ediates 
the reverse-energy cascade of two-dimensional turbulence. Before we illustrate this 
process for the two-layer point vortex model, we m ention th a t a  minimum of three- 
vortices are required, since as shown in C hapter 1 for the  two-vortex problem, th e  
distance between any two vortices is invariant. In the three-vortex two-layer problem ,
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Figure 4.2: Typical graphs of the functions, F ( l ) and G(l). The function H{1) is 
qualitatively sim ilar to  F { 1), and is not shown. In  plotting F(l) ,  one m ay take 

>  ^2j w ithout loss o f generality

two vortices from different layers can merge, while there is a m inimum positive 

distance between the two vortices in the same layer (Proposition 4.2). In the one- 
layer case (as on the sphere) it is impossible for the  three-vortex problem  for two 
vortices to collapse and the  th ird  not. This is easily seen by considering the invariants

H  =  r ^ i n t / y  T r ^ l n ^ y +  r3 r 2 ln(/22),

C\  =  r i i y ?2 +  r i i y ?3 +  r3 r2/|2.

Now suppose I12 — 0, then  Ii3 —>• /23 and there is a  logarithm ic divergence in the 
Hamiltonian as fi2 —> 0 , which means tha t either /i3 —>• 0 , which is triple collapse, or 
Ii3 t 2̂3 —̂ oo, which is inconsistent with the invariance of Ci for 112 —> 0. In  fact for 
the three vortex problem  on the  plane (as on the sphere) th e  only collisions possible 
are self-similar triple collisions. We prove these results in Chapter 6 .

One can see why vortex  alignment solutions m ay be possible by exam ining the 
proof of Proposition 4.2. It was seen there th a t two vortices in the sam e layer 
could not collide due to  the  unbalanced singular logarithm ic term  coming from the 
interaction term  (?(/), for vortices in the same layer. However, the in teraction term  
for vortices in different layers F(l)  does not have a singularity a t 0 as seen in Fig. 
(4.2). This means th a t  the distance between two vortices may go to zero w ithout 

an unbalanced logarithm ic divergence. We now dem onstrate the existence of vortex 
alignment solutions, by  considering the case F i , r 2 > 0 , T3 <  0 for a configuration 
where vortices 1 and 2 are  in the  upper layer and vortex 3 in the lower. To reduce the 
problem we will again m ake extensive use of trilinear phase-plane analysis. Perhaps
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the simplest case where vortex alignment occurs is by supposing th a t the following 
invariant vanishes

ct = p1£r1r1r2z?2 +  (PlH l )(p2H2)[r1r 3i2l3 + r3r2&] =  o. (4.7)

Introducing the trilinear coordinates,

I2l 23 61 — --- 7
12L 13 62 — — ,

i2
63 =  —  where

7l 72 73
Ti r 2 r 3

71 P2H21 72 P2 H2 ' 73 P i t f i ’

obtain

61 +  62 +  63 =  0 . (4-8)

Now the physical region is

(716i )2 +  (7262)2 +  (73&3)2 5: 2(7 r726162 +  7173616372736263) (4.9)

Using (4.8) and (4.9), and taking 72 =  —73 the physical region boundary is

^1(71 +  73)2 +  46162(7173) =  61 [(71 +  73)2&i +  4627x73] := 0

Assuming +  73 ^  0, then th e  physical region is the wedge bounded by bx =  0 and 
the line

L ( 7 i+ 7 3 ) 2L f ,
° 2 = ----- 1 — 15 (71,73  # 0).47173

Now assxuning Ti, and r 3 have opposite signs, the slope of this line is positive, so 
that, the physical region is as shown in Figure (4.3). In particu lar it is a wedge lying 
in the first quadrant, one of whose boundaries is the fine 61 =  0. It is interesting 
to note that the aligning vortices, 2 and 3, in this exam ple have opposite signs. We 
will now dem onstrate the existence of phase curves going through the points ( 6 2 , 0) ,  

for 62 > 0 .  These phase curves correspond to  vortex alignm ent solutions since 
they he locally in the physical region. In order to  obtain the phase curves recall the
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definition of th e  functions F (l)  and <?(/), and notice th a t for the  configuration under 
consideration the Ham iltonian takes the form

h  = ^ r | p i i ? i r l r 2G(/13) + 2 ^ i ^ ^ [ r I r3 F ( /X3) +  r 2r 3F(/23)]}

= i-  | P lf f l r l r 2G ( / S )  + 2PlĤ 2[v,T3F(^nh) + r 2r 3F ( v r A ) ] } .

It remains to  show phase-curves in the 6j-62, lying in the physical region going 
through bi =  0, (so th a t &2 >  0). Begin by observing th a t as bi —F 0, 123 —*• 0, and 
that I12 —y li3 - Recall further th a t K o(z) ~  ln(.r) as 2 — 0 . W hen vortices 2 and 3 

align, we then  have 112 ~  /13 so th a t,

h  ~  ^ | p i g i r , r 2G(f,3) + ? P l^ g 2 [ r 1r 2F(713) +  r 2r 3F ( ;23) ] | ,

«  | r I r 2G(/l3) H - ^ [ r 1r 3i :’( ;13) +  r 2r 3F ( i23) ] j

2 Ho 2Ho /  Ao\
~  +  ■ ^ | r 1r 3F ( i ,3) +  - ^ r 2r 3 i n M l ,

as

123 ~^ 0.

We, therefore, have

^  r i f 2 G ( i i 3 )  +  ^ r ir3 F ( ii3 )

r2&2 . 2H2 _ . / r 2 6 2

=  r‘r2G(V ^ ) + W rir3F(V ^ )(4-10)
It is now sim ply a m atte r of prescribing &2 >  0, and then choosing the  particular H  to 
force equality in (4.10). For given &2 >  0, there exists an energy level H , th a t achieves 
this, and hence a phase curve passing through (&i,&2) =  (0 ,62), corresponding to a 
vortex alignment configuration as shown in Fig. (4.3), for which is regarded as 
a param eter and  taken to be 0.5, and for which p iH x =  p2Ff2 =  1, Ax >  A >  2. 
We have dem onstrated  vortex alignm ent solutions for the case F i , r 2 >  0, T3 <  0, 

and in particu lar for the case Ci =  0 and ^  - It would be interesting to
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Figure 4.3: P hase curves of vortex alignm ent. C\ =  0; Ti =  0.25, V2 =  —T3 =  1.

classify the regim es th a t adm it vortex alignm ent solutions, by finding necessary and 
sufficient conditions for their existence. In our example it was seen th a t in order for 

vortex alignm ent to  occur the dynam ics had to  take place in the physical region, 
so that the aligning vortices were chosen to  have opposite sign. It is easy to show 
that this is necessary for the case C \ =  0. Begin by considering the  invariant (4.7) 
and suppose w ithout loss of generality th a t vortices 2 and3 align. This means that 

2̂3 -)■ 0 , so th a t  1̂2 —> /13, and a t vortex alignm ent,

0 =  C i « (p iH l r 1r 2 + P2H 2r l r 3)i2l2.

Now since I12 7̂  0 (Proposition 4.2) conclude th a t p i H i T 2 +  p 2H 2Y3 =  0, so th a t in 
particular T2, and  T3, the strengths of the aligning vortices, m ust be off opposite 
signs. We conclude w ith a few rem arks. Suppose, first, th a t l23 0, 112, hz  00 ,
then since G (/), F (l)  —*• 0 as I — 00 , we have in (4.10)

4 ttH  2r2 r3H 2 . f x 2\

so that such a  vortex alignment can occur only w ith H am iltonian or energy level,

H  =  In ^  .
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Secondly, we showed that for Ci =  0, the  aligning vortices had to  have opposite 
signs. Recall in  Chapter 2 we showed th a t we need only consider the  cases, (i) 

Ti, T2, Fa >  0, (ii) F i, T2 > 0 ,  T3 <  0, and (iii) Tj > 0 ,  T2 <  0, T3 >  0. So 
alignment solutions for Ci =  0 can occur only for the cases (ii) and (iii). Now. since 
Ci is invariant, if I03 —>■ 0, near vortex alignm ent

Ci  ~  p i - H i  r i ( / > i  # 1 X 2 / 1 2  + P 2 # 2 r 3 / i 3 ) .

If /12, /13 —*■ 0 0 , it is therfore necessaxy, by the invariance of Ci, th a t r 2, and T3 
be of opposite signs, again ruling out such a vortex alignment for all vortices of the 
same sign, (case (i)). At this point, we also do not know, for instance, if Ci =  0 
is necessary for vortex alignment, (as it is for the simultaneous collapse of three 
vortices of th ree vortices in the same layer).
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Chapter 5

Numerical investigation of integrable 2-layer 

quasi-geostrophic vortex dynamics

In this chapter we study some numerical aspects of integrable two-layer vortex dy

namics. We focus exclusively on the simplified two-layer given by (1.19). We present 

a brief study of the stream lines for ro tating two-vortex systems. We then  perform 
some simulations of collinear, and therefore integrable, four-vortex dynam ics. We 
conclude with some observations on the advection problem for the two-layer model. 
Our study is sim ilar to th a t of Young [57] and  Gurzhi et al [27].

5.1 On streamline patterns for rotating two vortex 

configurations

In [57], Young studied the  effect of the Rossby radius of deformation, A, on the 
streamlines and the advection problem for two translating vortices in the two-layer 
model. For translating  vortices the vortex strengths must sum to zero so th a t they 
are of equal m agnitude bu t of opposite sign. He showed that a pair of translating 

vortices in the top layer transports no lower layer fluid if the distance between the 
vortices is less th an  1.72 deformation radii. In  contrast, the size of the trapped 
region for translating vortices in  different layers (term ed a heton) increases without 
bound as the spacing between the vortices increases. We present a  sim ilar analysis 
for rotating vortices. We focus on the representative case Ti =  IV  In this section 
we study the change in th e  streamline patterns as the ratio of the vortex separation
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against deform ation radius, j ,  is varied. We begin with the two vortices in the top 

layer.

5.1.1 T w o  ro ta tin g  vortices in  th e  sam e layer

Suppose th a t th e  two vortices axe in  th e  upper layer. Then the distance between 
them, d =  2a, rem ains constant. If r \  =  r 2, then  Ti -f T2 7̂  0, and  the  vortices 
ro tate about th e  center of vorticity w ith angular velocity,

u’ =  ^ G +( j ) ,  G * ( z ) : = l  +  z K l (z).

-To visualize th e  flow associated with this pair we use a coordinate system  translating 
with the vortices. In th is frame the m otion is steady and the streamfumctions axe:

= iui(x2 + y 2) + | r  ln(rirj) + | r  [-M y) + M y )

where

r i  :=  [x2 +  (y -  a )2] 2 , r 2 :=  [x2 +  (y +  a )2] 2 ,

are the distances from the two vortices a t  (0, ± a )  and 1^ =  T2 =  T. T he  streamline 
patterns as the  ratio , j ,  is varied axe shown in Figure 5.1.

5.1 .2  T w o ro ta tin g  vortices in  different layers

We next exam ine the interaction of two ro ta ting  vortices in different layers. Once 
again, because of the integral invariants, d =  2a is constant. If IT =  T2, then 
r x +  r 2 7̂  0 , and  the vortices ro ta te  about the  center of vorticity  w ith  angular 

velocity,

w  =  £ g - ( j ) ,  G + ( z ) - . ^ 1 - z K 1( z ) .
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Figure 5.1: S tream line patterns: two ro ta ting  vortices in the sam e layer, (a) j  =  
=  4, (c) i  =  4.082, (d) i  =  8
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In a frame of reference rotating with the pa ir the  m otion is steady and the  stream - 
functions are

*  =  I „ ( x 2 + !/J) +  i r i a ( r 1r 2) +  i r [ A '„ ( ^ ) - A '- o ( j ) ]

where

n  :=  [x2 + ( y -  a)2] 2 , r 2 :~  [;x2 +  (y + a)2] 2 ,

are the distances from the two vortices a t (0 ,± a )  and Ti =  T2 =  I \  The vortex 
located at (0, a) is in the upper layer. T he stream line patterns as the ratio, 
is varied are shown in Figure 5.2. We observe th a t in both cases-vortices in the 
same layer or vortices in different layers-our results are similar to those obtained by 
Young [57] for rigidly translating vortices (again either in the same layer or different 
layers). It is noticed th a t there is a critical value of j  a t which there is a  qualitative 
change in the stream line patterns. Young found th a t for a pair of vortices in the top 

layer, there is no lower layer fluid transport if the distance between the vortices is 
less than 1.72 deform ation radii, and th a t by contrast the size of the trapped region 
increases w ithout bound as the spacing between the  vortices increases.

5.2 Numerical simulation of integrable four-vortex 

dynamics

5.2 .1  On in tegrab le four-vortex coaxia l configurations

In Chapter 2 we presented four-vortex configurations, for the two-layer model, that 
axe integrable. For th e  full two-layer model these axe systems where P  =  Q =  0 
and Ev=i PiHi T}- Clearly this holds also for the simplified two-layer model, 
and examples include the collinear configurations shown in Figure 5.3(b). These axe 

four vortex systems where there is a vortex of strength r t- at (x,-, y,) and an image 
vortex of the same strength , (and sign), a t (—xt-,—y,-). Following the convention 
of Young [57] if a  vortex and its image axe in the same layer th a t pair will be
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-1 -0.5 0 0.5 1

Figure 5.2: S tream line patterns (^ i): two ro ta ting  vortices in different layers, (a) 
i  =  2, (b) f  = 4 ,  (c) f  =  5, (d) f  =  5.128, (e) f  =  8
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called strongly sym m etric. Image vortices in different layers will be term ed weakly 
sym m etric  pairs. In this chapter we will investigate num erically the dynamics of 
such integrable configurations.

f  3(L ./-6 )

1(0, 6 )

2 (0 , -b )

L

Figure 5.3: Integrable 4 vortex configurations, showing in itia l positions of vortices, 
(a) Two coaxial vortex pairs 12 and 34; (b) two collinear vortex pairs.

Other four-vortex system s th a t are integrable, for th e  simplified two-layer model, 
are the coaxial configurations shown in Figure 5.3(a). This was observed by Young [57] 
We present a formal proof from  a Ham iltonian s tandpoin t. O ur purpose is to illus
tra te  that the proof does not carry over to such configurations for the full two-layer 
model. We conjecture, therefore, th a t the full two-layer m odel does not, in general, 
adm it integrable four-vortex coaxial configurations

T h e o re m  5.1 The simplified point vortex two-layer model o f (1.19) admits inte
grable four-vortex coaxial configurations, where image vortices o f  strengths ± F t- are 

located at (x,-, ±j/,-).

P ro o f: We prove it for th e  weakly sym m etric configuration of a  vortex of strength  TL 
a t X i =  (xx, yi)  in layer one and an image vortex of s treng th  —Tx a t x 3 =  (xx, — x/i), 
and a th ird  vortex of streng th  T2, in the first layer, a t x 2 =  (x2, 2/2), w ith image 
vortex of strength  T2 a t * 4  =  (x2, —2/2). I t suffices to  show th a t the line y  =  0, is
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an  axis of symmetry. (See the  proof of Theorem 6.6). T he streamfunctions in layer 
one and two are

20r =  r i ( l n r ! - A o ( ^ ) )  +  r 2(lnr2 - A '0( j ) )  

- r ! ( l n r 3 +  Ao(-j)) -  r 2(lnr4 +  A'0(y )) ,  

202 =  - r 1( ln r3 -A o (y ))  +  - r 2(lnr4 -A 'o (y ))  

+ r i( ln r i  + Aq(-j-)) + r 2(lnr2 +  ATq(- -̂)),

(5.1)

(5.2)

where

r k :=  [(x -  x kf  +  (y  -  yk)2] 2 . 

We now show th a t x x =  x 3. Well,

2x! =  2
<90i
dy

p  2/2 V 1 , p  j y  f  7*12 ^ 2/2 2 /l
=  I 2 — 2--------h I 2A 1( — j-

r=ri 12 A Ar12

p 2/3 — 2 / 1  , p  , ̂ 13 ,2/3 — 2/i 
- h i  * h l i A i ( — )-

13 A Ar13

2 x 3 =  2
502
5y

p  2/4 t p  /v- /  ^*14 \  2/4 2/X
- 1 2— 2-----  + l 2A i ( — ) - - - - .

” l 4 ^  A r  i 4 ,

p S / 1 - 2 / 3  p  T-r f T  13 A 2/1 -  2/3=  T i — 2 ---------- r xA i ( — )■
r = r 3 13 A Ar13

p  2/4 2/3 p  j y  f  7*34  ̂2/4 2/3

“ r2 ^ c — r 2 / , r i ( —

+ r ;

34
•2/2  -  2/3
1 r 2 “ 23

P  /• 7*23  ̂ 2/2 —  2/3

Now using

7-23 =  7*14> 7*34 =  7-12, y2 — —y4, and , y3 =  —2/1,

it is clear th a t x x =  x3.

Similar calculations show th a t yx =  — y3. Again,

—2yi
5 0 i
5 x

_  p  X 2 — X i  , „  ^ 1 2 ^ X 2 —  X i=  I 2 2 h 2 A r( - )■
r = r t 12 A Ar12

13 Ar13
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Now using

T*23 —“ ^*14: 7*34 — ^ 12 j ^ 2  — *̂ 4? QHcf, £ 3  — 2^ ,

it is clear th a t yi = —y3. □
To see why this proof does not apply to the full two-layer model, observe, tha t 

in the streamfunctions, (5.1-5.2), there are only two types of interaction terms,

l n r - K 0( j ) ,

for vortices in the same layer, and

ln r  +  K o (j) ,

for vortices in different layers. For the full two-layer m odel, the  interaction term s are 
given by the functions defined in (1.18). The interaction te rm  for vortices in different 
layers is given by F (/), while there are two interaction term s for vortices in the same 
layer; G(l) for vortices in the upper layer, and, H (l), for vortices in the lower. It is 
easy to show that these different interaction terms for th e  full two-layer m o d e l, (?(/), 
and H (l), together with the nonhomogeneity of the modified Bessel functions do not 
yield the type of cancellations seen in the proof above for the simplified two-layer 
model.

A numerical study of integrable coaxial four-vortex two-layer problems was done 
by Young [57]. We conduct sim ilar work for collinear four-vortex configurations.
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5 .2 .2  N um erical s im u lation  o f collinear four-vortex  configurations

We present some numerical experim ents for four-vortex collinear integrable vortex 
system s. Our study is sim ilar to the coaxial four-vortex integrable work performed 

by Young [57]. We study strongly symm etric systems where a  vortex and its image 
axe in the same layer, but the pairs are in different layers, as well as weakly sym m etric 
system s. We have not studied collinear systems where all vortices are in the sam e 
layer. We suspect tha t such system s share m any of th e  qualitative features of th e  

one-layer four-vortex collinear systems. We rem ark th a t th e  possible motions of 
four-vortex collinear dynam ics has been completely classified. The classification is 
according to  the following param eters [27]:

_  2 6 ___________L2 +  f 2___________

l / l  \ / [ i 2 +  ( /  +  6)2I[£2 +  { / - 6 ) 2] ’

\ / [ £ 2 +  ( / +  W *  +  ( / -  6)’]
2[/|6

where all lengths are as shown in Figure 5.3(b). Such a com plete characterization 
for the  two-layer problem is beyond the scope of our work. We present num erical 
experim ents for special initial conditions and compare th e  strongly and weakly sym 
m etric cases. Throughout our work all four vortices of un it s trength  V =  1 and th e  
Rossby radius of deform ation is taken to be A =  1.

5 .2 .2 .1  E x a m p le  1: c o u p lin g  a n d  s c a t te r in g

In this experim ent we consider initial conditions of the following type:

(i) Strongly sym m etric configurations with initial positions of the paired vortices 

in the  top layer, (± a , ±6), where both a and 6 are positive, and initial positions 
of th e  pair in the bo ttom  layer a t (±a, ^6 ), for th e  sam e a  and b.

(ii) W eakly symm etric configurations with one pair w ith  vortex in the top layer a t 
(a, 6), image vortex in the  bottom  layer a t (—a, —6), and second vortex pair 
w ith  vortex in the top layer at (a, —6) and im age vortex in the bottom  layer 
a t (—a, 6), again for a and 6 positive.
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Oux results are shown in Figure 5.4. This qualita tive behavior was observed for a 
large set of initial values. However it is seen th a t although the initial positions of 
the  vortices in case (i) and (ii) are the same, the  term inal distances are not. This is 
an  effect due to  the different layer allocations of the  vortices. One other difference 
is th a t if we pu t one of the  vortices at say (1,6) for 6 >  0 and a vortex from the 
o ther pair at (1, —6) and let 6 — 0, the qualitative behavior for case (i) changes at 
some critical value, (for 6 =  6“ =  0.6 but does not for case (ii). This is shown in 
Figure 5.5.

2 2

1.5 1.5

1 J 1 J
0.5 0.5

0 0

-0.5 -0.5

-1 r -1 r
-1.5

-?

-1.5

-2-21--------   -4--------  1 -21-------- ----------------- ---------
-40 -20 0 20 40 -40 -20 0 20 40

Figure 5.4: Numerical in tegration of collinear vortices showing a scattering of vor
tices. (a) Strongly sym m etric configuration (b) W eakly sym m etric configuration. 
In itial positions are:(a)Top layer (1,2) and ( - 1 , - 2 )  and  bottom  layer (1 ,-2 ) ,  and 
(—1,2), and for (b) Vortices in top layer at (1, 2), and (1, —2) with image vortices at 
( - 1 , - 2 ) ,  and (—1,2) respectively.

5 .2 .2 .2  E xam p le  2: p er io d ic  and q u a sip er io d ic  b eh av ior

T he second num erical experim ent we present is the following:

(i) For the strongly sym m etric case the initial positions of the pair in the top layer 
are fixed at (±0 .5 , ±0 .5) while the initial positions of the pair in the bottom  
layer are (± x ,0 ) , where x  is allowed to  vary.

(ii) For the weakly sym m etric case the initial position of one pair is fixed at 
(±0.5, ±0.5) and the o ther pair is located at (± x , 0) where x  is allowed to 
vary.
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Figure 5.5: Numerical integration of scattering for b =  6* =  0.6 for a strongly 
symmetric system

Figure 5.6: Strongly sym m etric simulation for Exam ple 2: x  =  4. (Image vortices 
not shown)

The results for the stronly symmetric simulation are shown in Figures 5.6-5.8. For 
large x  the  motion is quasiperiodic, and is more periodic the larger x  is. There is 
a critical value of x — x m =  1.03, where the behavior changes. This is probably an 

equilibrium solution.
For the sake of completeness, we present the sim ulations for x  < x m. It is seen 

that the m otion is again quasiperiodic except that th e  tim e-scale is smaller for both 
pairs of vortices.

The results for the weakly symmetric simulations are shown in Figures 5.9-5.10. 
It is seen th a t for large x  (x  > 4), the m otion is quasi-periodic, becoming more 

periodic the  larger x  is. How'ever as x  is decreased below x  =  4, there is a  transition 
in the behavior near a  critical x “ =  3.4S. This critical value of x  is larger than  th a t 
for the strongly sym m etric case. This is, again, probably an equilibrium solution.
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FigureS.7: Strongly sym m etric simulation, for Exam ple 2: x~ =  1.03. (Image vortices 
not shown)
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Figure 5.S: Strongly sym m etric simulation for Exam ple 2: x  =  0.5. (Image vortices 
not shown)

5 .2 .2 .3  E xaxnp le  3: F ro m  (q u a s i- )p e r io d ic  to  s c a t te r in g  b e h a v io r  

The third simulation we perform ed is the following:

(i) For the strongly sym m etric case the initial positions of the pair in the top layer 
are fixed at (± 1 ,0 ) while the  initial positions of the  pair in the bottom  layer 
are (±ar. ± x ) , where x  is allowed to vary.

(ii) For the weakly sym m etric case the initial position of one pair is fixed a t (± 1 , 0) 
and the other pair is located at (±x , ±x0) where x  is allowed to vary.

For the strongly sym m etric case for large x  the m otion is quasiperiodic as shown 
in Figure 5.11. However as x  is decreased the  m otion changes at a  critical value of 
about x  =  x m =  2.1 and becomes a  scattering as shown in Figure 5.12. The results
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Figure 5.9: Weakly sym m etric sim ulation for Exam ple 2: x= 4 . (Image vortices not 
shown)

Figure 5.10: W eakly sym m etric sim ulation for E xam ple 2: x ’ =  3.4S. (Image 
vortices not shown)

for the weakly sym m etric case are sim ilar and are shown in  Figures 5.13-5.14. T he 
only im portant difference from  the strongly sym m etric case is th a t the critical value 
of x  for which the behavior changes from quasiperiodic to  scattering is x  =  x m =  3.
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Figure 5.11: Strongly sym m etric simulation for Exam ple 3: quasiperiodic behavior, 
x  =  3. (Image vortices not shown)

Figure 5.12: Strongly sym m etric simulation for Exam ple 3: scattering. (a)x =  x" 
2.1, (b)x =  1 <  x~.

Figure 5.13: Weakly sym m etric simulation for Exam ple 3: quasiperiodic behavior, 
x  =  4. (Image vortices no t shown)
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Figure 5.14: Weakly sym m etric simulation for Exam ple 3: scattering. (a)x
(b)x =  2 <  x".
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Chapter 6 

On the motion of point vortices on the sphere

In this chapter we present some results for integrable point-vortex motion on the 

sphere. O ur point of departure is the work of Ividambi and Newton [31], where 
the Poisson-bracket formalism is carried out and all invariants are computed, as 
well as the derivation of the relative equations for N  point vortices. In our first 

result we show th a t the only collapsing configurations for the three-vortex problem 
are self-similar or homogenous ones. We also conclude from this that the only 
self-similar solutions for the three-vortex problem are equilibria, and the collapsing 
solutions. We also study the sim plest and most s y m m e t r i c a l  four-vortex problem on 
the sphere th a t is analogous to th a t  on the plane (for which s e l f - s i m i l a r  collapse is 

possible) and  show th a t on the sphere, however, these configurations do not adm it 
self-similar collapse. Our study of the relative equations, also yields non-great- 
circle four vortex equilibria. We th en  present the explicit integration of some three- 
vortex configurations. Finally, we com m ent on the four-vortex integrable problem 
by pointing out new sym m etrical configurations.

6.1 Equations of motion and geometrical formulation

In vector form  the  system of N  equations governing the  m otion of N  vortices on the 
sphere of radius R  is given by

~  i  x  g |)  /-fin
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= (x{, yi, Z{) represents the vector from the  center of the sphere to  the zth vortex, 
with strength  I\-, and ' means the sum m ation excludes j  =  i.

Although the  cartesian representaion of the  equations makes the analysis m ore 
transparent, one can also write the equations in spherical coordinates. The equation 
for the zth vortex is given by

N Fj sin(0j) sin(<& — <f>5)q ._________
4ttR 2 1 -  cos (7 ,7 )

sin(0,-)<2>,- = AizR2

N
E
3 = 1

rj(sin(^{) cos(0j) — cos(0t) sin(^j) cos(<£,- — <pj)) 
1 -  cos(70  )

where cos(7 tJ-) :=  cos(^[-) cos(Oj) +  sin(0,-) sin(0j) cos(<p,- — <±>j). Derivations of these 
equations can be found in [7, 34].

The equations for the relative dynamics can be derived from the  original system
(6.1) and is done in [31]:

dt t-R k—l l ‘h  H i

where the ” m eans th e  sum m ation excludes k  =  i and k  = j .  V  is the volume of the 
parallelopiped form ed by the vectors X j, Xk‘-

V  = Xi • (X j x  jcfc).

Notice th a t th e  sign of V  can be positive or negative depending on whether the 
vectors form a  right- or left-handed coordinate. On the plane [2 , 56] or in the 
geostrophic two-layer model, this is addressed by introducing <Tijk which indicates 
the orientation of the triangle spanned by the  three vortices.

6.2 On the collapse of three vortices on the sphere

We begin th is chap ter w ith a result about self-similar collapse for the three vortex 
problem on th e  sphere. In [31] K idam bi and Newton dem onstrate self-similar col
lapsing solutions for th e  three vortex problem  on the sphere, and  in [33] they show 
that these solutions are not self-similar on the projective plane. W e show th a t the
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three vortex problem  on the sphere as on the plane adm its only collapsing states 

that are self-similar. Recall th a t on the  sphere [31], Ci =  J2i<j is an invariant
so that for collapse, since /tJ- —> 0, it is necessary th a t Ci — 0. T he proof that only
self-similar collapse is possible is based on the other assertion th a t the harmonic
mean of the vortices vanishes, h =  =  0 .

T h eorem  6 .1  The only finite-tim e collapsing configurations o f  the three vortex prob
lem on the sphere are self-similar ones.

P ro o f. We m ake use of the following invariants:

Ci  =  ^ ^ 4  =  0 .  (6 -2 )
i<j

H  =  £ r , r , .L n /? . ,  (6.3)
i<i

and the fact th a t necessarily h =  Yli f~ =  0- Note that (6.3) can be w ritten as :

(^i2)r ir2 (^i3)r i r 3 ( /223)r2r3 =  constant. (6.4)

Making the self-similar ansatz, we may, w ithout loss of generality, assume (since 
Uj{t) > 0 ) that:

h 2{t)2 =  a { t) liz{t),

h s it)2 =  (6.5)

for a(£), (3{t) > 0 . Substituting (6.5) into (6.4) yields:

[/i3(£)2]r i r 2+ rir3+r2r3[a (£)2]r i r 2 [/?(£)2]r2r3 =  constant.

Now since h =  0, conclude th a t M £ ) 2]r i r 2+ rir3+r2r 3[a(£)2]r i r ’ =  constant. This 
implies th a t [a(£)2]r i r 2[/?(i)2]r2r3 =  constant. Hence write:

q2 =  p i j r v r T ' (6-6)
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Also substitu ting (6.5) in (6.2) gives

/i3(i)2[r!r3 + rtr2a2 + r2r3/?2] = o.

But Zi3(Z)2 >  0. on the route to collapse, so tha t:

+ rhrW + r2r3/?2 = o. (6.7)

Substituting (6.7) in (6.6) yields:

+ ppFT + r ^

Denoting x j32, this is an algebraic equation of the form A x a + B x b =  C , which 
has only finitely m any solutions in x  for fixed A , B . a, b ,C  E R .  We conclude th a t 
since x = (3{t)2 is bo th  continuous and assumes only finitely m any values, th a t it 
must therefore be constant. But a(Z), and  (3{t) constant corresponds to the case of 
self-similar collapse. □

It now rem ains to show th a t h =  J2i p-  =  0 is necessary for a collapsing configu
ration of the th ree  vortex problem on th e  sphere.

L em m a 6 .2  On the sphere, as on the plane, h =  ^  =  0 is necessary fo r  any
collapsing configuration o f the three vortex problem.

P ro o f. We shall m ake extensive use of the  trilinear plane. Recall th a t for collapse 
it is necessary th a t:

Ci = r ^ i fo  + + r2ry23 = o,

or bi +  &2 +  &3 =  0 where

Z2 Z2 Z2
l  ‘23 l   613 l  ‘12

^ r2 2' 4r2R2 3’ 4r3R2’
and without loss of generality r \ ,  T2 >  0 and T3 <  0. The phase curves, H  =  
constant, then becom e

—  —  _j_
6f 2 (bx +  62) 1-3 =  constan t. (6 .8 )
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Now the point of collapse in the 61-62 p lane is the  origin O. N otice also th a t 61 >  
0, 62 >  0 because T i, 1̂ 2 >  0. We consider first th e  case h > 0, for which:

1 1 1
r T + r ^ - f ?  (6'9>

I 1

Let 6i —>• 0, 62 —> 0 (61 > 0,62 >  0), then  (6.9) implies th a t 6f x 6£2 is of smaller
I

order than (61 +  62) r3 . Hence for h > 0, it  is inconsistent th a t as 61 —> 0 ,62 —> 0, 
that,

6^ 6^ ( 6 1 + 62) ^ ,

■remain invariant. We next consider the case h < 0. To this end  we examine the
proof for the three-vortex  problem on the plane, for h <  0. We first show th a t h <  0
on the plane im plies th a t the physical region is a  wedge w ith apex  a t the origin 0 ,
lying entirely in th e  first quadrant of the  61-62 plane. Now on th e  plane, as on the

sphere, for collapse, C \ =  £  r tT y/” =  0 , and  introducing the trilinear variables:
*<i

yields 61 +  62 +  63 =  0 .
Now the physical region boundary is given by:

(ri6i)2 + (r262)2 +  (r363)2 =  2(rir26!62 +  r2r36263 +  r ir 36i63). (6.10)

Substituting for 6 3  using the  invariant C \ =  0 in (6.10) results in  an equation ho
mogenous in 6 1  and 6 2 , so th a t the conic section it describes is degenerate. Thus we 
m ay substitu te 62 =  m b\ to get the following relation for m:

r 2 + m 2r 2 +  T32( l  + m ) 2 =  2 [ r i r 2m  — r 2r 3m (l  + m )  — T i r 3(m  +  1)]. (6.11)

After a little  algebra we obtain:

(r2 +  r 3 )2m2 +  2[r3 (r3 + r2) +  Ti(r3 — T2)]m + (ri +  r3 ) 2 =  o. (6.12)
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Observe that for the case h < 0, that both, ( r 2 +  r 3) >  0 and (ITi +  r 3) >  0, as

follows from the fact th a t Ti >  0, r 2 >  0, T3 < 0  and:

1 1 1 
T7+ rI + f7

Rewriting (6.12) gives a m 2 + bm +  c =  0 where:

a =  ( r 2 +  r 3)2 >  0,

b = 2 [ r3( r 3 + r 2) + r ^ r a  -  r 2)] < o,
c = ( r 3 + r o 2 > o.

• Hence
—b ±  y /b 2 — 4a c

™13 ’------------ 2a ’
from which it is clear th a t m lj2 >  0 and th a t the physical region is a wedge in the 

first quadrant w ith apex a t the origin, O. We now consider the physical region for 
the three-vortex problem  on the sphere of radius R. We will need the formula for 
the volume of the parallelopiped formed by the th ree vortices on the sphere:

^ 2 =  i(1 6 f lM 2 - / y y 223),

where A  is the area of the  triangle formed by the  three vortices and using Heron’s 

formula this is given by:

A = ± 1 (2 /? ,/! ,  +  +  21 ? A  -  lU -  &  -  4 ) I/2-

Since C i =  J2i<j R -ry 2,- =  0 we may introduce the trilinear coordinates:

bl =  J h -  h  =  63 =
4 rrR2 4T2R 2 4 r3 R2'

Using these coordinates the  equation for the physical region boundary V  =  0 then 
becomes :

2(r1r3&i&3 + rir3&i&3 + rifsfrifrs) =
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( F i & i ) 2 +  ( r 2 &2 ) 2 + -  ( r 3 &3 ) 2 +  4 r 1 r 2 r 3 6 i 6 2 6 3 - (6.13)

Note that this differs from  (6.10) only in the  second term  on the right-hand side; 

4 r 1r 2r 3616263. For C\ =  0 this term  becomes —4 r i . r 2r 36i&2(&i +  62). Consider the 
physical region boundary (6.13) near the origin, O , o f the bi~b2 plane, and realize 
th a t the term —4 r 'i r 2r 3&i62(&1 +&2), is of sm aller order than  terms of the form 

for 0 <  &i 1 and 0 <  b2 1. In other words the physical region boundary 
a t the origin O , for the three vortex problem on the  plane (for h <  0 , C\ =  0) 

is asymptotic to the physical region boundary for the three-vortex problem on the 
sphere (for h <  0, Ci =  0). This completes the case h < 0 and the proof. □

In summary h =  f" =  0, is necessary for any collapsing configuration on the 
sphere, because although the physical region boundary V  =  0, passes through the 

origin, the phase curves either do not pass the origin (h > 0 ) or they are intercepted 
by the V =  0 curve before they can reach the origin (h < 0). Typical phase curves 

for these cases are shown in Fig. 6 .1(a) (Ti =  T2 =  —T3 (h > 0)) and Fig. 6 .1(b) 
( r t =  r 2 =  1 r 3 =  J (h < 0 ) ) .  Physically, this resu lt can be explained by the 
fact that the scales near collapse for the three-vortex problem on the sphere are 
asymptotically those for three-vortex collapse on the plane. This means th a t the 
spherical geometry near collapse is asymptotic in some sense to the planar case. A 
more formal and rigorous discussion can be found in [31].

By making us of the the  invariants C\ and

Ci =  ((?2)r ‘r , (ir3)r , r i ( 'l3 )r i r ' .  

we arrive at the following simple corollary.

C o ro lla ry  6 .3  The only self-similar solutions o f the three-vortex problem on the 
sphere are equilibrium solutions or collapsing solutions.

P ro o f: Making the self-similar ansatz (6.5), the invariance of C2 :

0% =  (/?3) ^ r ‘r ^ r i r ^ r2r3,
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Figure 6.1: Phase diagram  for C \ =  0: (a) Fx =  T2 =  — r 3 =  1 (h > 0), phase curves 
are open and do not pass through the origin; (b) Ti =  T2 =  1 T3 =  — j  (h <  0) 
phase curves are closed through the origin but are intercepted by V  =  0 before 
reaching it.

implies that either I\Ty =  0 or l\z is constant. T he la tte r corresponds to an 

equilibrium solution. For the case J2 I\Tj- =  0, we obtain:

Ci = J 2  T iT j i l  =  +  r 3r 2/? +  r ^ )
i<j

Now  the invariance of C\ implies th a t either l\z is constant (an equilibrium solution) 

or r iT 2a  -f- r 3r 2/? +  r i r 3 =  0. In summary, assum ing a non-equilibruim solution, 

the self-similar ansatz leads to :
i) h = 0
ii) ^  =  0
iii) a  non-equilibrium solution

Kidambi and Newton [33] show that these are necessary and sufficient condi
tions for self-similar collapse of three vortices on the  sphere. This together w ith 

Proposition 6.1 proves the corollary. □
We continue this section by investigating the existence of self-similar collapsing 

configurations for four point vortices on the sphere. Novikov [49] dem onstrates 
particular sym m etrical four- and  five-vortex collapsing configurations on the  plane. 
We investigate the analogs of these on the sphere. Begin w ith th e  relative equations.
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Self-similar solutions preserve the  orientations of the vortex configurations, so th a t 
w ithout loss of generality we m ay consider the  relative equations in the following 

“frozen” form where Vijk >  0 :

d l\2
d t =  1̂ 31̂ 123 1

1 
•

U, 
C.S +  r 4Vt24

‘ 1 1 '
_  I2‘14.

(6.14)

h i 3
dt

=  r iU i23
' 1 1 ' 

l \  2. +  r 4v234
' 1 
I2.‘34

1 '
/2 ‘24.

? (6.15)

d l \3
dt

=  r  2^123

%
 

1 
«*>— 

1
5M

| ^ 1 1 ‘ 

2̂3.
+  r  4 V"i34

' 1 

Jz4

1 ‘
5 (6.16)

dp14
dt

=  r  2 Vi24
'  1 

112

1 ‘ 
l \ 4

+
' 1 

.̂ 13
1 '
3̂4.

5 (6 .IT)

d l\A
d t

=  rrV 124
■ 1 

A  4

1 ' 
1̂2.

+  r 3v I23
' 1
_̂ 23

1 ‘
(6.18)

dPM
d t

=  r  2 V234
' 1
1- ~  .‘24

1
2̂3.

+  r iU 134
' 1

J h

1

1̂3.
- (6.19)

Here the volumes of the parallelopipeds formed by X i, X j ,  Xk is given by:

Vijk = ± ( l6 R 2A ijk - l? j llj l l ) ,

and Aijk is the area of the triangle formed by X j, Xk  and is given by

Aiifc =  ±(2/?•&  +  +  2l]kl% -  1% -  Itj -  &)*■

Now, symm etrical configurations which will greatly simplify these equations are 

those for which ln  =  Iza, and l23 =  /14, so th a t V124 =  V234, and VI23 =  Vlz4 - These 
axe “paxalleloid” configurations on the sphere analogous to the parallelogram ones 
considered on the plane by Novikov [49] and shown in F igure 6.2.

Under these assumptions it is clear by inspection of the  relative equations (6.14- 
6.19) th a t the most sym m etrical configurations ensuring both:

dq1 = diiL dq1 = dq±
d t  d t  d t  d t
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'  d.

r,

d\ - r ,

Figure 6.2: Four-vortex collapsing systems on th e  plane.

are those for which Ti =  T3 and To =  r 4, which is exactly th e  vortex allocation that 

Novikov makes. We then have th e  following negative result.

T h e o re m  6 .4  On the sphere there are no finite-time collapsing configurations fo r  

which l \2  — I3 4 , hz  =  1̂4 with Ti =  T3, r 2 =  r 4.

P ro o f: Begin by making the self-similar ansatz, namely,

r2
12

_ \ /2
— Al ‘ l3>

r2
23

_ \ /2
— A2‘i3i

r2
24 =  A3 /J3 ,

where At- >  0, i =  1, • • • , 3. W ith  these the relative equations simplify to:

dll3 2 r 2 V j.23 r 1
dt ^13 L A i

dl\A —2FiVi24 [ 1
dt l\z L Ai

dl\2 r 1
dt l\z . a 2

dl223 T i V173 r 1
dt ll3 Ll — A

+

+

r2vi24 r 1
1̂3

r 2V234

>/124 I 

13 L A3

\ k1̂3

&

(6 .20)

(6 .21)

(6 .22)

(6.23)
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Com paring (6.20) and (6 .21) self-sim ilarity dictates th a t for all tim es:

- r xv i 24 _  r  v
 7------------ — t  2^123-

*3

Using the formula for the volumes of the parallelopipeds this is equivalent to:

A1A2A3 =  A|AxA2,

A3(2AxA2 +  2AX +  2A2 — Aj — A2 — 1) =  2AXA2 +  2AXA3 2A3A2 — A2 — A2 — A3 .

Henceforth, and, w ithout loss of generality, we assume th a t the  radius of the sphere 
R  =  1. After some cancelations these last equations become, for A3 7= 1,

A2 -f- Aj — 2AxA2 — A3 =  0,
—r xvi23

124 =   = -------,
t 2

from which, incidentally, Tx and r 2 m ust be of opposite sign. F u rther simplification 
leads to:

di\2 __ rxux23 r 2
dt 1113 i t  ~  (* + h ) .

Comparing this with we see th a t 2 r 2(A2 — Ax) =  Tx[2 — A2( l  =  ^-)j. The 
self-similar assumption together w ith  the  invariance of the Ham iltonian (6.3) imply 
th a t the harmonic mean of the vortex strengths vanishes, th a t is r,Ty =  0. We 
sum m arize all of these constraints:
(i) r?  +  4 r xr 2 +  r! =  o o r  g- =  - 2 ± V § ,

(ii) A3 =  ( |a ) =  ( - 2  ±  \ /3 )2 ,

(iii) Aj +  \ \  — 2AxA2 — A3 =  0 (for A3 1),
(iv) 2 r 2(A2 — Ax) =  rx[2 — A2( l  +  j^)]*

A solution of (i)-(iv) will yield a  self-similar collapsing configuration. The case 
A3 =  1 is clearly not possible by (ii). For the case A3 ^  1 we solve the quadratic, 
(iii), for A2 to obtain A2 =  Ax ±  y/%3 - Substituting in (iv), using jA =  —2 ±  \/3  gives

87

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



2 ^ (A 2 — Ax) =  2 — A2(i 4- 3̂ -) or 2 (—2 ±  \/3)(±-v/A7) =  2 — A2( l  -f- j^)- Rearranging 
we get:

2 -2 ( -2 ± v /3 ) (q = x /A D

A2 = i+lE •

It is easily verified tha t for A3 =  (—2 ±  y/3)2, th a t this last is zero, violating the 
self-similar assum ption that A,- >  0. We conclude th a t self-similar solutions for the 

4-vortex problem  of this kind do not exist on the sphere. □

R e m a rk :  This illustrates ano ther difference between vortex dynamics on the 
sphere and  th e  plane. We rem ark th a t  obtaining self-similar solutions for more them 
three vortices on the sphere is particu larly  difficult in view of the volume terms Vijk 
tha t appear in the relative equations. Observe tha t on the plane all the  terms in 
the area form ula A,-,* are of the sam e order (namely quadratic) so th a t under the 
self-similar ansatz  these area term s becom e, for instance A , jk = C (A )lf3, with the 

If3 term  cancelling with term s of th e  form  to give -jf-  =  C i3(A), which
is readily in tegrated . Naturally a system  of algebraic equations m ust be solved to 
ensure com patib ility  of these constants. O n the sphere however the V{jk contains a 
term  of th e  form  R 2A{jk which involves quadratic term s of th e  form  l2j l2k, as well as 
the cubic term s l2j l2kl2k. Under th e  self-similar ansatz we ob tain  term s of the form 

1 — P ilf3 in the vector field for l f3. In the case of three vortices the  differential 
equation for lf3 is:

d jh
dt =  ± U i ( A ) y / l  — 0 l f 3,

which again is readily integrated. T he system  of algebraic equations needed to  
ensure com patib ility  of the self-similar assum ption involves the u;,-. For the four- 
vortex problem , th e  vector field becomes:

dt

so

J/2 .-----------------  -----------------
13 = u,;( V 1 -  0 i W ‘h  +«J(A)v/i - 0 i W P a ,

w  th a t th e  com patibility  equations now involve c a n d  /3k which is a m ore compli
cated system  of algebraic equations and  in any case the differential equation for lf3 
is difficult to  solve by quadrature.
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We conclude our discussion of vortex collapse on the sphere w ith the following 
observation. If the  center of vorticity  of four vortices is c =  0, then the four vortex 

problem is integrable [31]. This means th a t this integrable problem  does not adm it 
simultaneous collapse, self-similar or otherwise, since necessarily the vortices collapse 
at the center of vorticity. This is clearly not possible on the sphere if c =  0.

6.3 Further solutions of integrable point vortex 

dynamics on the sphere

6.3 .1  N on-great-circle fou r-vortex  relative equilibria

From the relative equations (6.14-6.19) it is evident tha t /12 =  /13 =  - - • =  l24, is a 

relative equilibrium  solution (independent of the vortex strengths). Clearly on the 
plane such a  configuration is not possible. On the sphere however it corresponds to 

a tetrahedron. Observe tha t for a given sphere of radius R  a  tetrahedron of edge 
length \ /2 R  can be inscribed in it. I t is also easy to show th a t another non-great- 
circle relative equilibrium adm itted  on the sphere is the four-vortex configuration 
shown in Fig. 6.3. It would be interesting to study the non-linear stability properties 
of these equilibria. Another open problem  is the study of relative equilibria for the 
general N-vortex problem on the sphere. Such a study would, perhaps, entail the 
use of a sym m etry  group analysis.

6.3 .2  E xp licit in tegration  o f  three-vortex  configurations on  
th e  sphere

In this section we explicitly perform the  quadrature of some sym m etrical three-vortex 
problems on the sphere.

6 .3 .2 .1  E x a m p le  1

We begin by considering the case:

C i  =  r 1 =  r 2 =  r 3  =  i .
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(0. 0. 1)

•I. 0.0)

(0.-1.0)

Figure 6.3: Non-great-circle 4-vortex relative equilibria, (a) ll2 =  hz =  /14 =  h 3 =
where lb is a t (0 , 0 , 1), T2 is at (0 , —1, 0 ) and T3 and T4 are at (—1, 0 , 0) and (1, 0 , 0),
(b) A tetrahedral configuration.

Making use of the trilinear coordinates,

l2l2 = b 3R 2 l23 =  b2R 2 l223 = bxR 2,

the H am iltonian takes the form,

l\2l\3l\3 =  fiR? or bxb2b3 =  y,

from which using Cartesian coordinates,

h  = y, 

h = (̂3 -  y ~ VZx),

b3 =  ^(3 -  y  +  \/3 z ),

we obtain,
/(3 - y ) 2 AH

x  = ± ^ — — v
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Figure 6.4: Phase curves for I \  =  T2 =  T3 =  1 and C\ =  3R 2, showing a family of 
periodic solutions (fz < f) .  a saddle connection,where the phase plane and the phys
ical region boundary V  =  0 are tangential (fz =  f )  , which we explicitly integrate, 
and a family of solutions where the physical region boundary is reached, {[z > fz) 
transversally.

Substituting into the  relative equations, and m aking use of the  param eter fz, we 
obtain after fu rther simplification,

dy dbi 1 dl\z V i J _ _  1
dt dt Ft? dt ttR 3

= y /y (y (3 -  y )2 -  4^)-

Similarly the volum e V  of the paxaiellopiped can be simplified to,

V 2 = R 6 12 y — Ay2 +  —  — y. — 9
y

W ith this the vector field for y  is given by:

"ft =  ± tF~m ^l2y2 ~  AyZ +  v y -  ^y\Jy{2> - y)2 - 4/z.2itR?

We integrate th is for the saddle connection shown in Fig. (6.4) where fz =  3(—39 +  
4\/96). By solving for V  — 0, (the phase curve for the saddle connection is tangent
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to the V  =  0 curve), in terms of y, it  can be shown, with a little  algebra, that the 
dynamics on th e  saddle connection are governed by the differential equation:

where

% = ± — (y _  yO(y -  yi)yj-{y - <*)(y -  P) , ,dt

yi

7T#2

- 6  +  >/96
2/2 =  5- 3 - - 6  +  \/96 '

H =  3 ( -3 9 + 4 > /9 6 ),

_  6 — j/i ±  y i5 \ /9 6  — 135
a .  Q =

(6.24)

The sign is determ ined according to which side of the phase plane is under con

sideration. Eq. (6.24) can be in tegrated by a separation of variables and several 
trigonometric substitu tions to obtain a  param etrization of the saddle connection for 
different in itial conditions. For instance, if we take the positive sign in (6.24) then 
the orbit is given by:

M i — io) =

or upon rearranging,

a 2
0i +  l

In
ta n ( |) — ax a x
ta n ( |) +  O l 02 +  1

t a n ( f ) - “1 fl i+ i

-to) t a n ( | ) + a i

ta n ( f - ) —a 2
°i >

e2+ i

t a n ( f ) + a 2

In
ta n ( |)  — a2
ta n ( f )  +  a2

where,

A  :=
(yi -  y2)aia2(a -  0)

2ttR 2

cos(6) =

1 - 6 j  

1 + 0 * ’

a  : =

y .  _J/t 2
a

a  — j3

=  1 9  X ,  W ,

a
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Castilla et a l [13] use the analog of this solution as a starting poin t for a  Melnikov 
analysis to prove non-integrability of th e  four-vortex problem on the  plane. It is 
conceivable th a t  the above solution for th e  relative equations on th e  plane may serve 
as the unpertu rbed  configuration for a  sim ilar analysis on the sphere. The relative 
equations on the  trilinear plane may be the proper framework on th e  sphere, since 
action-angle variables for the sphere have not as yet been identified. This is currently 

being investigated.

6 .3 .2 .2  E x a m p le  2

Other explicit solutions of this form can also be found. Our second example is for 

the case Ti =  T2 =  —1̂ 3 =  1.
Denoting by x  =  lf2, y = Liz, 2  =  / |3 the  energy and m om entum  conservation 

yield the relations:

y z  =  a x , 

x  — y — z  =  0 R 2,

where, a  and  0  are the energy and m om entum  levels respectively (i.e C\ =  PR2)- 
Using these, and working with the relative equations again, we obtain:

x =  ± ———J  (PR2 — x )2 — 4 ax  
n Rax v

=  ^— \jAax — ft2 — a x2\J{0R2 — x)2 — 4 ax.  (6.25)
XCU-u/

We now consider three cases. To this end, recall that the center of vorticity has 
length:

=  R 2 — Ci = R 2( l - P )

where 0 <  /? <  1 and a  =  Z)r,- =  1. W ithout loss of generality (by rescaling if 
necessary) we m ay take the radius of the sphere to be R  =  1. T he three cases that 
we need to consider axe then the following:
(i) If 0  =  1 th en  c  =  0. Since, c .n =  x .n , [31], the vortices lie on a  great circle from
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we conclude th a t  these are relative equilibria because V  =  0.

(ii) If /? =  0,

J  (4a  — a x )(x  — 4 a ) y ( 4  — x)(x — 4a)
x =  ±    =  i -------- -----= -------- .

2~a 2 -y /a

This is readily integrated (for i  ^  4, x ^  4 a , which correspond to  equilibria) to 
give the special periodic solution com puted by Kidambi and Newton [31].
(iii) In general the quadrature of (6.25) for th e  case 0 <  /? <  1 leads to solutions 
in terms of elliptic integrals. However if the quadratics p x :=  4 a x  — /32 — a x  and 
p2 := (,3 — x )2 — 4 ax  have a common root the  integration is sim ilar to  the  saddle 
connection com puted previously. Now px and P2 have roots:

Xi
n /4 a  -  (32

’2 =

x 3,4 =  (/? +  2a) ±  y/2a{(3 +  2a,

respectively. For exam ple if (3 =  0.5 we calculate, numerically, x x =  x 3 =  0.2957, x-2 =  

3.7042, x4 =  1.6179 for a  =  0.22S2. Hence for x x =  x3 >  0, x 2, x 4 >  0, as in the 
example above, x is governed by:

(x -  x x) J —(x — x 2)(x — x4)
x =  ± ------------   7=-----------------.

2 - K y / a X

The integration then  becomes:

J £ s  =  f
xd x

V& J (x — X i ) y j —  (x — x2)(x  — x4)

- / + X i

, y / ~ i X  —  X 2 ) { x  — X4 ) (x — X x ) y J ~ ( x  — x 2)(x  — X4)_ 

from which we finally obtain a  param etrization  of the orbit as follows:

dx,

A {t — to) =  sin -1  I --------- —
4xx

a i a 2(a3 — l ) ( x 2 — x4)
tan '

/ ta n  I '

V a 2 ,
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Here,

2 f X 2 +  ^ 4 ^ 2o-i =  (---- ^---- ) - ^ 2 ^ 4 ,
2 1 + 0 3  X 2  "T" x 4  —  2 x i

a2 — T» G3 — “  ,
fl3  I X2

1 2 |x  -  a ± a - l
A =  — ^ = ,  cos0 =  -!=--------- 2 -J ..

Z ~ y / Q  X 2  —  X4

The closed-form expression for these solutions may, for instance, be used in a nu

merical s tudy  of partic le advection on the  sphere in the m anner done on the plane 
by Gurzhi e t al [27].

We m ention in  closing the  corresponding solution on the  plane for case (ii), 

which as fax as we know has not appeared in the literature. O n the plane with 
r \  =  r 2 =  —73 =  1 , with the convention x  :=  l\2, y  :=  lf3, 2 :=  l23 the energy and 

mom entum  satisfy,

y z  =  a x , x  — y — z  =  (5, 

so that the dynam ical equation for x  is:

dl\2 O' A 1 2 3x  =  — 1 1
dt 7r

=  V ~  * =  _  x )2 _  t e .
Q7T x a ~ x

Using Heron’s form ula for the area this simplifies to:

x  =
a \/4 a x  — P'2- ^  (/? — x )2 — 4ctrx

4a7rx

Now taking (5 =  0, gives x =  4v̂ r V g —4 a . W ith  positive orientation , o' =  1, this 
is easily in teg ra ted  to  yield:

x(i) = fck+c) + 4 “ -
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which Is an explicit solution of the scattering example discussed in Aref [2]. The 
difference between the planar case and  the  situation on th e  sphere for the case 

/? =  0, Ti =  r 2 =  - r 3 =  1 is clear; while on the plane the solution is a  scattering, 
on the sphere th e  solution is periodic. This is explained p a rtly  by the fact that 
for this situation  the  phase space on the  plane is unbounded bounded while on the 
sphere it is evidently compact.

6.3.3 R em arks on in tegrable four-vortex problem s on the  

sp here

It was shown by Kidambi and Newton [31] that on the sphere the following are 
invariant:

•i N  N

Q = r,- sin(0£) cos(<fc),

P  =  J 2  r «'2A =  H Ti sin(0f) sin(d»{),K  i t
i N  N

s  =  p £ r i*  =  £ r .-«*(».•)•

There are three integrals in involution

[H, P 2 +  Q2} =  0, [fr,5 ] =  0, [P2 +  Q2, 5] =  0,

and moreover,

[P,Q] =  S, [Q,S} =  0, [ 5 ,P ] = 0 .

Since P  and Q  are invariant, [H , P] =  [H, Q] =  0, so th a t if one chooses the values 
(Q , P, W ) = (0, 0, 0) then  there are four integrals in involution, nam ely (H , P, Q, S) 
implying th a t th is four-vortex problem is integrable. This is equivalent to a zero 
center of vorticity, c =  0. On the sphere, however, it is not necessary, as on the 
plane, th a t 1\' =  0. We now consider the analogs of the  collinear vortices of 
Fig. 5.3 on th e  sphere. These are integrable four-vortex configurations for which, 
indeed, f\- =  0. Prim ary vortices of strengths + r  and —T are placed a t (x, yQ +
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6, ,Jr 2 — x 2 — (yo +  b)2) and (x, y0 — b, y jR 2 — x 2 — (yQ — 6)2). In  the  x-y plane the 
prim ary vortices are reflected as on the  plane, thereby ensuring th a t P  = Q — 
0. The 2-coordinate has to be chosen in order to obtain S' =  0. To this end 
it is apparent th a t the reflected vortices of strengths -fT and —T are located at 
( x, —t/o -  bQ, —y jR 2 -  x 2 -  (2/0 +  b)2) and (—x, - y 0 +  6 ,- \ J R 2 — x 2 — (y0 -  b)2). 
But then th is is a planar configuration lying on a  great-circle, and  hence a relative 
equilibrium. This illustrates yet again a  difference between vortex dynamics on the
plane and on th e  sphere. It seems th a t to obtain  more interesting integrable four-
vortex configurations of the type P  =  Q =  S  =  0 one really has to  consider the case 

for which 521 I\- ^  0.
We now consider the coaxial configurations of Fig. 5.3 on th e  sphere. On the 

plane these are integrable four-vortex system s of the kind for which P  =  I  =  0, Q 
arbitrary, and  for which the line y  =  0 is an axis of symmetry. One can show that 
on the sphere, these correspond to, for instance, Q = S  — /  =  0, P  arbitrary, with 
the line y  =  0 an axis of symmetry. Here /  =  52x P /|x i|2 =  R 2 52i F,- =  0, so that 
necessarily 52i T,- =  0, in which case the center of vorticity has m agnitude, j|c || =  oo. 
By inspection it is then clear th a t coaxial configurations on the sphere are of the 
form:

Tx a t (;x i , y i ,± y / R 2 -  x \  - y ? ) ,  —Ti a t (x x, - y u  ± y jR 2 -  x \  -  y?),

r 2 a t (x2, y2 , ± \ / R 2 -  arl — yl)> _ r 2 a t (.x2, - y 2,± y /R 2 - x \ -  y l).

Note tha t e ither sign can be taken for the 2-coordinate with th e  proviso th t the 
z-coordinate o f the prim ary and the im age vortices be of the sam e sign in order to 
ensure that 5  =  0. For instance:

r x a t ( x i , y l : - y / R 2 - x f - y f ) ,  - r x a t (x i, - y i j - y /R ^  -  x \ -  yf),

is permissible. I t  is easy to show, using the  equations

• 1 x  x i)
•'= s s g  — <5— ’
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th a t the sym m etry  of the  configuration is preserved, nam ely tha t th e  vortices rem ain 
symm etrical abou t the plane y =  0, as seen in Fig. 6.5.

r i
- r ,

-r.

- r

Figure 6.5: Co-axial four-vortex configurations on the sphere

For com pleteness, we present a rigorous justification  of the in tegrability  of this 
four-vortex problem . For notational convenience we adopt the following definition.

D e fin itio n  6 .5  A  vortex configuration on the s-phere will be called coaxial i f  it has 
an even number o f vortices and fo r  which a vortex o f  strength T,-, located at (x,-, y,-, zt), 
has an image vortex o f strength — T,-, located at (x,-, — y,-, z,-).

Is is clear, then , th a t Q — S  = I  =  0, and P  is arbitrary .

T h e o re m  6 .6  Coaxial four-vortex configurations on the sphere are integrable.

P ro o f: Begin by realizing that the  canonical H am iltonian form ulation of th e  N -  
vortex problem  on the sphere is given by [31]

*  =  i S F g r , r , i n ( / S )

Pi -  M ,
dQi’ dPi

with canonical coordinates P{ :=  ^/} r t-| cos(6i)  and  Q { :=  -^/[Ft* | . H ere R 2( 1 — 
cos(7 ,j)) =  /?•/2, and  cos(7 ,y) :=  cos(^,) cos(0j)+sin(0 ,) sin(0y) cos(^>t —fif). Consider
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a coaxial configuration a t x l f x 2, x 3, x 4, w ith coordinates (x,-, y,-, z,-), for i =  1, - • •, 4. 
Here X i, and x 2 are image vortices w ith strenghts +l?i and — respectively, so tha t 

(x i ,y i,Z i)  =  (x2, — V2 , *2 ), and likewise w ith x 3 and  x 4, which have strengths + r 2 
and —r 2. Next, observe th a t initially l\4 =  /23 and l\z =  l\4. Now using (6.26), 
obtain

X 2 X X x  X 3 X  X x X 4 X X X

*1 — t 2 -ft I" l3  J2------------------------ 72-----’
‘12 ‘13 ‘14

xx x x 2 x 3 x x 2 x 4 x x 2
* 2  — 1 1  J2  r i - 3  j2---------------* i ’ 4 --------72-----------’

‘12 ‘23 ‘24
* 2  X * !  * 3  X ® 1  X 4  X  X x

*1 — —l l  p .-----------1-12------72------------------2-------J2--------,
‘ 12 ‘ 13 ‘ 14

* 1  X X 2 X 4 X X 2  X 3 X X 2
* 2  -  l l — n -------------1 2— J2-----------+  I 2— n ---------•

‘12 ‘l3 14

Observe th a t the first term s on the RHS are equal. We now show th a t x x =  x 2. 
Calling the common first term  / ,  we obtain using the definition of cross-product

T Vizi ~  Z2Vl -J/2-Zi -  Z2Vl
r  ~  1  /2 72 ’
L 2 ‘13 ‘14

* 2  J V 2 z l  — Z 2 { — y i )  V 2 Z \  -  z2{ - y x) 
r  — 12 72 ’
L 2 ‘13 ‘14

which are evidently equal. Cleaxly, by construction, we also have zx =  i 2. It remains 
to show th a t y x =  —y2, and thereby conclude th a t y  =  0 is an axis of symm etry. To 
do this we first show th a t the y-component of /  is zero. The y-component of x x x x 2 
is z xx2 — x xz2, bu t by construction initially z x =  z 2 and x x =  x2. This means th a t,

i l l  z2x x — x 2z x z2x  1 — x 2zx
r 2 _  /?3 i l ,  ’
V2_ _  Z2X t — X 2 Z j  Z 2 X 1 —

r 2 “  il3 +  i l ,  '

from which it is clear th a t y x =  —y2. In conclusion the Hamiltonian system  of this 
four-vortex problem  is completely described by x x and x 3 which have canonical 
coordinates (Px, Q x) and (P3, Q3). This is a  two degree of freedom canonical Hamil
tonian system  w ith  an invariant, Q , not depending on the Hamiltonian, H, (recall
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P = S = I= 0 ). It is a  sim ple corollary of the Amold-Liouville-Jost theorem  th a t this 
is integrable [5]. □
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Chapter 7

On the collapse of two vortices in a circular 

(planar) domain

In this chapter we s tudy  aspects of vortex collision for two vortices in a  circular 
(planar) domain. O ur m ethods are similar to those used in C hapter 3. We begin 
by computing the H am iltonian for this system  by using the  m ethod of images. We 
compare our results w ith  sim ilar results in the lite ra tu re , obtained by o ther tech
niques.

References for vortex problem s on the plane include the work of Lin [40] where 
the existence of the Kirchoff-Routh function is established, and the  work of Zannetti 
and Franchessi [21] w here a num ber of solutions in squares, rectangles and circles 
are described. They have also worked on aspects of the  advection problem  in  closed 
domains [20]. F lucher and  Gustafsson have studied, in detail, the collapse process, 

for domains with boundaries [19].

7.1 Derivation of the Hamiltonian for the AT-vortex 

system in a circular domain

We begin by presenting a  derivation of the  equations of m otion for vortices in a 
circular domain. The s ta rtin g  point is to use the m ethod  of images [23] to  determ ine 
the advection of a  point vortex and then use superposition. Consider two points £
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Figure 7.1: M ethod of Images

and inverse to  each o th e r w ith respect to the circle D  o f radius R  centered a t the 
origin 0:

l?l2 '
Notice that the point inverse to the origin O  is the  po in t a t infinity, and th a t points 
on the boundary dD  o f th e  circle are their own inverses. To solve:

Aip  =  —uj, in  D ,

$ 1  dD  =

use the Green function obtained  by the m ethod of images:

= - G ( x ,  0 = In g; =  ;̂[ln |i-f|-ln I* ~JII{I],
where i  6  5 ,  f  6  D , x ^  ^ as shown in F igure 7.1. It is easy to  verify th a t 
G (x ,£) =  0 for x E S D , £ E D. We consider the  poin t vortex decomposition for two 
vortices, lo =  r ^ x  — <fi) +  r 2<£(x — £2)- T he divergence theorem  yields,

[  [u |2dx =  f  I V  i>\2dx =  — [  ip & ip2dx-\- f  tp-^-dx.
J D  J d  J d  J d D  U V

B ut,
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By superposition tl^go =  so ^ a t

H  :=  /  |u |2dx = f  ipLjdx. 
J d  J d

Substituting for xb and uj we finally obtain:

_ T i2 In —--11 ll̂ J _ r22 In & -- ^ J M  +  2r 1r 2ln |ei - f 2|
i t  i t

- r ^ a l n ^ 1 " ^  - r 2r 2l n ^ 2 ~ ^  ^
R  R

(7.1)

Observe th a t the H am iltonian is not invariant w ith respect to arbitrary displace
ments in space. It is however invariant with respect to  rotations about the origin. 
Hence H  and by N oether’s theorem, the angular m om entum , I  :=  Pv [<̂'t-12 axe the
two integrals of motion.

7.2 Proof that two vortices in a circular domain 

cannot collide

We are now in a position to s ta te  and prove our m ain result.

T h e o re m  7.1 The two-vortex problem, in a circular domain, does not adm it fin ite
time collisions.

P ro o f: For collisions 6  —> 6> and £* —>- 6 ,  so th a t near collision we have asymp
totically:

2 H  -
2tt

-(rh 2 + r22) In +  2 r 1 r 2 In |6  -  61 -  Slh^ In
X L  Jti

(7.2)

Suppose first th a t 6  and 6  collide at some point in the interior not th e  origin O 
(and not on dD ), then  6  and ££ (being inverse to 6  and 6 )  meet a t some finite
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point ( 7̂  oo) which, does not lie on dD  i.e belonging to D c. This implies that both 
|6  — 61 and |6 | axe bounded away from 0 and oo. Hence near collision there remains 
in Eq. 7.2 the unbalanced singular term In |6  — 6 1  and because H  is invariant this 
is clearly not possible. Suppose instead that 6  and 6  collide at the origin O, then 
near collision:

47rtf ~  - r 12i n l | i - r 12 i n l ^ i - r 22i n ^ - r 22in lS l  +  2r 1r 2 i n | e i - 6 l 

- r xr 2 in -  r xr2 in M  -  r x r 2 in J | l  -  r xr2 in JS .

 (IV  +  r 22)(ln l | i  +  In +  2r xr 2 In 16 -  61

=  - ( r 12 +  r 22) i n l ^ i  +  2r 1r 2 in |6 - 6 l 

=  2r 1r 2 in |6 - e 2|-

The last follows because 6  and 6  3X6 inverse points so that |6 ll£xl =  R?- Again 
the unbounded term In |6  — 61 prevents this collision at the origin. Finally suppose 
6  and f2 collide at some point on the boundary, then since 6  “V i  “ V 2 ~ V 2, and 
[6KI61 near collapse Eq. 7.2 becomes:

4 i r H  [ - ( I V  +  rV) in 16 -  6 1  +  2 r xr 2 in |6  -  61 -  r xr 2 in |6  -  6 1

- r 1r2in|6-61
~  — (r x2 +  r 22) in |6  — 6*1 j

leaving the unbounded term ln |6  — 61- a
Observe that the methods are very similar to those used to prove our results for 

the three-vortex two-layer problem. We remark that these results are proved in more 
generality for a wider class of closed domains by Flucher and Gustafsson [19]using 
other techniques. Our method is elementary and might possibly be used to prove 
similar results for other closed domains through the use of conformal mapping.
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