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Abstract

This dissertation demonstrates the existense of a non-trivial phase change in adiabatic evo-
lutions of certain vortex configurations in 2-D incompressible, inviscid flows. The phase change
is identified with the, by now well-documented, geometric phase (Berry’s phase, Hannay angle)
occuring in various classical and quantum systems. The calculation of the phase is performed
using multi-scale asymptotics. In the geometric interpretation, the phase is shown to be the
holonomy of a connection on an appropriately defined fiber bundle. Three canonical point vortex
configurations in which the phase appears are first discussed. The planar configurations are a
three-vortex (and a canonically similar four-vortex) problem, a vortex in a circle problem, and
a model of a mixing layer flow in which an infinite number of vortices undergo subharmonic
pairing. The phase appears as an O(1) term in the angle variable of a pair of vortices, one
of which could be of zero strength i.e. a passive particle in the flow, at the end of one long
time period of an appropriately defined periodic ‘slow’ motion. The phase term is of the form
0y = f(Tk, C)cos26(0), where f is a function of the vortex strengths I'x and the periodic vortex
orbit C, and 6(0) is the initial condition. With a view to applications, it is then shown that the
length formula for the long time growth of a passive interface in these flows inherits the geo-
metric phase effect and shows the characteristic splitting into a ‘dynamic’ part and a ‘geometric’
part. The geometric part depends on the geometric phase 6, for a particle in the flow and is
given by Ly, = — f:f d(&6,), where £ parametrizes the interface curve joining particles A and
B at t = 0. Finally, the phase calculation for a system of two elliptical vortex patches in the
Melander, Zabusky and Styczek model is presented. The phase appears in the orientation angle
of each elliptical patch and is of the form 6; = f(T'x, A(0)) cos 20(0), where f depends on the
patch strengths I'x and initial aspect ratio A(0) of the patch.

vii
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Chapter 1

Introduction to geometric phases

1.1 History

In 1984, Berry [11] investigated the evolution of a quantum system whose Hamiltonian depends on
external parameters which are varied slowly in a closed loop. The adiabatic theorem in quantum
mechanics [41] states that for (infinitely) slow changes the system wave function, whose evolution
is described by the time-dependent Schrddinger equation is, instantaneously, in an eigenstate of
the Hamiltonian (for the values of the external parameters at that instant). Hence, at the end
of the cycle when the parameters return to their original values the wave function should return
to the eigenstate it started in, except for a possible change in phase. This phase factor was long
thought of as being only a dynamic phase factor describing the time effect of the cycle. However,
Berry showed that this was not the only phase contribution; there also is a geometric part given
by a circuit integral in parameter space and is, thus, independent of the dynamics along the
circuit (provided that it is still slow enough for the adiabatic theorem to hold). This phase factor
is now commonly referred to as Berry’s phase and depends only on the geometry of the closed
loop in parameter space.

Hannay [37] subsequently studied the classical analogue of Berry’s phase, now commonly re-
ferred to as Hannay’s angle, by considering the slow evolution of integrable Hamiltonian systems.
For such systems there exist, in principle, a set of canonical variables called action and angle vari-
ables [27]. The action variables are invariants of the system and in periodic systems represent the
area of the closed trajectory of the system in phase space. The conjugate angle variables evolve
linearly in time at the system frequencies. Hannay studied integrable systems whose Hamiltonian
function depends on certain external parameters. If these parameters do not change in time the
Hamiltonian is time-independent and is a conserved quantity along the solutions of the system.
He then analysed ‘the fate of the angle variables’ in the case when the parameters change slowly
in a closed loop. I[nstantaneously, the system evolves at some frequency that depends on the
parameter values at that instant. Intuitively, therefore, one would expect that the total angle
change at the end of the cycle is just the time integral of the instantaneous evolution over the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



period of the cycle. Hannay showed, however, that this need not be true. There could be an
extra angle change that, like in the quantum case, depends solely on the circuit in parameter
space of the closed loop.

Following this, Berry [12] obtained a semi-classical relationship between his phase and Han-
nay’s angle. Aharonov and Anandan [1] then showed that the geometric phase could be extracted
from the total phase change for any general cyclic evolution, not necessarily adiabatic, of a quan-
tum system. Berry and Hannay [16] investigated the classical analogue and found a similar
geometric phase for a general non-adiabatic cyclic change. Golin and co-workers wrote a series
of papers dealing with different issues related to the Hannay angles in classical Hamiltonian
systems—the existense of Hannay angles for smooth systems with one degree-of-freedom [28],
Hannay angles in the presence of symmetries [32] and measurement of Hannay angles [33] (see
also Golin [29], Golin, Knauf and Marmi {30, 31]).

In a more geometric vein, Simon [90], commenting on Berry’s earlier paper, showed that his
phase can be interpreted as the holonomy associated with a connection on a line bundle over
the parameter space. The adiabatic evolution provides a path (the connection) along which
the wave function’s initial eigenvector is transported. Anandan and Stodolsky [3] showed that
the interpretation can be extended to the holonomy in a vector bundle by considering all the
eigenspaces of the wave function. Marsden, Montgomery and Ratiu [52, 53], Marsden and Ratiu
[565], Montgomery([64] and Golin, Knauf and Marmi [30] develop these concepts further, especially
in the classical case and their extensions to non-integrable systems. They show that averaging
defines a connection which can be related to Ehresmann and Cartan connections on fiber bundles
(20, 94] and that the Hannay angle is the holonomy of this connection. Non-integrable classical
systems have also been examined by Robbins and Berry [78]. Levi [49] examines some simple
rigid body motions which have geometric phases and their relation to parallel transport.

In other work, Montgomery examining the rotation of a free rigid body and the gravitational
three-body problem [66, 67] has shown how exact formulae for angle changes in these problems
can be derived which show the characteristic splitting into a ‘dynamic phase’ and a ‘geometric
phase.” Alber and Marsden [2] have shown how the phase shift formula for soliton interactions can
be interpreted as a geometric phase. R. Newton [71] derived the Berry phase formula associated
with Schrédinger operators with a continuous spectrum and relates it to the well known S matrix
from scattering theory. In a series of papers [85, 95, 84], Shapere and Wilczek have shown how a
geometric phase arises in the context of self-propulsion of micro-organisms at very low Reynolds
number regimes. This point of view is closely related to recent developments of the geometric
phase in the context of control theory, which is discussed in [54]. Finally, Marsden and Scheurle
[56] use the geometric phase idea on mechanical systems with symmetries to show how symmetric
patterns in the phase space of the system can be brought out that would not otherwise be seen
(see also [57]). By now, there are several sources where one can get an overview of the various

interpretations and applications of the geometric phase in various contexts. A history of the phase
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is given by Berry in [15] where he talks about how his phase factor had been ‘anticipated’ in the
works of other scientists-—-in particular that of S. M. Ryotov, V. V. Vladimirskii, S. Pancharatnam,
R. Y. Chiao, A. Tomita and Y. S. Wu in the fields of geometric optics and polarization of light
(see also Berry [14]). The collection of papers reprinted in [86] gives a nice introduction to the
important papers on the subject before 1989, while [102] gives an overview with the focus on

quantum and chemical applications.

1.2 Description

An oft quoted example [12, 37, 53, 55, 28] of a classical system that exhibits a geometric phase is
that of the ‘rotated rotator’ or a particle on a hoop (see Figure 1.1). A bead slides frictionlessly
over a closed non-circular hoop of wire whose plane is perpendicular to the local gravitational
field. The hoop is made to slowly rotate in its plane in an arbitrary fashion. At the end of one
full rotation of the loop the bead is not where it would have been had the loop been stationary,
but differs by an amount that cannot be made arbitrarily small by slower rotations of the hoop.
Moreover, this change can be shown to depend only on the area enclosed by the hoop and its

perimeter i.e. purely geometric quantities.

ref. point

Figure 1.1: A particle sliding frictionlessly around a slowly rotating (horizontal) non-circular
hoop of wire experiences a geometric shift in the distance variable s at the end of one period of

rotation of the hoop.

To show how this phase arises, we give here a brief version of the treatment by Marsden,
Montgomery and Ratiu [55]. Fix a point on the hoop and let the distance of the bead from this
point measured along the perimeter of the loop be s. When the hoop is not rotating,

§=0.
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Now, rotate the hoop slowly around the vertical axis at a rate w(¢) which need not be a constant.

Let g(s) =| q(s) |, then the equation of the bead (in an inertial frame) is:
§ = w?qq'cos(a) — wgsin(a)

(for details see the cited reference), where the prime denotes differentiation with respect to s. If

the initial position and velocity of the bead are sq, sp then integrating the above gives:

s(t) = so + sot + / (t—u) {w?(u)a(s(u))q’ (s(u))eos(als(u)))
~o(u)g(s(w))sin(a(s(w))) } du.

For smallw and w, the bead goes around the hoop many times before there is a significant angular
traverse by the hoop; hence, one can replace the s-dependent quantities by their averages around

the hoop and get the approximate equation:
t 1 L
s(t) = s¢ + sot +/ (t —u) {wz(u)—L-/ q(s)q’ (s)cos(a(s))ds
0 0
1 L
—o(u)= / a(s)sin(a(s))ds } du-
LJy

where L is the perimeter of the hoop. The first integral within the braces vanishes and the
second integral has the value 24 where A is the area enclosed by the hoop. The time integral
can then be integrated by parts from 0 to T, where T is the time needed for the hoop to make
one complete revolution, to give the final result (where we have assumed w(0) = 0):
s(T) = so + 50T — %. (L1)
Recognizing the first two terms on the right hand side as the evolution if the hoop were not
rotating, the third term is identified as the geometric phase for this problem.! Notice that it is
independent of T" and that it depends on purely geometric quantities, the perimeter and the area
enclosed by the hoop.
To understand most simply why the geometric phase, when it arises in the adiabatic limit of
a slow change?® of external parameters, is ‘geometric,’ it is useful to view it in a general way as
follows. Consider the parameter-dependent evolution of some (real) variable g(t, X(et)) of any
dynamical system, where X(¢t) denotes the (real) vector of external parameters. Here ¢ measures
the rate at which the parameters are varied. The change in the variable value at the end of time

!Strictly speaking, the term phase should be reserved for the shift in the Hamiltonian angle variable corre-
sponding to the above shift in s.
2In the limit of an infinitely slow change.
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T = 1/¢ in which one or more of the parameters are varied in a closed loop (X(1) = X(0)) will

be given by :
a(T) [T 3q(t, X(et)) oq(t, X)
/,, " dq(t, X(et)) = /0 et + f % dX. (1.2)

The first integral measures the cumulative effect of ‘local’ changes due to the instantaneous
evolution and is identified as the dynamic phase of the system.? The second integral is over the
closed loop in parameter space. If the integrand is bounded for all time then this integral is
finite. In general, it will be a function of T and hence ¢, and may converge to a non-zero limiting
value as € = 0. To see why the contour integral in parameter space, if it converges, can give rise

to a non-zero limit, we can rewrite it as a time integral i.e.

6quX) dX = / X (et) - -a"—g’—:(i(tf)ﬁdt (1.3)

where X(et) denotes the slow rate at which the parameters are changed. As ¢ — 0, X(d) -0
and T — oco. If 2 t)'cx is bounded for all times then the integrand decreases as the range of
integration becomes larger. There is no reason, a priori, to believe that in the limit of vanishing ¢
the integral is zero. These quantities can approach their limits in such a way as to give a non-zero
result.

The geometric phase is this non-zero limit of the € dependent contour integral. In the adiabatic
limit, the € dependency is removed and the integral becomes a function solely of the closed loop
in parameter space, i.e. a purely geometric quantity. For small ¢, the integral can thus be viewed
as an O(1) term (the geometric phase), plus O(¢€) corrections. Assuming the limit and integration
process can be interchanged, the geometric nature of the phase is evident even more clearly by
replacing the limit of the contour integral in (1.2) with the contour integral of the integrand as
€ — 0. This limit, if it exists, then defines a mapping from the parameter space to the real
line. The geometric phase can then be viewed as the contour integral of a 1-form defined on the
parameter space. If the contour encloses a region of the parameter manifold then the geometric
phase, using Stokes theorem, can also be viewed as the integral of a 2-form defined over the
region enclosed by the contour.

This argument is similar to the one given by Hannay in his paper [37] for integrable, parameter-
dependent Hamiltonian systems. Hannay looked at integrable Hamiltonians of the form H(p, ¢, R)
where R is a vector of external parameters. For a fixed or ‘frozen’ value of the parameters, the
phase space of the (n-dimensional) system is diffeomorphic to the n-torus. In principle, there
then exists a set of canonical coordinates for this torus called action and angle coordinates: I(R)

3We stick to the standard terminology and use ‘phase’ though for the sake of our argument g could be any
(real) variable not necessarily an angle variable.
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and 6(¢, R), respectively, such that the Hamiltonian H(/(R), R) depends only on the actions. If
the parameters are not varied, then the system equations are

0H

I'= -%¢=0
. a
0 YT constant.

If the parameters R(t) are varied, then the actions are, in general, no longer invariant. The

equations of motion are

I = R(t)- 5%—)
; oOH a0
0 = B3I + R(t) - a_R.E-). (1.4)

Note that the first term on the right hand side of (1.4) is the same as %:4 i.e. the instantaneous

frequency due to the ‘frozen’ Hamiltonian. If R(t) is small, then one can make estimates of the
long term behaviour of the solutions of the above system by considering the alternative system
of averaged equations [9, 10, 81]. The solutions to the averaged system closely approximate the
solutions to the exact system. The averaged system is obtained by replacing the g—;, a%,i terms
in the above equations by their averages around the torus of the ‘frozen’ Hamiltonian on which

the system instantaneously lies. Denoting averages by <>, the averaged system is:

I = R@)-< %5 >, (1.5)
. oH . a6
g = a—I+R(t)~< é—m > . (1.6)

As a consequence of the phase space volume conserving property of Hamiltonian systems, the
right hand side of (1.5) vanishes. The angle evolution is given by integrating the right hand side
of (1.6) with respect to time. Denoting the contribution of the first term by Afy and of the

second by Ad,, we have:

T
Ay = %i{dt, (L
0
N =/TR(t)»<—60—>dt—f<i>-dR (1.8)
A A OR(t) - OR(t) ' '

where the circuit integral is over the closed loop in parameter space. Equation (1.7) gives the
familiar dynamic phase. The essence of Hannay’s argument is that there is no reason to expect
the circuit integral in (1.8) to vanish, even in the limit of infinitely slow change. This is the
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geometric phase of the system and, clearly, it depends only on the closed loop in parameter
space.

These arguments while suggesting the existense of a geometric drift term do not provide
insight into the reason for this drift. Further, such arguments cannot be invoked when considering
geometric phases in non-adiabatic processes. It was Simon’s paper [90] that first explained the
geometric phase as the holonomy associated with parallel transport.* The concept of parallel
transport has been known to mathematicians since the development of non-Euclidean geometry.
It refers to the fact that in spaces different from Euclidean, such as the sphere, there is no
concept of ‘global parallelism.’ Tangent vectors at different points lie in different tangent spaces
and there is no canonical way of defining ‘parallelism’ between vectors.® One must be content
with a local concept of parallelism defined with respect to the direction in which the tangent
vector is transported on the sphere. Thus one talks of parallel transport of a tangent vector
along a curve. Intuitively this means transporting the vector along a curve such that its rate
of change as it moves along the curve is zero. This reduces to the conventional idea of parallel
transport when applied to Euclidean space i.e. a vector with constant coordinates as it moves
along the curve. In general this local concept of parallelism does not give rise to a global concept
of parallelism due to an important property of parallel transport: it can be curve dependent. This
is illustrated in Figure 1.2 taken from the book by Schutz [83]. The vectors V' and V" at point
C are both the result of parallel translating vector V at point A but along different curves. They
end up pointing in different directions and there is clearly no unambigous way of defining which
of these vectors is parallel to the initial vector. This property is particularly remarkable when
one considers a closed curve. The parallel transported vector returns to the same point but is
no longer pointing in the same direction, see Figure 1.3 [35]. The rotation of this vector is an
example of the holonomy associated with parallel transport.

Holonomy can therefore be intuitively described as ‘global change without local change.” The
parallel transported vector suffers no local change but yet there is a net change when it returns
to its initial point. The net change depends on the topology of the underlying space and, in
particular, on the closed curve of traverse. It is independent of the rate at which the curve is
traversed. A well-known example of a classical system that exhibits such ‘global change without
local change’ leading to a geometric phase is the Foucault pendulum [74, 14, 15, 93]. Consider
a pendulum set into oscillations in a plane at a point on some latitude of the earth (exciuding
the poles) as in Figure 1.4. Identify the orientation of the plane of oscillations with the (unit)
vector along the line of intersection of the plane with the tangent plane to the earth’s surface
at that point. Neglecting forces due to the earth’s rotation the plane of oscillations is unaltered
in a laboratory frame i.e. there is no local change. The vector is thus parallel transported as

4Simon's work was in the adiabatic setting of Berry's phase.
5This is possible in Euclidean spaces since the space itself can be identified with the tangent space at any point.
The vector can be translated ‘freely’ between two points.
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Figure 1.2: Parallel tansport of a vector along two different great circles on the sphere results in
different results.

Figure 1.3: The result of parallel transport around a closed curve. The vector has rotated with
respect to its initial direction.
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the earth rotates. After one complete rotation of the earth, it points in a different direction i.e.
there is a shift in the orientation of the oscillating plane. This shift is approximately equal to the
rotation of an orthonormal frame when parallel translated along the latitude once around and is

given by 2xsin(8), where S is the degree of the latitude.®

Y
A

XYZ
Inertial frame \""T N
e = =] T — 0
Latitude
X
Z

Figure 1.4: The Foucault pendulum: A pendulum at a point O on the earth’s surface oscillating
in the plane described by ONT. The direction OT is in the tangent plane at O and ON is normal
to it. At the end of one rotation of the earth about the Y-axis the plane of the pendulum would
have rotated by an amount that depends only on the latitude of O.

The geometric phase of Berry and Hannay measures this holonomy in the dynamical systems
in which they occur. To understand this one must generalize the above simple picture of parallel
transport of a vector using ideas from differential geometry. Since the ideas involved form a
vast mathematical subject of their own, we do not go into details here but attempt to present
only a heuristic explanation which may convey some intuitive understanding. Holonomy in the
general case is defined for the parallel transport of a ‘fiber’ over a base ‘manifold.” A ‘manifold’
is a mathematical generalization of our intuitive concept of a surface or a space. It includes the
familiar examples of Euclidean space, sphere, torus etc. and many more not obviously fitting
into our notions of a surface or a space (such as, for example, the set of lines in R3 passing
through the origin). The ‘fiber’ can be any set--for our purposes we view it as another abstract
manifold. For defining parallel transport in such a general context, one looks at the manifold
obtained by ‘sticking’ a fiber at each point of the base manifold-in other words, ‘a fiber bundle,’
as depicted in Figure 1.5. For example, in the parameter dependent Hamiltonians considered by

8For a nice expository article and simple derivation of this result see Oprea[74].
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Hannay, the base manifold is the parameter space, P, and the fiber at each point is the system
phase space/configuration space for that value of the parameter, Mp(p € P). In Berry’s context,
the base space is again the parameter space and the fiber at each point is the eigenstate of the
quanturn Hamiltonian for that value of the parameter. A fiber bundle, E, is typically identified
with the projection mapping 7 : E — B, where B is the base. The fiber at a point b € B is
denoted by F,. A fiber bundle is locally like a product manifold.” This means that any point
e € E can be represented as the pair (f, b) where m(e) = b and f € Fy. The tangent space of the
bundle at any point can thus be viewed as the product space of the tangent space of the fiber at
that point and the tangent space of the base point. In mathematical notation, T.E = Ty Fy, x T3 B,

where b = w(e).

F): fiber at b

Dynamic

phase %

Holonomy =
Geometric
phase

Figure 1.5: A conceptual illustration of a connection and holonomy in a fiber bundle. For
explanation, see text.

To define parallel transport on a fiber bundle one defines a connection or a way of connecting
different fibers. A connection specifies a vector subspace H., called the horizontal space, of the
tangent space T, E at each point e of the bundle such that T.E = H. & V.. V., called the vertical
space, denotes the vector subspace of T.E which contains all vectors tangent to the fiber at
that point. Defining the connection thus implies that at each point every vector in the tangent

7A fiber bundle that is globally like a product manifold is called a trivial bundle. Thus in Hannay's case if the
system phase space/configuration space is independent of the parameter value then the fiber bundle is trivial and

is simply the product manifold P x M.

10
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space of the bundle can be uniquely expressed as the sum of a horizontal vector and a vertical
vector. The definition of this distribution of horizontal subspaces determines a way of connecting
neighbouring fibers. With any vector n in the tangent space at a point b in the base we can
associate a horizontal vector field on F},. Every element of this field is a horizontal vector. This
vector field is called the horizontal lift of . Now consider any curve C on the base, in particular
a closed curve, as shown in Figure 1.5. A smooth distribution of horizontal lifts of the tangent
vectors to C gives a collection of smooth curves on the bundle all starting from F,. Each smooth
curve is called a horizontal lift of C. For C closed a horizontal lift of C starts and ends on F,
but with a possible shift of the final point with respect to the initial point. Conversely, a given
smooth curve on the bundle whose tangent vectors are horizontal at every point and which starts
and ends on the same fiber can be viewed as the horizontal lift of a closed curve on the base. The
collection of horizontal lifts of C defines a mapping of the fiber onto itself. This defines parallel
translation of the fiber around a closed curve on the base. The shift in the points of the fiber
under this mapping is the holonomy associated with the parallel transport. Note that this shift
is independent of the parametrization of the loop i.e. the rate at which the loop is traversed.

Returning to the context of Berry and Hannay, we now try to understand how their phases
can be interpreted in terms of the above holonomy. Any point on the fiber bundle represents
their parameter dependent dynamical system at some instant. As time evolves this point traces
out a curve D(t) on the bundle, as shown in Figure 1.5, representing the system evolution as
the parameters are slowly varied. The tangent vector to this curve at any point represents the
rate of evolution of the system. If there is a connection defined on the bundle, then one can
split this vector at each point into its horizontal and vertical components (H and V respectively
in Figure 1.5). The vertical component, since it is along the fiber, represents the rate at which
the system is evolving instantaneously. The path traced by the horizontal vectors with time is
the horizontal lift of the closed loop on the base space i.e. the parameter space. This defines
parallel translation of the fiber which is the phase space or the eigenstate in this context. Note
that the system evolution curve is different from the horizontal lift curve due to the presence of
the vertical vectors at each point. At the end of the closed loop, the system curve returns to
the same fiber and the shift in the fiber coordinates & between the initial and end points is the
sum of two parts. The first part is the shift due to the vertical components alone and is the
dynamic phase. The second part is the shift due to parallel translation and is the holonomy or
the geometric phase.®

What defines the connection on the bundle? The adiabatic evolution of the parameters. This
corresponds to our intuitive understanding of parallel transport since in an adiabatic evolution of
the parameters one expects the infinitely slow variation of the parameters at any instant to have

8The angle variables in Hannay's context and the phase of the wave function in Berry's context.
®Note that the first part does depend on the magnitude of the tangent vector and hence on the parametrization
of the curve, i.e. the rate of evolution of the system, unlike the second part.
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no effect on the system dynamics. In other words, such an evolution implies no local change.
The dynamical system is thus parallel transported by the adiabatic evolution and the geometric
phase is the holonomy due to this parallel transport. From the fiber bundle construction it is
obvious that the phase is independent of the slow rate at which the parameters are varied and is
a function of the closed curve on the parameter manifold and the manifold’s topology.

This differential geometric viewpoint as mentioned before, allows us to understand the ge-
ometric phase in non-adiabatic processes as well, where in general there is no slow time scale.
Many of these phases can be described as changes in the configuration of a system brought about
by manipulation of internal variables. Thus Shapere and Wilczek’s micro-organism [85, 95, 84]
achieves locomotion by a continuous deformation of its body shape. The system of hinged rods
in Figure 1.6 [55] considered by [46, 98]'° achieves a net rotation of by a sequence of rotations
at each hinge. Another simple example is shown in Figure 1.7 [54]. At the end of the arm
movement cycle the arm has rotated by manipulation of the shoulder joint. In the problem of
the motion of three point masses first considered by Guichardet [36] and then later by Iwai [39]
and Montgomery [67, 65] the triangle defined by the three points undergoes a rigid body rotation
about its center of mass at the end of a cycle in which the triangle returns to its original shape.

To understand the phase in terms of holonomy in these problems, one looks at the configura-
tion manifold of the system. Since the phase usually manifests itself as a rotation or translation
(or both) of the configuration, one constructs the fiber bundle by ‘factoring’ the above mani-
fold by the Lie group!! of these motions. The quotient manifold (or the ‘reduced’ manifold) is
then viewed as the base manifold of the bundle and is usually called the shape space. This is
the space of all possible shapes the system could take during a given dynamical evolution. All
configurations of the system that have the same shape but differ from each other only by a rigid
body rotation or/and translation are represented by the same point in the shape space. A closed
loop in the base space thus represents a cycle in which the configuration returns to its original
shape but could be rotated or translated. The fibers are the Lie groups and such a bundle is
termed a principal fiber bundle. Parallel translation in such problems is usually determined by
some dynamical constraint, such as the conservation of angular momentum in the motion of three
point masses. The connection is defined by a splitting of the tangent space at each point that is
orthogonal in the kinectic energy metric (inner product) on the bundle. Physically the horizon-
tal subspaces correspond to (total) zero angular momentum motions of the three bodies [36, 65].
The vertical directions (which are the group directions) correspond to instantaneous rigid body
rotations of the triangle. In other words, the connection implies that at every instant the three
body motion can be decoupled into a rigid body rotation with a rotation rate corresponding to
the constant initial angular momentum of the configuration and a ‘rearranging’ motion of zero
angular momentum. The shift in the coordinates of the fiber at the end of the closed loop is thus

10For more references please see [55).
11 Also a manifold.

12
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Figure 1.6: The system of hinged rods achieves an overall rotation by a manipulation of its
internal hinge angles.

P

Figure 1.7: An overall rotation in the configuration of the arm without performing a local rotation
is achieved by the above sequence.

13
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a rotation angle composed of two parts: the dynamic phase due to the instantaneous rotations
and the geometric phase which is the holonomy due to parallel transport. Note again that this
result is an example of ‘global change without local change.” Indeed, Guichardet’s paper sought
to answer the following question posed about molecular motions: can rotational motions be sep-
arated from vibrational motions ? In the above point mass model where the horizontal directions
represent vibrational motions, we see that it cannot. For a thorough mathematical treatment of
geometric phases in both adiabatic and non-adiabatic processes and their relation to reduction

theory we refer the reader to Marsden, Montgomery and Ratiu [53].

1.3 Techniques

In most systems of mathematical and engineering interest, the variable ¢ with the geometric
phase shift typically represents the unknown integral curve of some dynamical system. The
problem then is to extract the phase in such systems without knowing exact solutions, or even
the action-angle form. The use of elementary techniques as in the particle-in-a-hoop problem is
exceptional. The fiber bundle construction yields a set of nonlinear ordinary differential equations
for the parallel transport provided a connection can be defined. Integration of these equations
will then yield the geometric phase, but obtaining an explicit expression is in general not feasible.
In the adiabatic problems, the slow evolution of the parameters introduces a second timescale
in the problem. This feature can be exploited to directly calculate the phase by traditional
perturbation techniques without resorting to the fiber bundle formalism. For example, in the
Hamiltonian systems of the type considered by Hannay, the method of averaging in principle
yields the phase. However, as is clear from (1.8) the particular method used by Hannay and
Berry (37, 12] requires knowledge of the dependence of the canonical coordinates on the external
parameters. In particular one needs to know the partial derivative vector in (1.8) which is the
quantity averaged to obtain the integrand. This may not be known a priori for most systems. In
the absence of such information, it seems natural to ask whether one can calculate the geometric
phase by constructing an asymptotic series solution in ¢ for the differential equations governing
g. Such a solution would also give information on the ¢ dependency of the total phase. We may
mention that asymptotic series solutions have been considered before by Bhattacharjee and Sen
[17]. Berry [13] himself has suggested an iterative scheme for calculating the phase, although his
procedure is not an asymptotic one.

To construct such a solution, one could use either the method of averaging in its more general
form [81] or use the multi-scale technique [42]. In this paper we develop the latter owing to the
relative computational ease of calculating the higher order terms in the series. In this technique,

one introduces an independent slow time variable = = ¢t on which the parameters X(7) vary. We

14
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then view the variable ¢(¢, 7) as a function of these two independent time variables. The formula

for the total phase change then reads:

q(T) T=1/¢
/ dq(t,7) = / a"gt") dt + / a"(‘ 7 . ar, (1.9)
q(0) 0

where the second integral on the right hand side is the same as the contour integral in (1.2).
The geometric phase, if it exists, should arise from this integral. The multi-scale technique gives
asymptotic series representations for ¢(t, ) and the second integral in the following forms:

q(t,7) = qo(t,7) +eq(t, 7) + 2qa(t, T) + ...,
9 . _ ['9¢w /Ia_ql_
/ dr = [ Gdrae [ lart (1.10)

The O(1) terms in series (1.10) are then identified as the geometric phase terms.

15
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Chapter 2

Asymptotic construction of the geometric phase

In this chapter we give a general formulation for the calculations to be carried out for obtaining the
phase in an adiabatic setting in three canonical point vortex configurations. In §2.1 we describe
the basic set-up and highlight the main results for the three canonical configurations to be treated.
Since the form of the equations are similar for each configuration, we describe the general form
of the equations in §2.2 and show how the multi-scale method leads to the identification of the
geometric phase term. §2.3, §2.4, and §2.5 contain the details of the calculations for each of the
three canonical configurations that we analyse. The problem described in §2.3 appears to be the
simplest point vortex configuration giving rise to a non-trivial phase factor. The configuration
analysed in §2.4 shows that a geometric phase can be induced by a solid boundary in the flow.
The corresponding problem, without boundaries achieved by using image vortices is related to the
three vortex problem discussed in §2.3, although cannot be directly derived from it as a special
case. The shear layer model described in §2.5 is the most complex of the three configurations.
It is related to the first as well and can be thought of as a restricted three vortex problem in a

periodic strip. The geometric interpretation of the phases is given in the next chapter.

2.1 Modus operandi

In this section, we formulate our approach to identifying and computing the ‘geometric’ or
‘Hannay-Berry’ phase in three problems in planar, incompressible, inviscid fluid flows involv-
ing point vortices. In each of our problems, we track the position of a ‘phase object’ which for
our purposes could be a fluid particle, a passive tracer particle or a point vortex of arbitrary
strength. Typically, we are interested in the limiting case where the phase object is close to
another point vortex, which we refer to as the ‘parent vortex.” The phase object moves under
the influence of the parent vortex as well as from the influence of an additional vortex or vortices
placed further away, which we refer to as the ‘farfield vortices.” Since it is nearby, the parent vor-
tex causes rapid revolution of the phase object with a time period that we denote T,. It is clear
since the velocity field of a planar point vortex scales like 1/r that T, ~ r2(0), where r(0) denotes

16
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the initial distance between the phase object and its parent vortex. The additional dynamics
due to the farfield vortices are such that they induce a periodic motion of the vortices, so that
we can define a longer period Tt ~ D?(0) >> T,, where D(0) is the initial distance between the
farfield vortex and the parent vortex. We thus have a natural small parameter at our disposal,
which we define as 2 = T, /T; ~ r?(0)/D?(0). We then non-dimensionalize the problem so that
T, = O(1), hence T; = O(1/€?). The time varying periodic coefficients that appear (due to the
periodic vortex motion) in the equations of motion of the phase object can then be viewed as
varying on the slow timescale 7 ~ ¢t and we have an adiabatic process as € — 0.

The angle change (relative to the parent vortex) of the phase object is then computed at the
end of time T;. In the adiabatic limit, this angle change is shown to split naturally into two parts:
a ‘fast’ part and a ‘slow’ part. The fast part, which comes from the dynamic phase, is what would
be present if the phase object rotated only around the parent vortex, with no farfield vorticity
present. We call this the ‘¢ = 0,” or ‘unperturbed’ problem. The slow part is the geometric
phase 8;. As described in Chapter 1, 6, arises from the limiting adiabatic procedure ¢ — 0 in
the following way.

We view the contribution 6, as arising from the product of two terms: 8, = §6 - N. The first
term, 44, is defined as the angle difference between the unperturbed and perturbed phase object
at any given fixed time t* (see Figure 2.5), hence:

80 = 6(t") - 6o(t").

Since the perturbed and unperturbed equations approach each other smoothly as ¢ = 0, we know
that 66 — 0 as ¢ — 0. In all point vortex problems, scaling requires that ¢ ~ C;e2. The second
term, N, is defined to be the number of complete orbits of the phase object during one complete
cycle of the farfield vortices. Since the phase object has period T; and the farfield vortices have

period T;, we have:
N ~ T[T, ~ Ca/é.
The geometric phase contribution then becomes:
8y = 66 - N = (C1€%) - (Ca/€?) = C,C2 ~ O(1).

It arises from the limiting procedure ¢ — 0 as the balance between one term going to zero, the
other to infinity. Notice that in this interpretation the limiting procedure ¢ — 0 is distinct from
the limit ¢ = 0. Such an asymptotic balance is achieved in all of the vortex problems we treat.

We now introduce the three problems.

17
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Problem 1: Three point vortices in the plane.
This is the simplest vortex configuration in which a geometric phase occurs and is shown in

Figure 2.1. All the point vortex strengths are of the same sign, but can be of arbitrary magnitude
(T, T2, I'3). Without loss of generality, we take I'; as the parent vortex,! T'» as the phase object,
and I'z as the farfield vortex. Our result for the geometric phase induced on the phase object

(T2) is:

I3

= m -2m - cos(26;),

2

where 8; is the initial condition for the phase object.

Figure 2.1: Three point vortices (filled circles) of positive strengths in an unbounded plane. The
geometric phase is calculated for the variable 6.

Problem 1la: Four point vortices in the plane.

As an extension of Problem 1 we place another vortex ['4(> 0) in the vicinity of I's. This
leads to two phase object-parent vortex pairs, Iy, ['; (with angle 6) and [3, T4 (with angle v),
respectively, as shown in Figure 2.2. Each pair also acts as farfield vortices for the other pair.

Our result for the geometric phase induced in each pair is:

g — '3+ Ty

T I+ +T5+1y
= | R

9T Ty +T2+T3+Ty

- 21 - cos(26;),

- 21 - cos(2v5).

!Here and elsewhere we refer to vortices by their strengths. We assume paositive strengths everywhere. The
effect of changing the sign of the strengths in each problem is to merely change the sign of the geometric phase.
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Figure 2.2: Four point vortices (filled circles) of positive strengths in an unbounded plane. The
geometric phase is calculated for the variables § and v. The Xs mark the centers of vorticity of

each pair respectively.

Problem 2: A point vortex and particle in a circle.

In this problem, we show that a geometric phase contribution arises as a result of a boundary
effect. Here, the phase object is a passive particle orbiting the parent vortex I' as shown in Figure
2.3. The parent vortex in any eccentric position moves in a closed circular path with radius R;
and with constant frequency. The farfield vorticity is due to the circular boundary of radius
R> > R;. Equivalently, we can think of the farfield vortex as an image vortex —I' placed at its
image point R3/R, outside the circle {99, 100]. The geometric phase contribution on the phase
object is:

Pl

—————-———-—(Rz/Rl)z — - cos(26;).

6y =
Note it is independent of the vortex strength.

Problem 3: Pairing in an infinite row of point vortices.

Here, we show that a geometric phase contribution arises during the ‘vortex pairing’ stage
of nonlinear shear layer evolution in a simple two dimensional model for the process thought to
be fundamental for the generation of small scale motion and enhanced mixing in a wide range
of more complicated real flows [96, 21]. In the model, an infinite row of evenly spaced, equal
strength vortices is given a subharmonic perturbation so that neighboring vortices pair up and
undergo periodic motion as shown in Figure 2.4. The phase object is a tracer particle near
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Figure 2.3: A point vortex (filled circle) and a fluid particle (unfilled circle) in a circular domain.
Orbit of the vortex is shown by the dashed circle. The cartesian frame X-Y is centered at the
center of the circular domain.

Y
A

>
>
e S

Figure 2.4: The positions of the vortices (filled circles) immediately after the subharmonic pertur-
bations (of magnitude D and direction shown by arrows along X-axis). The subsequent motion
of the vortices is shown in the central window. This motion is identical in every other window.
The windows are divided by the vertical dashed lines which mark the initial positions of the
vortices (here, a = 1).
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any parent vortex, while the farfield flow is due to the infinite number of other point vortices

periodically spaced. Qur result for this configuration is:

2k
8, = (T+6) - K - cos(26;).
Here K is the complete Jacobi elliptic integral of the first kind with modulus & [19] arising from

the exact solution of the closed vortex orbit.

2.2 Asymptotic procedure.

The three problems we treat, when prepared appropriately, all have the same general form. In
this section we outline our asymptotic procedure, based on multi-scale theory [42], for computing
the geometric phase ;.

Let (r,8) denote the non-dimensional polar coordinates of the phase object with respect to

the parent vortex. The form of the general equations of motion we encounter are:

%tﬁ = €2 f(r,0, D(e%), 6(e%t),¢€) (2.1)
% = ,%+e29 (r.8, D(t), $(€%t),€) . (2:2)

Here, ¢ is a small dimensionless parameter, f and g are the components of the vector field due to
the farfield vortices, and D and @, defined appropriately in each problem, are non-dimensional
polar variables representing the periodic vortex motion. These variables provide the periodic time
varying coefficients in the above equations, with the angle variable ¢ occuring in the argument

of some periodic function:

D(Ti) - D(0) = O,
¢(Ti) —¢(0) = 2=

Notice that in the limit ¢ = 0, the equations reduce to those governing a passive particle around
an isolated point vortex in an unbounded plane.

Since T; = O(1/€?), there exists a slow timescale T = €t in the superimposed field. By the
usual multi-scale ‘ansatz’, the two timescales (,7) are viewed as independent variables. The

ordinary differential equations then split into partial differential equations as 3"; — g’} + 625"’;:

or 00 -

S+ = e1(n0,D.d.e), (23)
60 230 - Q 2 — Y

§+€3; - ;?-{-cg(r,e,D,tﬁ,e), (2'4)
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where the ~ overhead denotes dependency on the slow time alone.2 In order to calculate the
geometric phase for such a system, therfore, we seek a two time scale series solution asymptotic

in € for given initial conditions r(0) = 1 and 6(0) = 6;. Thus,

r(t,7) = ro(t, ) +er(t, T)+ (L T) + ..,
o(t,7) = 90(!, )+ Egl(t, 1’) + Ezag(t, ‘J’) + ...,

with ro(0) = 1, 8o(0) = 6; and r;(0) = 6;(0) =0 for j = 1,2, .... Substituting in (2.3) and (2.4),
we Taylor expand the functions f, g and 1/r? about € = 0, assuming they possess e—derivatives

of all orders in a neighborhood of that point. Thus, for example,

- - _ df e d2f
1008 =nre(F) +57 ()

where fo = f (ro,og,f),q-S,O) and

(). = (). G+ (G7)
I e=0 B I e=0 Or de e=0 * 90 de e=0 ,
af of af
(b?) e=0 T <5:> e=0 * 01 (5;) €e=0 ’

and the higher derivatives in the Taylor expansion are similarly computed. Note that at ¢ = 0,
r =rg and § = §;. Equating like powers of € gives a pair of first order PDEs at every order and
these are solved sequentially from O(1). The solutions contain arbitrary functions of slow time
which are determined uniquely by identifying terms that can cause growth on the fast time at
higher orders and eliminating them i.e. imposing the so-called ‘solvability conditions.’

Consider the first three orders in e:

om:%tﬂ = 0
% _ 2
a - R

o@: 5L = o,
08, _ 207
aa - TR

. 8 dF,

0(): 22 = ~=2+f,
602 _ 300 Q 37‘% 21‘2
% = o tmlg ) te

2This notation is used throughout the thesis.
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Solving the O(1) equation gives:

ro = 1.'0(1’) f‘Q(O) = 1,

b0 = 0 + 0s = Qt/F2 + fo(7),

where 6, (0) = 6;, with 0 < 6; < 27. Notice:

1. At leading order there is a decompostion of the angle variable into a fast term ¢ = Qt/73,

and a slow term 85 = g(r).

2. It turns out, as will be shown below, that 7o = const, and hence the fast term fp is the
exact angle variable evolution in the ¢ = 0 problem i.e.where the phase object moves about
an isolated point vortex with no external slow field. Evaluated at the end of period 7; this
gives, as noted earlier, the contribution of the dynamic phase at this order to the angle

change.

3. The slow term s = fo(r) evaluated at the end of period 7T; gives rise to the geometric phase,
f4. It is not present in the ¢ = 0 problem. Our goal is to evaluate 50(7) by computing its
solvability condition at higher order. We call the equation for g the ‘slow phase’ equation.

Proceeding to next order, we have:

0(6) ry = ;I(T),
#(0) = 0,
a9 .
Wl = =207 /f.

In order that #; remain bounded on the fast timescale, we impose the solvability condition:
71 = 0. This then gives: 8, = 6;(r) with 6, (0) = 0. Then at O(2) we get:

arg - df'o

at - - dr +f01

302 _ __660 + _ 291‘2
o ar 90 s

Assuming that the terms f; and g¢ do not lead to secular growth (which we will verify in our
examples), the solvability condition for 7y is: %"- =0 = 7o(7) = 7¢(0) = 1 and, therefore we can

solve for ro and 6,:

ro = /fodt +I~‘2(T), 7.'2(0) = —/fodi|:=o,
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and 82 = [ (g0 — 2Q [ fodt) dt+62(7). The functions f and go now read fo = f(1,Qt+60, D, $,0)
and go = g(1,%t + o, D, #,0). The solvability condition for fy then gives the ‘slow phase’

equation:

which is fundamental in deriving our formula for the Hannay-Berry phase. Notice at this stage:

1. To solve the phase equation for fy, we need to derive the governing equation for 72 by
imposing the solvability condition at O(e?). Therefore to derive the ‘slow phase’ system
for (50, 72) we need to go to O(e*). This also shows that the leading order phase implicitly
depends on higher order amplitude contributions.

2. In all of the examples we treat, it turns out that the equation governing 7, is:

dra

dr

=0 = fa(r) = 72(0) =~ [ fodteco

3. With the above assumptions, the solution for the slow phase is:
05 =lo(r) = 207 [ fodtymg + 6, (2.5)

= 2Q€2t(/ fodt[tzo) + 6;.

We now have the solutions (r,8) through O(e?):
r(t,7) = Ll+ert,7)+..., (2.6)

6(t, ) = Qu+2Qr / fodty—o +6; + €6, () + 62(t, 7) + ..., (2.7)

where ra(t, 7) and 62(t, 7) are as derived earlier.
The Hannay-Berry phase can now be calculated by forming the asymptotic series represen-
tation of the integral (1.10) using (2.7). It takes the form:

b 86 ;.
A b—TdT —A 3_1:(Qt +2Q‘l'/fodt[t=o +0,) -dr

B d6 B8
+e/ —1-d1’+62/ %-dr{»-...,
o dr o Ot
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where we have assumed the long period 7; = 3/€2. In the limit ¢ — O only the first term of
the series remains. Due to the decomposition of fp into a fast term and a slow term, we get the

Hannay-Berry phase as:

by = 298 / fodt)e=, (2.8)
P dfs
= A Tr-d‘r. (29)

This is the general formula for the Hannay-Berry phase. An important observation to make
about the final formula for 8, is that it does not depend on the function g in equation (2.2).

2.3 A three-vortex problem

In this problem there are 3 point vortices of the same sign in an unbounded plane,3 two of them
close to each other (I'; and I';) and the third (['3) farther away as shown in Figure 2.1. We
analyse the angle holonomy for '» (the phase object) as it moves primarily under the influence
of the field of I'; (the parent vortex), with I'3 (the farfield vortex) providing the superimposed
field.

The equations governing the point vortex motion can be compactly written in complex form
as [6, 5]:

3
i =(2mi)™' ) Tpa(za —28) 7",
B=1

where zo = 24 + iya, @ = 1,2,3 and z,, Yo are the Cartesian coordinates of the vortices. These

equations can be written in real form as:

. aH
r = 2.10
ala e ( )
. oH
Faya = ~ oz’ (2.11)
[+ 4
with Hamiltonian # = — % ZfL g Fal'glog|za — zg|. For more on point vortex motions refer to

[72, 7, 101, 43].

For calculating the phase, we use intervortex distances and angles as the vortex variables as
shown in Figure 6. r and D denote the distances of I'a and I'; from I';, respectively, and 6 and
¢ denote the angles the lines joining I'> and I's to Iy, respectively, make with the horizontal
axis. The angles are measured clockwise from the negative z-axis and clockwise circulations

3We consider like-signed vortices to prevent the possibility of unbounded motion, see [92].
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are assumed to have positive signs.* This change of variables from the Cartesian coordinates of

the original three degree-of-freedom Hamiltonian system (equations (2.10) and (2.11)) is of the

form:®

y2 — 1 = rsin(f), z2 —zy = —fcos(d),
ys —y1 = Dsin(¢), z3 —z; = ~Dcos(¢),

Ys — y2 = Dsin(¢) — #sin(d), z3 —z2 = —Dcos(¢) + cos(d).

The resulting equations are then non-dimensionalised as follows:

7 D
= 5 D= =y

TR D;
Here, R; and D; are the initial distances of 2 and I3, respectively, from ;. w is taken as being
proportional to the frequency of I'; and I'» orbiting each other in the absence of I'; i.e. to 1/R2.

t =wit.

The ratio of the initial distances is the perturbation parameter:

The system of non-dimensional equations for r,8, D, ¢ is :

dr —asze€ 1

ar _ g -1, 2.12

@ = 270 %~ )[ 27 cos(¢ — 0) + ] (2:12)
dé ap + a2z a3 1
@ 8) [1- :
dt = 22 ' 2arD °°s(¢ ) [ 1- %L cos(¢ — 0) + ""} (213)

+ aze? 1
2xD? ] — 2er <5-cos{¢ — 6) + 5 e l’

4D - 2 i - 0) [1 - — DT ] , (2.14)

dt 2rr 2er COS(¢ 0) + erd
d¢ ( + ) " 2 2
a; +ag)e”
- = /] D5
dt 2w D? + 2 D cos(¢ — 6) [ 1 - 2 cos(¢ — 0) + E"’]
2
Qg€ 1
toxD? [ 2L cos(¢ — 6) + ‘2"2] ’ (213)

4 We follow these conventions in all the problems in this chapter.
SHats denote dimensional variables that will be non-dimensionalized. This notation is followed throughout the
thesis. The hats are not marked in the figures.
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with initial conditions r(0) = 1,6(0) = 6;, D(0) = 1,6(0) = 0 and where ax = ['x/(R}w) are the

non-dimensionalised vortex strengths.

- — ——— o —— —— — ——-  — o—— o —

Figure 2.5: A schematic sketch showing the effect of the flow field of I's on the motion of I';
and T';. In the absence of '3, the constant frequency-constant separation motion of I'» and I'y
(about their center of vorticity) is shown by the dashed circles. The presence of I's distorts these
circular orbits in the manner shown (relative to the perturbed center of vorticity of the pair).
This causes an angular perturbation of 6 per time period of the unperturbed motion. These
perturbations accumulate over I's’s time period to give the geometric phase.

We make here several remarks about this system of equations:

1. The equations for (D, ¢) are coupled to those for (r, §). In the general formulation described
in §2.2, we have made the simplifying assumption that (D, ¢) are known and thus show
up as coefficients in the (r,d) equations. Here, we derive their evolution in time in an

asymptotic form simultaneously from the above equations along with r and .

2. For ¢ = 0, the equations reduce to a system in which the farfield vortex is infinitely far

away and the two vortices I'; and I'; rotate around their center of vorticity.

3. When 0 < € << 1, the farfield vortex I'; is almost equidistant from the other two. The
motion of I'; and [’ can be thought of as a small perturbation of the ¢ = 0 problem,
see Figure 2.5. As discussed later, the motion of '3 approaches the motion it would have

if it were co-orbiting a vortex of strength I'; + I'.

4. We define a (dimensional) time period as the time taken by 'z for an angular change of
27 in ¢. As a consequence of the previous remark, it is easy to see that for small € this
time period varies as gz. Hence, the nondimensionalised time period T is O(%) and we

1 3
can assume the slow time scale 7 = €%t
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5. Note that with a» = 0 the last two equations decouple from the rest, D is a constant and ¢
varies linearly with T. This solution gives the familiar result of two point vortices rotating
uniformly about a common (fixed) point. The first two equations then represent the motion
of a fluid particle in such a flow (a ‘restricted’ three-vortex problem) and are of the form
represented by (2.1) and (2.2).

Using the multi-scale ‘ansatz,” we get a system of four PDEs (with the above initial conditions)

and we seek an asymptotic series solution to this system in powers of e:

r= E;ioejrj(tv 7),

0 = z;‘“;ofjgj (t, T),
D= E;ioijj(t, 7),

=TR,€el0;(t, 1),
where:
1‘0(0) = 1,00(0) = ag,Do(O) = 1,¢u(0) = 0,

and r;(0) = 0,6;(0) =0, D;(0) = 0,¢;(0) = 0 for all other ;.
Following the method outlined in §2.2 we arrive at the solutions until O(€>) as listed below:

rn = 17
_ (eatar),
b = e t+6o(7),
Dy = 1,
bo = (01+;2+03)T7
™
rn = 0,
01 = 0.1(?),
Dy = —2—cos(¢o—bo) + Du()
YT oaita SiPoTro e
Qs . ry
6 = -al+agsm(¢o—ﬂo)+¢1(f),
- 3 - o
o= 2(a1+02)cos[2(¢‘0 bo)] + Fa(7),
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as

9, = P sin[2(¢g — Bo)] + 82(7),

D, = —(0—1%2—)(4;1 — 1) sin(¢o — 6o)
‘[2_(2;0_:__(12)]2 cos(2(¢o — fo)) + Da(7),
_ Qa2 -_,Sill(?(tﬁo o 00)) Q2 ~ . _

2 = [(a!1 n az)] 3 + ot od) D, sin(éq — o)
—‘(?‘:_2&—2)(‘;1 — 61) cos(dg — 6o) + H2(7).-

The solution for 8 displays the characteristic decomposition into a fast term and a slow term.
The slow phase equation for 50(r)(5 fs) comes from imposing the solvability condition in the 62
equation. Thus,

60(0) = 6.

-

da-o (a1 +a2) .
a - T =
The solutions listed above give all the information necessary® to solve for #2(7) by imposing the
solvability condition in the O(e*) equation in r. Before doing that however we make the following
important point.

The leading order terms of D and ¢ do not depend on the fast time. It is clear looking at
Dg and ¢¢ that I'3, to leading order, moves as if co-orbiting a vortex of strength ') + [». It
is only this circular motion of the farfield vortex that is relevant to the geometric phase. As is
shown below the phase is determined by the time period of this 2-vortex motion. The higher
order terms in D and ¢ (which do depend on the fast time) do not play a role. Indeed, if
one were to solve (2.12) and (2.13) with D = Dy, ¢ = ¢ for the time period of this 2-vortex
motion then one would get the same solutions for r;,8; (i=0,1,2) leading to the same value for
the geometric phase. Making the further observation that (2.12) and (2.13) represent, in such a
case, the nondimensional equations of motion for a fluid particle in the flow field of two vortices
of strengths I'; + I'> and I'3 leads us to the following:

Proposition 1: The geometric phase in this 3-vorter problem is the same as the geometric
phase in a ‘restricted’ 3-vortex problem obtained by replacing I'; with T'y + T and > with a fluid
particle/passive tracer particle.

Proceeding with the computations, the equation we finally get for Fa(7) is:

dr, -

F = 0, 1'2(0)_

__—2(011 + o) cos(26;).

$Note that the explicit form of the other slow functions, for ex. §;, é; etc., need not be known.
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Hence, the slow phase for this problem is:

azT

0o = FCOS(?E,‘) +6;. (2.16)

o
lll

Next, we estimate the long time period T as defined in remark 4. Since this is not known
exactly, we derive it as an asymptotic series using the asymptotic series solution for ¢ obtained
from the above analysis. We are interested in only the leading term? for T. Hence, assuming
T ~ To/€® (To is a constant) we do a leading order balance in the equation 27 = ¢o(Tu/€?) +
€61(To/€?) + .... This gives:

47
(a1 + a2 + az)e?’

which is the time period of the 2-vortex motion mentioned above. The Hannay-Berry phase is
then obtained from (2.9). Thus,

dfs I's
= —dr = (m—m=———— .
g / Fl TT. 515 )27 cos(26;). (2.17)

We can consider some special cases of the above formula:
Case (i):

If '3 = 0 then there exists only one time scale in the problem, there is no slowly varying

background flow and hence, there is no geometric phase.
Case (ii):
If ['; = I'2 = '3 then one gets the phase for vortex 2 as

6y = 2—3"- cos 26;.

Case (iii):
If ['2 = 0 then one gets the phase for a fluid particle in the flow field of I';y and 'z as

0y = F l,3271'cos20 (2.18)

The special case where I's = I'; was analysed by Newton [69].

7Higher order terms in T do not contribute to the phase.
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2.3.1 A four-vortex problem

The three-vortex configuration can be extended to a four-vortex configuration by placing a fourth
vortex [4(> 0) in the vicinity of '3 as shown in Figure 2.2. There are now two phase object-
parent vortex pairs with each pair playing the role of farfield vortices for the other pair. When
these two pairs are well separated we expect their slow motion to approach that of two vortices
of strengths I'y +I'» and I'3 + I'4 respectively. We therefore have an asymptotically defined closed
orbit as in the three-vortex problem and we try to see if each pair experiences a geometric phase
at the end of one period of this two-vortex motion.

To characterize the slow motion of each pair and to set up the equations of motion of the
system we use the following system of variables used by Khanin [43] although in a different
context. The equations of motion in Cartesian coordinates follow from (2.10) and (2.11) for
N = 4. We change to intervortex polar variables as before, (7,8) and (%, v) for the pairs I'y, >
and I's, 4 respectively. For the slowly varying variables, following Khanin [43], we choose the
distance and angle (with the horizontal) of the line joining the centers of vorticity of each pair

respectively. Thus,

y2 — y = rsin(f), z2 — z, = —Fcos(F),

ya — y3 = vsin(v), x4 — 3 = —tcos(v),

Pays+Fays  Tiyn + Cayo = Dsin(¢)

I3+ +r.
[3z3 4+ TCyz4 Izy+Cozo -
- =-D .
s+T4 'y + T cos(9)

Instead of deriving the equations of motion in these polar variables directly from (2.10) and (2.11)

we do a further transformation to Khanin’s canonical variables:

. &/ Il

R o= 2 (F1+F2) '

- o2 [3ly
V=3 (P3+F4)’

P = D? (') +T2) (3 +T4)

|

[y +TC2+T3+T,’

the angle variables remaining unchanged. The Hamiltonian in these variables becomes:

H(R,H,V,V,P,¢) = —%[rlrzlog{2_(r;_}f_2)_é}+F3P4log{2(r;:i‘:‘4)“/}

+I'1 3 log (113) + I Tylog (114) + 2z log (123) + Fal4log (124)],
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where:

Lis = A?P+ B>V +C2R—-2ABV PV cos(¢ — v) + 2ACV PRcos(¢ — 6)
—2BCVV Rcos(v - 6),

s = AP+ B2 (?) "V +C2R+24B (?) VPV cos(é — v)
4 4
+2ACV PRcos(¢ — 0) + 2BC (—53) VVRcos(v —8),
4

s = A?P+B*V+C? (%) R—2ABV PV cos(¢ — v)

2

~24C (r—l) VBRcos(¢ — 8) + 2BC (?) VV Reos(v - 6),

I» 2
2 2
e = A2P+B°(2) Vc2(LL) R+24B(52) VBV cos(é —v)
T4 | ) | A
-24C (%) V PRcos(¢ — ) —2BC (Il:‘lrf) V'V Rcos(v — ),
2 214

and A, B, C are the following functions of the vortex strengths:

A= 2(F1+F2+F3+F4) B= 2I4 C= 2l
- (Ta+T4)(T;+T) ’ T\ T3(Ca+T4)’ [ (Ci +Ta)°

The equations of motion in these variables are then easily obtained from the canonical struc-

ture:
dR _ oH 4V _9H 4P _OH
di ~— 86’ dt ~ dv’ dt =~ 8¢’
b _ 0H  dv_ OH  dé_ OH
di ~ 4R’ dt oV’ di ~ 8P’

We now proceed to nondimensionalize these equations as before:

t=wf,

4 p
R—E, ,V—T/'__, P_Fi’

where the subscript ¢ denotes initial values. w is again chosen to be proportional to the unper-
turbed phase object-parent vortex frequency, but since there are two such pairs we arbitrarily
choose the pair ', 2. Thus w o 1/R;. We pick the same pair for defining the perturbation

parameter:
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For notational convenience we also define:

L;Te .
= k= .
oR: 7=12; 3,4)

‘/’.
A2=—-$€2A2=—‘- Qjk =

R; P;’

This gives the following system of non-dimensional equations:

dR e gyl
dt 41rj=1k=3 Lk
2 Gl a MY
W e
dt — AN L
2 4 . v
:ii_zt/ — Zl; 023;+ezzﬂ%],
j=1k=3
4P _ € gy aikOf
dt 41rj=1k=3 e
ds _ & gy-on0y
dt 47rj=1k=3 Lig '

where [;x = ljx/P; and:

M}Z f'ﬁ:\/_}_??sinw —8)+ Aegﬁ\/R_Vsin(u - 0),
M. = eff+ghv/P/Reos(d — 6) + Achf/V/Rcos(v - 6),
Ny = fRAVPVsin(¢ —v)+ Aegli VRV sin(v — 6),
% = eft+ (95%/AVP]V cos( — v) + (¢/A) ¥ /R]V cos(v - 6),
Of, = AfEVPVsin(¢ —v)+gf,VRPsin(¢ - 0),
Ofk = ffk + cAgfk\/V/_Pcos(zﬁ —v)+ chfk \/R/_Pcos(¢ - 0),

where:

—f{% = —fﬁ = 29‘1’3 = 29‘1’4 = 9{’3 = Qﬁ = 2"?3 = 2”?4 = 2AC,

f33 = i = =205 = ~293, = ~9%3 = —g34 = —2h%; = —2h%, = 2AC(T',/T>),
Fia = fis = 2% = —29% = —fh = —ff = ~29%3 = —2¢%, = 248,

—fla = —F¥a = 20%, = 295, = fli = 5 = 290, = 2934 = 2AB(I3/Ty),

98 = —2h9, = —gV, = —2h%, = 2BC,
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—914 = 2h{, = g\, = 2hYs = 2BC('3/T4),

—g35 = 2h33 = g73 = 2h%; = 2BC(T',/T2),

934 = —2h3 = —giy = —2h%, = 2BC[[sT'1/(T4l2)],
ffs = ff«t =C?,

f23 = f2 = C*([1/T2)?,

fa=f= B2,

fla = f33 = B*(T3/T4)?,

ffa =ff4 =f'.?3 = f-f4 =A%

We compare this system of equations to the three-vortex system (2.12), (2.13), (2.14) and (2.15).
All the remarks made there apply in an analogous manner here. Note that in addition, dP/dt
and d¢/dt are of higher order terms in ¢ than dD/dt and d¢/dt in the three-vortex system.

Choosing the slow time r = ¢3¢, we perform a multi-scale analysis as before and evaluate the
changes in 8 and v in the time that ¢ changes through 2x. This time period to leading order
is the time period of the two-vortex motion of I'; + > and I'z 4+ I'4. The initial conditions are
R(0) =1, 8(0) =6;, V(0) = 1, v(0) = v;, P(0) =1 and ¢(0) = 0. At leading order we get:

RO = 1)
Qlot
= [/
00 An + S(T),
o = 1,
agat
P, = 1,

do

a13 + ay4 + a3 + a4 ,
4r !

indicating the characteristic decomposition into a fast and a slow term in 6 and v. As before the

slow phase terms s and vgs are determined by O(¢®) terms in R and V respectively:

dlfs _ _012R dvs Q34 ‘7:.2, (2.19)

T Tt G T TImAe

with initial conditions f5(0) = 6; and vs(0) = v;. Proceeding to O(e?) we get

C2
012A2
2A2

034A2

- - r,\?
Ra(7) = Ra(0) = — [013 + a4+ (a23 + az4) (r—:) } cos 26;,

2

Va(r) = Va(0) = —

[\ -
[013 + az3 + (a14 + az4) (r—:) ] cos 2u;,
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From the ¢¢ equation we get T ~ 87/(a13 + a14 + @23 + a24) and this leads to the geometric

phase in 8 and v:

_ I3+ T4
T I +T2+4T3+Ty
_ I+
T Iy +T2+T3+T4

2w cos 26;,

bq

2w cos 2v;.

Vg

For 'y = 0, §, gives the geometric phase derived in §2.3 and v, gives the geometric phase for a
passive particle in the vicinity of I'; in the three-vortex problem.

2.4 A point vortex in a circle

In this problem we consider the influence of a rigid boundary in a simple problem. We track a
fluid particle orbiting a point vortex in a circle as in Figure 2.3. The vortex is stationary when
at the center of the circle and moves in a concentric circular orbit with constant speed when
displaced from the center. See [99, 100] for some interesting recent work on this flowfield.

The circular motion of the vortex is governed by the Hamiltonian
Hy(p,q) = L log[R2 — (p* + ¢°)], where p,q are the (canonical) coordinates of the vortex of
strength I’ in a Cartesian frame centred at the origin of the circle and R is the radius of the
circle. If R\ (= m) denotes the radius of the vortex motion then its speed along its orbit
is given by'.'Lxﬁ.f._R-‘}Tg" From this it follows that the time period of the vortex motion is given by
T = 4--i-ﬁ:(R::: — R}). The motion of the fluid particle is also governed by a Hamiltonian system
of equations. For R; = 0, the vortex remains stationary at the center of the circle and the
particle motion is not affected by the boundary since the boundary is a streamline for the time
independent flow. It orbits the vortex in circular motion just as in an unbounded flow. If R, # 0,

for (canonical) coordinates z, y in the same frame as above, the Hamiltonian is:

(z-p)°+(y—2)’ ] az(%)z’

r
Hzy.t) = g7 log [(z Zap) + (v = aq)?

where the explicit time dependency of the Hamiltonian is due to the motion of the vortex. It is
clear from the form of the Hamiltonian that the equivalent flow without boundary can be achieved
by placing an image vortex (the farfield vortex) of strength —TI at radius R2/R;. The distance
between the given vortex and the image vortex is, therefore, (a — 1)R; = D at all times. The
time period of the vortex motion can be rewritten in terms of this distance as T = 5;—’(a - 1)RZ

For the phase calculation, we convert to the relative coordinates f,8 as in the previous prob-

lem:

z—p = —fcosf, =z —ap= Dcos¢—rcosf,

y—q = rsinf, y—aq=—Dsing+Fsiné,
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— T 3 _ T 3 . :
where ¢ = 27 (RE=F) = 27 (a=DRT 1S the angular velocity of the vortex. The small parameter
for the adiabatic problem is chosen, as before, as being proportional to the ratio of the initial
particle-vortex distance, R;, to the distance between the parent vortex and farfield vortex D.
Specifically,
R
D

The scheme for non-dimensionalising the variables is the same as before i.e. # by R; and ¢

€

by w where w is proportional to the frequency of the particle about an isolated vortex in the
absence of the boundary i.e. to -le'. This defines the nondimensional constant a as before. The
nondimensional time period of the vortex motion becomes:

4z B
T= ala—1)e2 ~ e’

and the slowly varying angle coefficient ¢ = 3%-,-9-6%. The nondimensional equations of motion

for the particle are:

dr _ a . esin{¢ — 9)

dt — 2r¢ [6 sin(¢ —6) 1 — 2¢r cos(¢ — 8) + 52,.2] ’

d _ afl £cos(¢ —0) — € € cos(¢ — 8)
dt =~ 27 |[r?2 " 1—2ercos(é —0) +e2r2 r '

with initial conditons r(0) = 1, 8(0) = 4;.
These equations have the general structure of equations (2.1) and (2.2) discussed in §2.2. We
choose the slow time scale T = €t, verify that the assumptions made in that section hold here

and make a direct comparison of terms. We have:

o €risin(é —68) — rsin [2(& - 0)]
r  1- 2crcos(4.5 —8) + €2r2

a
Q = o
Hence,
fO = f(r=1,8=Qt+0.o,¢;,€=0),
a . ~ at =~
= —2—1\'5111[2(45—ﬁ—00)]'
Hence,

/fodt|:=o = —Cos226i,
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and the slow phase term from (2.5) is:

8s = bo(r) = —%‘rcos 2; +6;. (2.20)

Therefore, the Hannay-Berry phase in this problem using (2.9) is:

_ dés
09 = A Fdr,
2r
= —(7_—1—)-cos 20; = _(gzl_)z__l_cos%;. (2.21)

2.5 A mixing layer model

2.5.1 The model

Consider an infinite number of equally spaced point vortices of the same strength and sign.
The vortices in this configuration are all stationary due to the symmetry of the flow field about
horizontal and vertical axes passing through any point vortex. If the strength of each vortex is
I' and the spacing between vortices is a, then the complex potential of the flow is given by (see

[48], p. 224):®
ir . 2 = Jyor
w(z) = 5 log sin [ﬂ’ (—a—)] ,

where z = z + 1y is an arbitrary point in the flowfield and zyor = Zyor + iyuvor denotes the position
of any one vortex in the row in some chosen z-y coordinate system. (The row is assumed to be

parallel to the z-axis). The flow field is given by:

dr r sinh [2mr (¥=Leec)]

dt ~ 2acosh [2m (4=Leez)] — cos [2m (E=Zsaz)]’ (2:22)
dy _ T sin [2m (£=Zu ) |
G T 2a o [m (Ee)] ~oos 2r ()] (229

Note that the equations of motion are invariant with respect to any transformation zyor —
Zyor £ na, n = 1,2, .... If the symmetry about the vertical axis is broken by a perturbation that
pushes every adjacent pair of vortices towards each other by an amount A, as shown in Figure
2.4, then the vortices start moving in pairs. They move such that each vortex in a pair orbits
the other in a closed path. This motion is the same for every pair. The flowfield can be viewed

8The complex potential is obtained by adding the complex potential due to each vortex, ignoring constant

terms and using the relation sin z = n’:l (l - ﬁ—:;;) to simplify.
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as the superposition of two infinite evenly spaced rows [59], each with inter-vortex spacing 2a.
The motion of a vortex in row 1 is influenced only by the vortices in row 2 and vice-versa.

We choose an z-y coordinate system in which the z-axis coincides with the direction of the
original unperturbed row. Then if (Zyor, Yvor) are the coordinates of any one vortex in a row,

the coordinates of any vortex in the opposite row are of the form:
(2ra — zyor, —Yuvor), n=0,%1,£2 ... (2.24)

Since a point vortex moves like a fluid particle in its place, the equations of motion of any vortex
in either row are given by (2.22) and (2.23) with a replaced by 2a. Thus, the equations of motion

for the perturbed vortices are:

dzor _ L sinh [2xeer] (2.25)
dt 4a cosh [Hﬁyg] — cos [2#:(.;, “] ’ .
dyyor _ L sin [—u-l'-z”“"; ]
dt - 4a cosh [31}{;;-—] — cos [ZK;:,;““] : (2.26)

It is easily checked that the above system (2.25), (2.26) is Hamiltonian with:

_ r 27ryuo,- 2w yor
H_S—ﬂ_log [cosh( A ) — cos( - )], (2.27)

which is an invariant of the motion. Using this fact, an exact solution can be obtained for initial

conditions z,,-(0) = a/2 — A, yyor(0) = 0 in terms of the Jacobi elliptic functions:

TTyor, _ A nl't
tan(T) = cot.(—a—)cn (4ka2’ k) , (2.28)
TYvor cot( ( n[t )
tanh = sd NAR 2.29
anh(=7=) " 1+cot? ("A) ka?’ (2.29)

where k£ = cos-("A) is the modulus of the associated (incomplete) elliptic integrals of the first
kind [19]. Note that when A is small, k is close to 1 and when A is near a/2 i.e. when the vortices
in each pair are close to each other, k is close to 0. The time period of the vortex motion, T, is

related in a simple manner to the complete elliptic integral, K, as:

16ka?

=T K.

T=

Since K has infinite series representations in terms of the modulus k, [19] the time period T can
also be represented exactly by an infinite series. We choose the following representation for K:

m’m'

%i 2)m(3)m 12/mlalm pom (2.30)
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where (3)o =1, (})m = 3(3 + 1)-.ee. (3 +m—1) for m = 1,2, ... and m! represents factorial of

m. Hence:

£ St

The equations of motion, in z-y coordinates, for the particle in the perturbed field are shown
below. These equations are obtained from (2.22) and (2.23) using relation (2.24):

_ 16ka > )m( 2)m L om
T = AT [ z m!m! “mtmt F }

(2]

8a

dz T sinh [ (4=4uer )
dt = 4acosh [m (¥=2eec)] = cos [m (E=txar)]
T sinh [ (L"{m)]
1 cosh [x (LHeen)] — cos [ (EtZuaz)]’ (231
dy _ T sin [ (£=Zxez)]
dt 4a cosh [7r (tﬁ-"-”-)] — cos [W(E.—im)]
r sin [ (EZuac)] (2.32)

" 4a cosh [m (ELeem)] — cos [ (EExec)]’

where (Zyor, Yvor) refer to the coordinates of any one vortex in either row.

2.5.2 The geometric phase in the model

For the geometric phase calculation in this model we focus on a pair of nearest vortices from
opposite rows as shown in Figure 2.6. We use, as before, 7 for the particle-parent vortex distance®
and D for the parent vortex-farfield vortex distance, and 8 and ¢ for their respective angles with
the horizontal axis. The origin of the z-y coordinate system (chosen earlier so that the z-axis
coincided with the original unperturbed row) is now fixed midway between the two vortices. We

thus obtain the transformations:

T— ZTyor = —Tcosb, 2z,0r = Dcoso,

Y—Yvor = Fsinfd, 2yyor = —Dsing.

9The parent vortex could be chosen to be either vortex of the pair.
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( (~Xyor , “Yvor) A

— X

D

r
(Xvor s Yvor)

R

Figure 2.6: An orbiting pair of vortices (filled circles) and a fluid particle (unfilled circle) in the
mixing layer model. The cartesian X-Y frame is centered at the midpoint of the line joining the

vortices

It follows that

T+ Tyor = Dcos¢— Fcosh,

Y+ por = —Dsine + fsiné.

Denoting initial distances by r; and D; respectively (note that D; = a — 2A), we introduce

non-dimensional variables as before:

7“.
r = —,
L5
D
D-E.

For notational convenience, we introduce the nondimensional parameter § = w%‘. Thus, k =

sin®(§/2). The small parameter ¢ is defined as:

ri

€E=0—

D;’

The time is non-dimensionalised as
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where w, for fixed 4, is a frequency proportional to that of a particle around an isolated vortex

in unbounded flow. We define it as:

r
4rkr?’
= 1
4ka? 2

(2.33)

The arguments of the elliptic functions in (2.28) and (2.29), thus, transform as:

It .
%_; = wit = 621,

which is the slow time scale of the motion of the vortices. The nondimensional time period is:

4K
T = —CT.

Note that this nondimensional time period depends on § through K.
With these transformations the nondimensional equations of motion for the particle in (r, )

become:

ﬁ — ke Sh cosh(ersin @) cos § — Cj, sinh(er sin 8) cos @ — S, cos(er cos 8) sin 6 + C; sin(er cos 8) sin 6
dt —S4, sinh(ersinf) + Cp, cosh(ersin8) — S, sin(er cos§) — C: cos(er cos 6)

sin{er cos ) sin @ — sinh(ersin 8) cos 8 + Sesinf — S cos 8 (2.34)
cosh(er sin 6) — cos(er cos §) Ch-C; ’ ’

df _ ke[ —Sh cosh(ersin ) sin @ + Cj sinh(er sin 6) sin 6 — S, cos(er cos §) cos § + C: sin(er cos ) cos §
dt — r —S} sinh(ersinf) + Cp cosh(ersin @) — S, sin(er cos §) — C, cos(er cos )

sin(ercos §) cos § + sinh(ersinf)sinf  S;cosf + Sy sind 9.35
cosh(er sin §) — cos(er cos ) Ch-C: ’ (2.35)
where

Sw(€’t) = sinh(8D(€’t)sin ¢(e’t)),
Ch(€’t) = cosh(§D(e*t)sin ¢(’t)),

Se(€t) = sin(dD(e’t) cos ¢(e3t)),

Ci(’t) = cos(6D(e*t) cos d(e’t)),
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are functions of the vortex motion and Cy — C; = L is an invariant. For the chosen initial
conditions of the vortex (D(0) = 1,¢(0) =0), L = 1 — cosd = 2k. The initial conditions for the
particle are r(0) = 1,6(0) = 6;.

The equations of motion as written above can be brought in the form of (2.1) and (2.2) by
expanding (for small €) the trigonometric and hyperbolic functions that appear in them. This

enables us to rewrite them as:

dr o
E = € f(r101D1¢76)1

dé 2k,
E - ﬁ+€g(r161D1¢1€)’
where f and g are infinite series obtained from the expansions. The series for f is of the following

form:

SZ-S 2\ .
L2 -§)sm20]+cf1(r,0,D,¢)+ ......

f(r,8,D,¢,€) =kr [SZ;S} cos 20 + (

Denoting the slow time by » = €°t we apply the multi-scale method as outlined in §2.2. As per
our notation we denote functions of r alone by overhead ~. We verify that the assumptions made

in that section hold here and by a direct comparision of terms we get:

Q = 2k,
fo = flr=1,0=Qt+60,D,¢e=0),

k [52'._?: cos [2 (2kt + 9-0)] + (%;2—5? - %) sin [2 (th + 50)]] .

Hence,

4 L2 2

= (k+3) cos 26;.

[ottees = 320D iz - (ROZEO _2) orza],

24k

The slow phase term from (2.5) is:

bs = bo(r) = (" ; 3) 7 cos 20; + 0;. (2.36)

Hence, the Hannay-Berry phase in this problem as given by (2.9) is:
4K
dbs
09 = ‘/(; Fd'r,
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(2"3—”) K cos 26;,

where K is given by (2.30). Note that K depends ond. As§ > 0ie. as A —a/2, wegetk—0
and K — m/2 and the above phase approaches the value obtained by Newton [69] as a special

case of the 3-vortex problem, i.e. 7cos26;.
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Chapter 3

The geometric interpretation

In this chapter we give a geometric interpretation of the phases calculated in the previous point
vortex configurations. In §3.1 we present a simple interpretation which shows that the phase
can be expressed as an integral in the plane around a closed vortex orbit. In §3.2 we present an
interpretation in terms of holonomy and connections. At the end of the section we make some

comments on the geometric phase in a non-adiabatic three vortex problem.

3.1 The phase as a contour integral

To develop a geometric interpretation of the Hannay-Berry phase, we seek to express the phase
as an integral around a closed path of a I-form defined on the parameter space. We identify the
parameter space with some open subset U of the physical plane on which the point vortices move.
We define U appropriately in each problem later. The closed path is a smooth vortex orbit in
U coordinatized by 7. In the second and third problems, such orbits naturally exist in U due to
the periodicity of the vortex motion in the physical plane and its dependency on the slow time
alone. In the three-vortex and four-vortex problems, such curves do not exist, but as was shown
in these problems the geometric phase is determined by the asymptotically defined two-vortex
motion in each. This motion is periodic and depends on the slow time alone, we therefore look
at their closed orbits in U. The orbits for different initial conditions are non-intersecting® and
have a well-defined common center. We then make use of the fact that the geometric phase is
the integral of a term that depends on the slow time r alone as given by (2.9). Our goal then is
to rewrite this integral, which is in terms of the orbit coordinate 7, in terms of orbit coordinates
in U, which transforms the time integral into a contour integral in /. We then show that the
integrand defines a 1-form on U and we have our desired result. The details of this procedure

are described below.

!Each being the unique solution for the given initial conditions of the ODEs governing the vortex motion.
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Choose a point in the plane as the origin of a Cartesian X-Y frame. In each case, this
point is the common center of the set of closed vortex orbits mentioned above. Note that the
parameter space U is not simply connected as it is the union of these concentric closed orbits.
We then change the coordinate of our closed orbit from = to ¢ which, as before, is the angle with
the negative X-axis (measured in the clockwise direction). Introduce the real-valued function
wi(¢) = d¢/dr which can be viewed as the angular velocity of the vortex in its orbit. Since the
motion of the vortex along the closed path is well-defined at all points so is w;(¢), and it can, in
principle, be obtained from the equations of motion of the vortex. We indicate its dependency
on ¢ to show that it can in general vary along the orbit. In all problems w;(#) is one-signed for
all ¢ € [0,27]. We then rewrite (2.9) as:

B8
6, = /DC‘dr,
2x d¢

where C; = dfs/dr (= 2Q [ fodt|e=q) is a constant along the closed orbit. The subscript ! denotes
the orbit-dependency of these quantities. The next step is to note that ¢ = tan™*(—Y/X) which

gives:

_ C YdX - XdY
= famen (v ) 6

Hence, the geometric phase is expressed as a contour integral in the parameter space. The
integrand of (3.2) does not as yet define a 1-form on U since C; and w; are orbit-specific. However
since U 1s the union of such concentric, closed orbits and Cj, w; are defined on each orbit, it is
possible to define a 1-form on U by smoothly extending C; and w; in (3.2) to all of U. This

defines the following 1-form on U:

(3.3)

_ C(X,Y) (YdX — XdY
wESE O\ X2+y2 )

where we have now removed the subscript [. Therefore,

09=f7u.

We now apply this procedure in each of our problems.

The three-vortex problem:

It is clear from the observations made in §2.3 that there exists well-defined closed paths in the
plane associated with the geometric phase in this problem. These closed paths are the concentric
circular orbits of I's and I'; + > in a two-vortex motion as shown in Figure 3.1. We define
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U = R? — {0}, where o is the center of vorticity of the two vortices and is the common center
of the orbits of both vortices. The motion of each vortex in the Cartesian frame is defined by
&(7) = ¢o = (a1 +az2+a3)r/2x. Hence w; = w = (a; +aaz+a3z)/2x is a constant and is the same
for all vortex orbits. Noting that C; = C = (a3/27) cos 26; from (2.16), we can then rewrite the

geometric phase in this problem using (3.2) as:

Y X | Y
= —_——dX - d s
0g f(x2+Y'-’ X X2+4+Y2 Y) I‘1+I‘-_>+I‘3c°520

where X,Y are the Cartesian coordinates of either of the two vortices and the contour is its
closed orbit. This defines the 1-form on U:

Y X Is
= dx - 6.
Tu (X2+Y2 X1+YQdY)F1+Fy+&C%2'

Let the radius of the circular vortex orbit in V be denoted by R. Since X2 + Y2 = R? and
J(YdX - XdY) = 24, (using Stokes’ Theorem) where A, = mR? is the area swept out by the
orbit of the vortex, we get another expression for the geometric phase in this problem which is

reminiscent of the geometric phase in the particle on a hoop problem (eqn. (1.1)):

24, I3

_ 20:

9 RET +T2+03 %
_ 8r2A, I3 c0s 20

L2 T, 4+T+47T3

where L is the circumference of the circle swept out by the vortex, i.e. L = 27R.

The four-vortex problem:

Analogous to the three-vortex problem, o is the center of vorticity of the two-vortex motion of
' +T2and '3+ 4 and U = R?—{0}. The closed paths are the concentric circular orbits of these
two vortices and they have a common angular velocity about 0, w; = w = (a) + a2+ az+a4)/2x.
Noting the two values of C; (= C) from (2.19), the geometric phases can be written as (using (3.2)):

_ Y X | R o A
0g—f(X2+Y2d‘X—X2+Y2dY> [ +Tl2+T347T0,

Y X | S
Vg = f <X'~’ +Y2dX e +Y2dY> T, +Tat T3+ s cos 2v;,

cos 26;,

and the respective l-forms on U are:

Y X 3+7T
@ = —dX - — 3 4
u <X2 +Y2dY X2+Y'-'dY) I +T2+T3+Ty

Y v X Iy +T-
(v) > 1 2 .
T (X'-’+Y3d X'—’+Y'3dy) I‘1+F2+F3+F4COS2V'

cos 206;,
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F1+F2

Figure 3.1: For the geometric interpretation in the three-vortex (four-vortex) problem we lock
at the circular orbits of the two-vortex motion of 'y + I'> and I'3(I's + I'y). The common center
of all orbits is the center of vorticity of this two-vortex motion (denoted by o).

In terms of the area and the circumference of the circular vortex orbit, we get:

24, Fa+ T4
R*Ty+Tl2+T3+T4
8724, Fs+Ty4
= TIE F1+F2+F3+I‘4COS20i’
Y ﬁ '+
¢ 7 RT+T+T3+T,
8724, i+
= T Ty T+ Tsf T, o2

by = cos 26;,

cos 2u;,

where A,, R and L are the same quantities defined in the three-vortex problem.

The vortex in a circle problem:
Here, the closed paths are the circular vortex orbits with common center at o the center of

the physical domain, i.e. the circle. We define U = {J, S(r) : 0 < r < Ra, where S(r) is the circle
of radius r centered at o. The vortex motion is defined by ¢(r) = (a/2x)(a — 1)7. Hence w; =
(a/27)(a ~ 1) is again a constant but varies with the orbits. Referring to §2.4, a = R3/(p* +¢%)
where p, ¢ are the coordinates of the vortex in its circular orbit. We write X = p/R2,Y = ¢/R»,
hence w = (a/27)(X%+Y?)/[1 — (X®+Y?)]. Noting that C; = C = —(a/2x) cos 26; from (2.20)

we can rewrite the geometric phase in this problem using (3.2) as:

cos 26; Y X
by = '}{ (a=1) (x2+Y2dX“ x2+Y2dY) '
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where the contour is the closed vortex orbit. The 1-form on U becomes:

cos 20;
Another expression for the phase is obtained in a similiar way as in the 3-vortex problem (using
Stokes’ Theorem):

24,
- m cos 29,‘,

8A, 12

—'m COS 20,

where A, = er"{ is the area of the vortex circle, with circumference L = 27 R;.

The mixing layer problem:

As in the previous chapter we focus on a periodic window of adjacent vortices. The vortex
orbits are obtained by varying the subharmonic perturbation A in the open interval 0 < A < a/2.
These orbits fill a deleted neighbourhood U of their common center o which lies midway between
the vortices as shown in Figure 3.2. In other words, U = {J, O(4) : 0 < A < a/2, where
O(Q) is the orbit corresponding to A. Note that O(A) is the same for both vortices. To obtain
wi(¢) = d¢/dr, we rewrite (2.25) and (2.26) in D and ¢ coordinates:

wi(d) =dg/dr = 12)—,; [sinh(Dsin ¢} sin ¢ + sin(D cos ¢) cos ¢],

where, with reference to the variables used in (2.25) and (2.26), X = 27zyor/a = —Dcos ¢, Y =
2%yyor/a = Dsing,r = (n['t)/(4ka®) and [ is the invariant exp(8xH/T'), where H is given
by (2.27). For the initial conditions zy.r(0) = a/2 — A, yyor(0) = 0 we can write I = 2k since
k = cos’(rA/a). Hence w = w;. Noting that C; = (k + 3)cos26;/6 from (2.36) we can then
rewrite the geometric phase in this problem using (3.2) as:

p _f(k+3)cos20,- YdX — XdY
g 6 [YsinhY + Xsin X]"

Noting that k = (cosh Y — cos X)/2, we get the 1-form on U as:

_ (coshY —cos X +6) (YdX — XdY) cos 26;
Tu = 12(Y sinh Y + X sin X) '

In the limiting case in which A — a/2 the vortices pair in (approximately) circular orbits. The
orbit size becomes smaller and we have X,Y — 0. Noting that k¥ — 0 in this limit we get

9. = fcos20.-YdX—XdY
g7 2 Yi+Xx?
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= mcos26;,

confirming the result obtained by Newton [69].

(>
° X
>

a

Figure 3.2: For the geometric interpretation in the mixing layer problem we look at the closed
orbits of the vortex pair (in a periodic window). These orbits are defined for all values of the
subharmonic perturbation D lying between zero and a/2. The common center of these orbits,
corresponding to D = a/2, is denoted by o. The position of the vortices in the unperturbed
configuration is shown by the vertical dashed lines

3.2 The phase as the holonomy of a connection

In this section we show how the geometric phases of the previous chapter can also be viewed as
the holonomy of appropriately defined connections on a principal fiber bundle. In each problem
the connection which defines the parallel translation is determined by the ratio of two angular
velocities: the slow phase term angular velocity dfs/dr induced on the phase object by the
farfield vortices, and the angular velocity, w;(#), of the periodic vortex in its closed orbit, as
defined in the last section. The principal fiber bundle is a family of ‘unperturbed’ systems (the
fibers) over the domain U (the base space) defined in the previous section. The unperturbed
system is the product of the configuration spaces of each phase object-parent vortex system in
the absence of the farfield vortices. In all problems, except the four-vortex problem, this space,
for any initial condition, is diffeomorphic to the unit circle S. In the four-vortex problem, since
there are two phase object-parent vortex pairs, this space is diffeomorphic to S* x S'. The base
space in all problems can be viewed as the open domain U C R? defined in the previous section as
the union of non-intersecting, concentric closed vortex orbits. However since each of these orbits
is again diffeomorphic to the unit circle and since our attention is focussed only on such closed
loops in U, we can also identify the base space with S!. We therefore formulate Theorem 1
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for the trivial principal bundle = : S? x S — S!. We then extend this to Theorem 1a for the
bundle 7 : (S! x S') x S' = S! in the four-vortex problem and then finally to Theorem 2 for
the bundle 7: St x U = U.

First consider the trivial principal fiber bundle 7 : E = S x S — S!. Since E is a product
space, any point e € E can be represented by e = (f,b), where b = w(e), f € Fy, and Fp(= S')
is the fiber at . Choose coordinates (8, 4) on E, with 7(8, ¢} = ¢, and denote the tangent space
at e € E as T.E. Note that T.E = T,(S! x S') = T;S* x T;,5* = R x R, where = denotes
vector space isomorphism, 7, S* is the tangent space to the base at b and T}S! is the tangent
space to Fy at f. Choosing the naturally defined coordinate basis on T. E we can identify any
vector n € T, E by its components (79,75} € R x R.

To show the existense of a connection, recall that in the previous section we showed that
there is defined a 1-form v, on U in each problem. However the fact that we could express the
geometric phase as an integral around each closed vortex orbit implies that there is also defined
a 1-form on each orbit and hence on S!. Indeed going back to equation (3.1), which defines the

following equation between differentials:

dé

dfs = C———, 3.4

ST Ma(9) (34)

we see that the right hand side of the above equation defines a 1-form 4 on the base manifold
St:

dé
= C —— d f 3.5
=G5 v(¢)d¢ (3.5)

(where, to simplify notation, we have removed the subscript ! in v(¢#)). In other words, v defines
a real-valued linear map on T3S* at each point b (with coordinate ¢) of the base.? Thus, if
ns € TS, then v(ns) = v(¢)ns. However since Ty S* = R for all f € F;, we can view the form
as associating a vector field on the fiber F, at each b € TpS'. Thus v(¢)ny € TyS! for each
f € Fy. This vector field can be trivially extended to a vector field on E as (v(¢)n4,0) € T. E at
each f € F,. The elements of this vector field are still tangent to Fj. Recall that we said in §1.2
that the horizontal lift associates a vector field on E along (but not necessarily tangent to) the
fiber at b. To extend our vector field to such a vector field and thereby obtain a horizontal lift,
we add the base vector (viewed as an element of T, E) at each point. This gives the vector field
along Fy whose elements are (v(#)ns,0) + (0, n4) = (v(é)ne,n¢) € T E. Such a construction can
be done at every b on the base. It is trivial to show that this defines a horizontal lift. Associated

2In general a 1-form on a manifold defines a multi-linear skew-symmetric map on the tangent space at each
point on the manifold. On a 1-dimensional manifold this reduces to a linear map on the tangent space at each
point.
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with this horizontal lift is a direct sum decomposition of T. E. Any vector (7g,7ns) € T. E can be

written uniquely as:

(m8,m0) = (10 — v(&)ng,0) + (v(B)ng, 16), (3.6)

where (75 — v(¢)n4,0) € Ty S* = V. is the vertical part and (v(4)ng, n¢) € He is the horizontal
part. H,. (the span of all vectors (v(4)ns,7n4)) is a 1-dimensional subspace of T.E at each e.
Thus T.E = H. ® V. and this construction defines a connection on E.

If we now look at the constant-frequency constant-separation motion of the unperturbed
phase object-parent vortex pair then it is represented by a circular orbit on E with coordinates
(6r(t), ¢ =constant). The leading order perturbation term due to the farfield vortices is s
(remember that there is no leading order change in the separation). This perturbation causes
the circular orbit on E to drift and thus wind around the torus. It is now defined by

(8(t) = 0F () + Os(t), 6(2)) - (3.7)
The tangent vector to this orbit lies in T. E at each e. According to (3.6) we can write it as:
(% ‘f,—f) (%? - v(¢)§§,o) ; (v(qs)%?,%;‘f) -
Using (3.4) and (3.7), we can rewrite this as:
(E‘E d_¢) = (ﬁ_& 0) + (ﬂ d_‘f’)
dt’ dt dt  dt’ dt ' dt)’
= (%,0) + (éj—ts-, %) .

This clearly shows, as discussed in §1.2, that the vertical part of the tangent vector is the rate of

evolution at the unperturbed frequency leading to the dynamic phase and the vertical drift due

to the horizontal part gives the geometric phase at the end of one circuit around the base cir-

cle representing the closed vortex orbit in U. The geometric interpretation can be summarized as:

Theorem 1: The geometric phase in each of the three point vorter configurations can be viewed
as the holonomy of a flat connection® on the trivial principal bundle n : E = S' x S' =+ S'. E
(the 2-torus) is diffeomorphic to the product space of the unperturbed phase object-parent vortex

3For the definition of a flat connection, see remark at the end of this section.
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configuration space and the closed vorter orbit in U, the fiber at each point being diffeomorphic
to the configuration space. The connection I-form is given by

& = df — v(¢)ds, (3.8)

where (8, ¢) are the torus coordinates and v(@) is the ratio of the constant slow phase ‘angular
velocity’, dfs/dr, induced by the farfield vortices, and the angular velocity of the vorter in the
closed orbit, wi(9).

For the four-vortex problem, we consider the trivial principal bundle 7 : E = §! x $* x §! —»
S!. In coordinates 7 (0, v, $) = @, we have two I-forms defined on the base manifold S! associated

with the geometric phase of each pair:

_ dos/dr

_ dvs/dr
7= 009

T wile)

dé = v(¢)dd, dé = w(g)de. (3.9)

Thus v4(ns) = v(¢)ne and 7,(ns) = w(¢)ne for ny € TpS1. Now define the vector-valued 1-form
¥:
1(ne) = (18(n0), 70 (n0)) = (v(@) 10, w(8)m0),
which again due to the isomorphism T (S! x S!) = R x R Vf € F} can be viewed as the linear
map v : TpS! — XF,, where XF, is the space of vector fields on the fiber F,. Proceeding in the
same way as before leads to the definition of a horizontal lift and a direct sum decomposition of
T.E:
(8.1, m0) = (n6 — v(B)ns, 1 — w(B)Mg, 0) + (v(B)n0, w(D)Ns, Ns),

for (ne,mv,ng) € T E. The first component on the right clearly belongs to the 2-dimensional
vertical space and the span of the second component defines a 1-dimensional horizontal subspace
H. C T.E at each e. This again defines a connection on E.

Again we look at the orbit on E which represents the leading order perturbed motion of both

pairs. It is defined by coordinates:
(0(t) =0r(t) +6s(t), v(t) = vr(t) + vs(t), &(t)).

The tangent vector to this orbit at each e € E can be written as:

dé dv d¢ _ df d¢ dv do d¢ d¢ do
(355 = (0% % -v0%.0)+ (s0% unie. ),

showing that the vertical part represents the evolution of the two pairs at their unperturbed

frequencies leading to the dynamic phase for each and the geometric phase for each is due to the
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vertical drift of the horizontal part. We thus have:

Theorem la: The geometric phase in the four-vorter configuration can be viewed as the holon-
omy of a flat connection on the trivial principal bundle v : E = S' x S x S — S'. E (the
3-torus) is diffeomorphic to the product space of each unperturbed phase object-parent vortex
configuration space and the closed vorter orbit (for a given initial condition) in V, the fiber at
each point being diffeomorphic to the product of the two configuration spaces. The vector-valued

connection I-form ts given by
§ = (df — v(¢)ds, dv — w(¢)d9), (3.10)

where (6, v, @) are the torus coordinates and v(¢), w(®) are the ratios of the constant slow phase
‘angular velocities’, dfgs /dr,dvs/dT, induced by the farfield vortices on each pair, and the angular

velocity of the vortex in the closed orbit, wi(®), respectively.

We now extend Theorem 1 by considering the domain U of all the closed vortex orbits.
Consider the trivial principal fiber bundle 7 : E = S! x U = U. Choose coordinates (6, X,Y),
where X,Y were defined for each problem in the last section. Thus #(8,X,Y) = (X,Y). We
again have the identification T.E = T.(S! x U) = T,S1 xThaU =R xR xR, where b € U and
f € Fy. Choosing the naturally defined coordinate basis on T, E identify any vector n € T. E by
its components (ng, 7x,7Y) € R x R x R. Now pick the 1-form v, defined on U from the last
section. As in the previous two theorems, due to the isomorphism Ty S! = R Vf € Fy, 74 can
be viewed as associating a vector field tangent to Fj at each b € U. Thus, we have the linear
map v : T,U — XF,, where Xp, is the space of vector fields on F;. In coordinates, from (3.3),
Yu((nx,ny)) = (C/w)(Ynx — Xny)/(X? +Y?2). Extending the image to a vector field on E and
adding the field (0, nx,ny) defines a connection as before. Thus any vector (ng,nx,ny) € T.E

can be written uniquely as the sum of a vertical part and a horizontal part:

_ xY —nyX nxY —ny X
(e, nx,my) = (Tla v(X,Y)————X2 Y3 ,0,0) + (v(X,Y)———X2 Y2 x,ny ), (311
where v(X,Y) = C/w. The horizontal subspace H. C T, is the span of all vectors of the form
(v(X,Y)(nxY —ay X/ X*+Y?2),nx,nv) (for (nx,ny) € ToU) and this is clearly a 2-dimensional
vector space.
The leading order perturbed motion of the phase object-parent vortex pair can be represented

on E by the orbit:
(8(¢) = 6r(t) +0s(t), X(t), Y (2))-
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According to (3.11) the tangent vector to this orbit at any point can be written as:

d§ dX dy\ _ (d0 u(X,Y) (,dX _dY

(E'W'F) = ('&7"—_)(2+Y2 YE’"XW)'O’O)
u(X,Y) (dX dY\ dX dY
X24+Y2 dt dt ) dt’ dt ]’

Clearly, the vertical component gives rise to the dynamic phase and the vertical drift of the
horizontal component gives the geometric phase at the end of one closed loop in the base space
representing the closed vortex orbit in UU. Thus, Theorem 1 with I/ as the base space becomes:

Theorem 2: The geometric phase in each of the three point vorter configurations can be viewed
as the holonomy of a connection on the trivial principal bundle # : E = S' xU = U. E is
diffeomorphic to the product space of the unperturbed phase object-parent vorter configuration
space and U. The connection 1-form is given by:

(3.12)

6 =df - v(X,Y) (————de — Xdy) ,

X2+Y?
where (6, X,Y) are the bundle coordinates, X,Y being coordinates on U. The function v(X,Y’)
is the ratio of the two functions C(X,Y) and w(X,Y) defined in obtaining (8.3). These two
functions are the smooth eztensions to U of the orbit-specific functions dfs/dr and wi(X,Y)

(respectively) of the previous two theorems.

The analogous extension of Theorem 1a is obvious and we do not state it here.

Comments:

1. The word ‘flat’ describing the connection in Theorem 1 and Theorem 1a refers to the
fact that the connection has zero curvature. The curvature of a connection § is defined [53]
as a 2-form on E, ©(n,¢) = dé(n*°",(?°"), where 1,{ € T.E, the superscript hor refers
to the horizontal components of these vectors, and d denotes the exterior derivative. In
both (3.8) and (3.10) we get dd = 0. This is not true in general for the connection in

Theorem 2.
2. The 1-forms in (3.3) and (3.5) are examples of forms that are closed but not exact [23].

3. Analogous to the geometric phase in the planar three-body problem [67], [36], [39] it is of
interest to ask if there is a geometric phase in a non-adiabatic three-vortex problem

when all vortices have the same signs. To be precise: In the evolution of the vorter triangle,
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if at any instant the triangle returns to its original shape® then can the angle by which the
final triangle may have possibly rotated with respect to the initial triangle be decomposed
into a ‘dynamic’ part and a ‘geometric’ part ? Qur attempt to answer this question will be
primarily through a comparision with the three-body problem. This suggests that the same
geometric construction leading to a geometric phase can be applied here simply by replacing
the masses m; with the vortex strengths 'x(> 0). Thus following the procedure in the cited
references we choose an orthogonal frame (€ R?) centered at the fixed center of vorticity of
the system. Let ¢ = (q1, ¢2, ¢3) be position vectors, in this frame, of the three point vortices
[1, T2, '3 respectively, where qx = (zx,yx) € R2. Since Ei’ Tkqx = 0, the span of all such
vectors ¢ is a four-dimensional linear subspace Q C R®. Let Q" = Q - {¢; = q;}, where
{gi = q;} is the set of all collisions of the configuration. Q* is a manifold and we denote the
four-dimensional tangent space at each ¢ € Q° by T,Q*. Consider now the action of the
circle group SO(2) or S* on Q. The action of any element § € SO(2) on Q" is a rigid body
rotation of the triangle about its center of vorticity (origin of the position vectors). Since
the action is free and proper, the quotient space Q*/SO(2) is also a manifold. It can then be
shown that on the principal fiber bundle 7 : @Q* — Q*/SO(2) a connection can be defined as
follows. Define the vorter kinetic energy inner producton Q*: Kq(n,¢) = Zf Cr < ni, G >
where nx, (e € R2, n = (1,12, m3) and ¢ = (1, (2, (3) € T,Q" and < > is the standard inner
product on R2. Then the horizontal space at each point can be defined to be the subspace
H, C T,Q" which is the orthogonal complement, in the above inner product, to the vertical
space V; (the subspace of vectors tangent to the fiber = group). Since a vector subspace (of
an inner product space) and its orthogonal complement define a direct sum decomposition
it follows that T,Q* = H, ® V. The total angle change by which the vortex triangle has
rotated at the end of the cyclic shape change is then the sum of a dynamic phase and a
geometric phase. The geometric phase is the holonomy of this connection. Note the purely
geometric nature of the above construction where the form of the Hamiltonian function
plays no explicit role. Physically, the horizontal directions represent the evolution of a
configuration with a zero value of J = 2? Ti(zedyx/dt — yedzi /dt). J is the analogue of
the angular momentum in the point mass problem and is an invariant of (N) point vortex
motion.® A heuristic comparision of this nature thus leads us to infer the existense of a
geometric phase in the three vortex problem analogous to the phase in the planar three
body problem. One way in which the geometric construction in the vortex problem does
differ from that in the mass problem is in the existense of the invariant I = Y3 [x(z3 + y2).
This implies that the orbits in Q* (for a specified value of this invariant) are restricted to

“The existense of such dynamical evolutions for like-signed vortices has been shown by [92, 4]. There also
exists a subset of such evolutions which do not pass through collinear states.
5It can be shown [47] that J = ([ [ + 23 + Ty [3)/27 which implies that J is also independent of the initial

positions.
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lie on the smooth compact surface Zf Tk (z2 + y7) = constant, which is diffeomorphic to
S3.

4. Writing the invariant J in the variables of Figure 2.1 gives:

ad
J= FsD'd—f + Car

248
dt’
It seems tempting to try to derive (3.4) from the above relation and thereby derive the
adiabatic phase in the three vortex problem in a different way. If possible this would also
suggest a relation between the adiabatic and the non-adiabatic phase and thereby show
the role of the invariant J in the generation of the adiabatic phases. However, it should
be noted that when comparing the adiabatic and non-adiabatic phases, one is comparing
the geometric drifts in different quantities. In the adiabatic problem the quantity is the
configuration space variable of the unperturbed two-vortex (I'; and I'2) motion whereas in
the non-adiabatic problem the quantity is the three-vortex-triangle rotation angle. In the
absence of any canonical or natural way in which these quantities could be related it would

seem reasonable to expect no such relation between their geometric phases.
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Chapter 4

An application to slowly varying spiral structures

In this chapter, with a view to applications, we derive formulas for the long time evolution of
passive interfaces in the three canonical point vortex configurations of Chapter 2. We show how
the formula for the evolution of the interface driven by the dynamics of the vortices inherits the
geometric phase effect. We begin by a brief literature survey, in §4.1, of work done on spiral
structures and evolving interfaces in a general fluid mechanics context. In §4.2 we define the
interface problem and describe it for the three vortex configurations of Chapter 2. §4.3 contains
a description of our asymptotic procedure for the general equations of motion. The calculation is
divided into three main steps whose details are outlined. In §4.4 we implement the procedure on
the first two of our vortex configurations: (a) a restricted three-vortex setup and (b) the vortex

in a circular domain. In §4.5 we perform the calculations on the mixing layer model.

4.1 Introduction

A frequently recurring theme in the fluid dynamics literature is the focus on ‘spiral structures’ as
important dynamical states in both two-dimensional and three-dimensional flows. These struc-
tures are especially prominent in vortex dominated flows [24] where they appear in the evolution
of vorticity regions or interfaces of passive scalars (ex. concentration, temperature). They form
for several reasons, depending on the flow configuration in question. Coherent vortices can ac-
quire spiral-like structures near their vorticity maximum due to the winding up of variations in
the initial vorticity distribution. As the flow evolves, further spirals are created through insta-
bilities or collisions. This idea has been used more than once as the basis for phenomenological
models for turbulent flows—see, for example, Lundgren [50], Gilbert [26], Moffat [63].

In an influential paper by Lundgren [50] a three-dimensional spiral vortex model is introduced
in which vorticity is not axially symmetric as in the Burger’s vortex (see Marcu, Meiburg and
Newton [51]), but has a characteristic spiral structure. In this model, these structures arise
dynamically from the interaction of two regions of constant vorticity. As the vortices coalesce

into a single vortex core, spiral arms are thrown out in an effort to conserve energy and angular
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momentum. Because of the differential rotation caused by the dominant vortex core, the spiral
arms stretch and deform into thin vortex sheets which then dissipate out due to viscous diffusion.
In Gilbert [26], the focus is on the winding up of a weak vortex patch by a strong vortex core, in
two dimensions, where the patch is so weak that it can be treated as being passively advected.
The winding is due to the differential rotation rates inherent to the vortex structures. Essentially,
the model considered by Gilbert [26] is kinematic as opposed to dynamic.

In a different context, the nonlinear evolution of an incompressible shear layer has been
extensively studied. In Corcos and Sherman [21] and in Pozrikidis and Higdon [77], one goal
is to determine the growth rate of interfacial area between two separated fluid regions. This
quantity is of great interest to chemical engineers who study reacting streams. If the reaction
rate is fast, hence diffusion limited, the generation of products is proportional to the growth rate
of the interfacial area. In Pozrikidis and Higdon [77] a vortex dynamics (inviscid) simulation of
a 2-D shear layer is carried out. One of the conclusions of this work is that the growth rate of
interfacial area approaches a constant value for all shear layers they consider, a fact consistent
with the experiments of Breidenthal [18] who found constant reaction rates as long as the mixing
layer maintains its two-dimensional structure. This paper should be read in conjunction with
Corcos and Sherman [21] who perform a finite difference calculation on the corresponding viscous
problem. In their relatively low Reynolds number simulation, there is a rapid diffusion of vorticity
in contrast to the inviscid calculation of Pozrikidis and Higdon [77]. On the one hand, the inviscid
calculations are capable of showing fine details (small-scales) of the flow that are obscured by
viscous effects. On the other hand, the inviscid calculations are more difficult to compare with
experiment since they represent an idealised limit. The work of Corcos and Sherman [21] goes
further in identifying clearly the two distinct stages of the nonlinear evolution of a 2-D shear
layer. The first stage is the roll-up of the interface around a local vorticity maximum. The
interface evolves into a spiral formation where the marker particles migrate inward along the
arms and accumulate near their center. The second stage is the by now well documented [96)
vortex pairing process in which, due to a dominant subharmonic instability, neighbouring vortices
pair and orbit each other as the spiral arms continue to wrap locally and evolve globally (see
for example figure 4 of Corcos and Sherman [21}). In general, the process is complex and well
studied--see for example the review of Ho and Huerre [38].

It is not our intention in this thesis to comment on the merits of the spiral vortex models
as far as their relevance to turbulence theory is concerned. Rather we focus more narrowly on
a particular dynamical question associated with the evolution of spiral structures in flowfields
populated with point vortices. We are interested in the long time growth of a passively advected
interface in such flows under the influence of two processes. On the one hand, there is a ‘fast’
wrapping of the interface into a spiral around a nearby vorticity maximum (point vortex). On
the other hand, there is a slow evolution of the spiral interface due to the farfield vorticity. We
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thus have two widely separated timescales in the dynamics of the interface and we consider the
evolution of such a slowly varying spiral structure.

The flowfields that we consider were introduced in Chapter 2. We examine a passively evolv-
ing, smooth interface in these flows in a similar adiabatic setting i.e. in the vicinity of the parent
vortex. We find that the effect of the slowly moving farfield vortices on the dynamics of the
interface, though weak, accumulates over long times, and at the end of one farfield time period
T gives an O(1) contribution. In particular, we show that a simple formula emerges for the long
time growth of the interface length. The formula shows that the growth decomposes into two
distinct parts. The first, due to the rapid local wrapping about the parent vortex, is the growth
in the absence of the farfield vortices, while the second is the O(1) contribution of the slowly
moving farfield vortices. The main result of this analysis is to show that this O(1) term can be

written in terms of the appropriate geometric phase for a passive particle in the flow.

4.2 The interface problem

Figure 4.1: A passive interface between two particles labelled A and B in the flowfield of an
isolated point vortex (filled circle) at time ¢t = 0.

We view the passive interface as a smooth C! curve drawn in the flow domain each point of
which represents a passive particle at that location. Consider such an interface in the flowfield
of an isolated point vortex of strength I’ at time ¢ = 0, as shown in Figure 4.1. Let the interface
connect two arbitrary particles, labelled A and B. Assume that the interface is transversal at
every point to the circular streamlines of the point vortex flow.! We choose a coordinate frame
centered at the vortex location and parametrize the interface by &, the distance from the vortex,
as shown in the figure. Consider now the evolution of an arbitrary particle (ro(t), fg(t)) on the

! We show in the next section that relaxing this assumption does not change our final result.
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Figure 4.2: With time the interface stretches and wraps around the vortex.

interface with ro(0) =&, £4 < € < €g; 0(0) = 6;(€). We know that the time evolution of such a

particle is governed by:

ro(t) = &

It
Bo(2) 2n€?

+6; ()

This implies that with time the interface stretches and wraps around the vortex in a spiral as

shown in Figure 4.2.
The arclength Lg(t), of the interface is given by”:

/ss \/ ro t)doo(t) (dro(t)) de, (4.1)

/: 1+ sﬁ de,
o «

Note that because of our transversality assumption d6;/d¢ is finite at all points of the curve. It is
then straightforward to expand the above expression for long times (t >> 1) to get the formula:

s | (Lt \* | _ &d6i/dE 1+ (€d8i/dE)’
‘/fA \l(”&z) [1 2Ft/7r§2 + (l‘t/",fg)Z :| d€1
/eA [wé df - +0(3 )J dg, (4.2)

2We assume positive square roots everywhere.

Lo(2)

]

Lo(t)
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it
™

Q:-é)—wmm/ eZpde +0(3). (4.3)

In the special case where the initial interface lies on a ray, df;/d€ = 0, the above formula gives:

et L
L) = = (& & )+0( =).

Now consider what happens to such an interface when subjected to an additional slowly
varying background field, hence allow the coordinates (r(t,r),8(¢,7)) to depend on some slow
timescale = €t (0 < € << 1). In addition, suppose the background field is periodic with period
T ~ 1/€2. In such a field, the ‘perturbed’ interface length is given by:

EM-£T¢~ )ﬁ (4.4)

At any given time, we can compute the difference between the ‘unperturbed’ length Lo(t) and
the ‘perturbed’ length L¢(t):

AL(t) = L.(t) — Lo(?).
From this, we can derive a formula for AL(t = T ~ 1/¢3):
AL(T) = L(T)— Lo(T). (4.3)

We now ask the question: what is AL(T') in the limit as € — 0 or, equivalently,as T — 0o 7 It
is not difficult to see that, in general, the interfacial growth in the presence of the background
field is due to two distinct but highly coupled effects:

(1) a ‘fast’ wrapping of the interface in a spiral around the vortex,
(ii) a ‘slow’ evolution of the spiral due to the background field.
The interaction and balance of these two effects is, of course, what determines AL(T).
In this paper we answer the above question for the three canonical point vortex configurations
of Chapter 2. Recall that in each of these configurations we tracked a phase object in the vicinity
of a parent vortex. The slowly varying background field is provided by the farfield vortices. We

showed that the phase object exhibits a geometric phase 8, in its angle variable at the end of
one time period T of the background field. In this chapter we take the phase object as a passive

61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



particle and show that in all three problems for a passive interface in the vicinity of the parent

vortex:
AL:= lim AL(T) = lim (L(T) - Lo(T)) = O(1). (4.6)
e—>0 e—=0
(T—) (T—o0)

This result is due to the fact that in the three problems, as ¢ — 0 the background flow gets slower
and weaker. This means that there is a balance between two compensating effects--the vanishing
of the perturbation due to the background flow versus the increasing time period over which it
acts. We will show that this balance can be directly related to the geometric or Hannay-Berry
phase 6, for a passive particle in these flows by the following simple formula:

{8

AL =~ d(£0g).
§a

This formula shows two things:

(i) AL depends only on geometric quantities, in particular on the geometric phase for the
appropriate vortex configuration. It is independent of the frequency of revolution of the

vortices.

(ii) AL is a path independent quantity and hence depends only on the endpoints (A, B), not
on the shape of the (transversal) interface connecting A and B.

We briefly describe the point vortex configurations with the interface and summarize the
results we obtain for AL below. In all formulas, 6; refers to the initial angle of the phase object.

Configuration 1: A restricted three vortex problem.

In Chapter 2 we considered three point vortices in an unbounded plane. Their strengths are
of the same sign, but can be of arbitrary magnitude (I';,[2,['3). Without loss of generality,
we took I'; as the parent vortex, I'2 as the phase object, and I'z as the farfield vortex. The
geometric phase induced on the phase object is given by (2.17). For the purpose of this paper
we take ' = 0 and the geometric phase on the passive particle is then given by:

0y = I3
I +T;

27 cos 26;.

The appropriate configuration with interface is shown in Figure 4.3. We will show that for

this flow:
13:]
aL = — [ des,),
€a
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Figure 4.3: Two like-signed point vortices (filled circles) and a passive interface between two
particles labelled A and B close to I';. As the vortices rotate uniformly about the center of
vorticity O the interface stretches and wraps around I';.

4nl3 {8 . df; cos?206;
= 20— — d§.
(F1+F3) /& ({stﬂ Z 2 ) 13

Configuration 2: A vortex and a particle in a circle.

In this configuration we considered a point vortex inside a circular domain. The vortex in any
eccentric position moves in a closed circular path with radius R; and with constant frequency.
We consider a passive particle orbiting this parent vortex I'. The farfield vorticity is due to the
circular boundary of radius R2 > R;. Equivalently, we can think of the farfield vortex as an
image vortex —TI placed at its image point R3/R, outside the circle. The flow configuration with
interface is shown in Figure 4.4. The geometric phase for the particle was shown to be:

2w cos 26;

b =~Tmim -1

We will show that for this flow:

B
AL = - /E d(€d,),
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Figure 4.4: A point vortex (filled circle) in a circular domain (solid circle) and a passive inter
face between two particles labelled A and B close to it. As the vortex moves in a circular orbit
(dashed circle) about the center of the domain, the interface stretches and wraps around it.

13-} - ‘
) ((1%_/%_—_1) /E (—Esin20,-.‘%+‘305220. ) é.

Configuration 3: A particle in a mixing layer model.

In this configuration, an infinite row of evenly spaced, equal strength vortices is given a
subharmonic perturbation so that neighboring vortices pair up and undergo periodic motion. In
Chapter 2 we considered a passive particle near any parent vortex, The farfield flow is due to the
infinite number of other point vortices periodically spaced. For this flow the geometric phase for

the particle was calculated as:
2k +6

99 = (—3—-) K cos 20,‘,
where k is the modulus of the elliptic function solutions of the periodic vortex motion and K is
the complete elliptic integral associated with these solutions and related to the time period of

the vortex motion. The flow configuration with interface is shown in Figure 4.5. Here, we will

prove that:

3]

- d(£6g),
(FY

{s 2% +6) (41: + 12) do;
= —{ ——— ) Kcos26; + K¢ sin 26; —] [
/e, [ ( 3 3 &

AL

H
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Figure 4.5: As the vortices move in closed orbits in the mixing layer model, a passive interface
between two particles labelled A and B near one of the vortices gets stretched and wrapped
around the vortex.

4.3 Asymptotic procedure

In this section we outline the method to compute the interface formulae for the general equations
introduced in §2.2. We also highlight and summarize the main steps in the computation and
mention the specific assumptions made on the behaviour of higher order terms in deriving our

final result. The general form of the equations we consider are given by:

X = @f(r0,D(E%), 8(€), ),
D = S+ (r,6,D(E), 6(%), ),

with initial conditions r(0) = 1 and 6(0) = 6;.

Here (r,6) denote the non-dimensional polar coordinates of the phase object with respect to
the parent vortex, (D, ¢) are non-dimensional polar variables representing the periodic vortex
motion, f,g are the components of the vector field due to the farfield vortices and ¢ is the
perturbation parameter. For small € we introduce a slow time scale 7 = €2t and use a multi-
scale method to obtain asymptotic solutions. Subject to certain conditions on f and g we have
non-dimensional asymptotic solutions of the form (see (2.6) , (2.7)):

r(t,m60;) = 14e€%ra(t, m56;) + O(e3), (4.7)
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0(t,-r; 0,') = QU+ (2Qf/fodt|¢=o +0,') +€0.1(T; 9,')
+€202 (tv 5 0!) + O(Ea)y (48)

where fo is the leading term in the Taylor-expansion of f about € = 0, the integration is with
respect to the fast time ¢ and 2 is a non-dimensional constant. We have emphasized the depen-
dence of the variables on 6;(£), which need not be constant along the interface. We assume, for
the present, that df;/d€ < oo at all points of the interface i.e. the initial interface is transversal
at all points to the circular streamlines of the parent vortex flow. We relax this transversality
assumption at the end of the section and show that it does not alter our result.

To evaluate AL from the above solutions we proceed in three steps as follows:

1. Write the asymptotic expansions for r(t, 7;6;), 6(t, 7; 6;) in dimensional form.

2. Compute L (T) and formulate the difference:

AL(T) = L(T) — Lo(T).

3. Take the limit ¢ = 0 to derive the expression AL.

Step 1: The nondimensional variables in (4.7) and (4.8) are:

t=wt, 7=¢t=eut. (4.9)

™

This gives:

FE€) = E[1+ra(wt, il 6;(€)) + O(€)]
8(t,€) = Qui+ (2Qwe2f/fodt|:=o +0i) + by (°wi, 6i(8))
+€26,(wi, 2w, 6;(£)) + O(%),

where w o 1/£2 and ¢ = a,£/D (a; constant). The limit ¢ — 0 can obviously be interpreted in
two different ways: (i) £ fixed, D — oo or (ii) D fixed, £ — 0. For calculating AL, however,
these two limits are not equivalent. Indeed, the second limit process does not give a well-defined
interface problem. We therefore perform our calculation using the first limit process. This cor-
responds to keeping the initial position of the interface fixed with respect to the parent vortex
(i.e. £ fixed) while increasing the initial separation distance between the parent vortex and the

farfield vortex (i.e. D — oo).
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Step 2: We rewrite the above series at the end of the time period T of the farfield vortices.
Since T = a2D? (a» constant), this implies that all terms involving the slow time (e2wt) appear
as constants. In particular, the second term in the 0 series above gives the geometric phase 6,.
The first term in the series is the angle swept out in time T of a particle about an isolated parent
vortex of strength ' in an unbounded flow. Indeed in all three problems Qu = I'/(27€2) which

is the angular frequency of such a motion. Defining ¢ = a?aj, one then gets for large T:

. _ c€?
HEO = €1+ Sor(G 0 + 0] (4.10)
OT.E) = griz +0e(6 (e))+e(e)+—‘f\/=£ol((o @)
cf"
+ 50235, 0(6)) + O(= =) (411)

The functions r;, 6; are now viewed as functions of T/¢2 and £. We assume that all these
functions (with the exception of ;) are bounded in T/€2 and hence O(1) in T. This assumption
implies and follows from the assumption of boundedness in ¢ of the formal expansions (4.7)
and (4.8). Denoting T/£? by p we differentiate 3 the above series with respect to £ to get the

representations:
dr 31‘2 1
E(Ty §) = 1- 26—67 + Of \/-T-), (4.12)
dé _ r i 2c 602

We assume that these derivatives are also bounded in 7/£2 and hence O(1) in T. We then obtain

the following representations:

] = [ {2 e rocg]
- {E el o,

where E = £d(64 + 6;)/dE — 2¢(062/8p). Hence:

2 2{=t -E}1

\/[ﬁ%]:[%z = {w%} IR ES

3Note that differentiating and integrating these functions with respect to £ changes their order with
respect to T.

) NETC TR
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[‘T 1)
VT |’

1 o

r|T 2 |T
I,réz + {cr_ﬁl I—sgn([‘)E’}

+ 0(—\/%). (4.14)

The length integral (4.4) then assumes the form:

L= | s [+ {2l - sonry £} + o(=)| de

Subtracting Lo(T') (as given by (4.2)) from this and writing out E gives:

AL(T) =/: ["—‘;'ﬂﬂgn(r) ( e—g+2 602) +O(71T")] de

The functions ra(t,7,6;) and 62(t,7,6;) in all three problems are of the form ro(t,7,6;) =
rap(t, 7,0:) + 72(6;) and 62(¢,7,6;) = Ga2p(t,T,0:) + 0_2(1', 6;) where the subscript F denotes
the dependency on the fast time. This means that ro(T/€2,6) = rop(T/€2,€) + 72(€) and
62(T/€*,€) = 027 (T/€2,£) + 02(€). Hence:

33
AL(T) = / [___"2”'” — sgn(T) -e%+—"27‘; Al
£a
+sgn(T) - 2¢ 60 +O(\/_)] dg.

The first term in the integrand is related to the geometric phase in the problem by the following

linear relation (2.8) derived in §2.2:
g = —2Qﬂro,
where § is a constant related to the dimensional time period as T = 8/we>. This implies that:

8y = —2QweT7,

Therefore:

aum = | ” [-samir) (0r+6%2) + T2 1 gnry 2228 4 0( 1 2] ¢
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Step 3: The first two terms in the integrand depend only on & and are clearly the contribution
of the geometric phase. The third and fourth terms in all three problems are the trignometric
functions Sin or Cosine with arguments of the form CT/€* + u(6;), where C is a constant and
u is a function of §;(£) alone. A simple application of the Riemann-Lebesgue lemma then shows
that:

lim e exp [i (CT/€* + u(8;))]d¢ = 0.

T—co eA

Assuming that all higher order terms in the integrand series display this behaviour, we get:

3] dé
AL= lim AL(T)= —sgn(T) /{ ) [og+5d—g] dt.

Noting that the geometric phase changes sign with I' in all three problems we observe that AL is
independent of the sign of I'. Therefore, without loss of generality we assume that sgn(I') = +1

and are left with the following simple expression for AL:

§B
AL = -/ d(&6,). (4.15)
€a
Thus for an interface of arbitrary shape and orientation the geometric phase causes the above
additional O(1) term to appear in the length evolution. For an initially linear interface coincident
with a ray from the point vortex, 6; and hence 4 are independent of £ and the O(1) contribution
takes on the simpler form:
=1

AL = —99 e df = -09(53 —64).

Circumferential interfaces:

We now analyse the change in length for an interface that initially coincides with a portion
of a circular streamline of the parent vortex. We assume as before that the interface connects
two points labelled A and B. £ now assumes a constant value I along the interface. The
parametrization with respect to £ breaks down and we therefore parametrize the interface with
respect to 8;. The length integral (4.4) assumes the form:

®)s d9\? (dr\?
e [ CEY (&)
= J o \[ ae; a;
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where (6;)4 < 6; < (6i)p. It is trivial to see that in the absence of the background field the
interface length remains constant (= L;, say) for all times. We evaluate this integral in the
presence of the background field using (4.10) and (4.11) with £ = I1. It is straightforward to see

that:
T @ 14 8,) +0(—)| do
Lg = —_— 0{+ + h—— FE)
@ = [ [0 0+o+oz)]
s T dg 1
= L; -2 — dﬂ,‘.
* (0)a [ﬂdﬂi +O(\/T)]
Hence:

) (
ar= [ "n%e = /

at)a (a‘)A
[ aes)=- [ " dees),
t)a

]

€)a (6:)g

which is an integral formula exactly like (4.15) except that here the upper limit of the integral
is the lower bound of the parameter. To calculate the length change for an interface with both
transversal and circumferential portions one partitions the interface into these portions and ap-
plies (4.15) in each portion appropriately. The length change for the whole interface being the
sum of the length changes over all portions.

Remarks on the derivation of (4.15):
1. The expansions (4.10), (4.11) and (4.12), (4.13) are viewed as formal in the sense that

we have made assumptions about the boundedness of the higher order terms and their

derivatives with respect to .

2. In Step 3, use is made of the Riemann-Lebsegue lemma, which says that if a real-valued

function f(z) is Riemann-integrable on the real interval (a,b) then:

b
lim / f(z)e**dz =0, A€ER.
a

A—00

For a precise statement of the lemma see Sirovich [91].

We now give details of these calculations in each of the problems. We split the calculations
into the three steps as outlined in this section. We assume that in all problems the vortex

strengths are positive.

4.4 Model flows

4.4.1 Two vortices with an interface

We perform the interface calculation first in a flow in the unbounded plane due to two like-signed
vortices of strengths I'; and I'; separated by a distance D. The vortices rotate uniformly with
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constant D about the fixed center of vorticity of the configuration. As mentioned in §4.2 the
geometric phase for a particle close to I'y in this flow is a special case of the geometric phase for
the three-vortex problem and is given by 6, = 273 cos 26;/(T'; + I's).

Step 1: The asymptotic solutions for the particle motion are:

rtr8) = 146 [03 (cos(2ﬂ(t,r)) _ cos20,')] +0(e),

(s3] 2 2
6(t,r,6;) = %t + ;—;rcos%; +6; + €6y (1)

+e2 [g% sin(26(t, 7)) + ég(r)] +0(ed),

where:
B(t,7,0;) = [a1 + a3 (1 —cos 20,-)] 5~ gt 9;.

r and t are defined as in (4.9) and:

L; ,
aj:(d_"- (G=13).

Step 2: The (dimensional) time period of the two vortices is given by T = 472D?*/(T; + I'3) =
¢D?. Converting all quantities to their dimensional form the above series at the end of T’ become:

rT,§) = £+c[‘3€ [ os(24( mf)) COS?@] +O(T\/_)
oT,6) = F162+o +6; +‘/\/-591(5)
o’ [— 2B(2,6) +6:(6)| + O(=—=)
+ T Sln( ( 'ns + 2(&)] + T\/T '

where:

27 FlT

T
ﬁ(g_;,f) = [I‘;+F3(1-—cos20)]r T :2._7;?_35,
T
= -5t (640,

and 6; in general can be a function of . Differentiating with respect to £ we get the series:

dr _ cl's . 1
ZE(T,g) = 1-——s1n2ﬁ+0(-—-\/—),
dé d

— = T 0 03
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Therefore:

- k- (o,

where E = (c['3/7)(3 cos28/2 + cos 20;/2) + £(d/dE)(04 + 6;). Hence:

R A A

- - (ke
" el immes
LT

5~ E+0l)

Using (4.2) and (4.4) and writing out E we then get:

. [*3[cIs (3 cos 26; df, 1
AL(T)——-/EA [7(2 20+ — )+£?£—+0(7_T—)]dg. (4.16)

Step 3: The second and third terms in the integrand depend on £ alone and will therefore give

O(1) terms after integration. We now examine the order of the first term after integration:

€8 _ - T
-/EA cos2Bd€ = /{A cos(2{27r—2—1rf—2—(0g+6i)})d&
-] L, T
/EA cos (—7}?4-2(9”0,-)) de,
1:] LT
= /{A cos(-;l?)cos2(09+0,-)d£

;]
—‘/;A sin (F ;)sm2(09+6)d5

By the Riemann-Lebesgue lemma, each of the integrals in the last line vanishes in the limit
T — oo. Making the further assumption that all other (higher order) terms in the integrand
of (4.16) are of the same form and hence have vanishing limits leads us to the result:

. 8 ¢ df, cl3cos26;
AL = T!gl’ngAL(T) = _./54 (E-(E.*- T‘) d§,
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_ §B dﬂg
= /& (£d£ +8g)d£,

- /6 6 d(€8)

In terms of the initial angle §; and the vortex strengths the result is:

_ 41I’F3 € . .dg.' COS29.'
AL—I‘1+F3/EA ({sm20, 73 2 )df

In the particular case of an interface initially coincident with a ray from the parent vortex (T';)

we get:

¥:]
AL = -6, d§,
€a
= - 9(63 —EA)y

21rI‘3
= - 26; - .
T+ 7T, cos 26;(€p — £4)

The result for this case can also be found in Newton and Shashikanth [70].

4.4.2 Vortex and interface in a circular domain

We next perform the interface computation in the flow due to a point vortex in a circular domain
(in the plane) of radius R2. The point vortex moves with constant speed in a circular orbit of
radius R; (0 < R; < Rz). The geometric phase for a fluid particle closer to the point vortex than
to the circular boundary is given by 8, = —(27/b) cos 26;, where b = (R2/Ry)* — 1.

Step 1: The asymptotic solutions for the particle motion are:

rt,760;) = 1+¢€ [—% cos(28(t, 7)) + %cos?ﬂ,-] + O(€%),
ot.r,6:;) = %(t ~ rcos 20;) + 6; + €6, (7)
+e? [~ sin(26(¢, 7)) +Ba(r)] + O(),
where:
B(t, T.6;) = % [(5 + cos 26;)r —t] — 6;.
[t can be easily shown that D = bR, is the distance between the point vortex and its image
vortex in an equivalent unbounded flow. r and ¢ are defined as in (4.9) and:

£ r

£
bRy D’ wE’

€=
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2

Step 2: The (dimensional) time period is given by T = 4x2bR}/T = 4x?D?/iT = cD>.

dimensional form the above series at the end of T are:

3
HT.6) = s+$[—1cos(2ﬂ( L en+s cos20]+0(,_,,\/_,
r T
UTE) = gmgp 0+ 200
€ [_aniop L . 1
+% |-snea o+ o) + oLz
where:
T c0520 rT
LT
= 2m- o — (0 +0),

and 6; in general can be a function of £. Differentiating with respect to £ we get the series:

dr el . 1
E(T,g) = 14 —sin 28 + 0(7-T-),
r

d 2cT 1
'—;EiT + EE (09 +9,) - —ECOS26 + O(W)

df
Therefore:
dol? r ?
[’:EIE] = [—;—fg-T-*‘E'*‘O(%)] N
r2 2 r
- {zep-{Tetrrovm,

42
4 - om
where E = (c['/7) (—3 cos28/2 — cos 20; /2) + £(d/dE) (84 + 6;). Hence:
[l & - - (e romnl
lff - {F/Ee b1 +"‘:n/"]

—f——E+O(\/_
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Using (4.2) and (4.4) and writing out E we then get:

AL(T) = /E je [f;?r (g cos 20+ °°s229") —s% +0(%)J de. (4.17)

Step 3: As in the previous problem the integral of the first term has a zero limit as T — oo.
Making the further assumption that all other (higher order) terms in the integrand of (4.17) have

a similiar form and hence vanishing limits leads us to the result:

- _ €8 ( df, cIcos26;
AL= lim AL(T) = —/{A (EE‘T)"E'

3] dé, )

= - —2 49 ,
ING-aDE
£

= - d(&9,) .
§a

Since the geometric phase in this problem is independent of the vortex strength so is AL. In

terms of the initial angle 6; the result is:

4 [8 d6; cos20;
AL:—/ (— sin 26, — + l>d£.
b Jeo ¢ de 2

In the particular case of an interface initially coincident with a ray from the parent vortex we

get:
3:]
AL = -8, | de,
£a
= _09(68_54)1

2m

cos20;(€p —€a)-

4.5 Mixing layer model

In our final problem we perform the interface computation for the mixing layer model of Chapter 2.
As illustrated in Figure 4.5, vortex-pairing is induced in this configuration of initially stationary
vortices by a subharmonic perturbation. The geometric phase for a fluid particle in this point
vortex flow is given by 8, = [(2k + 6)/3] K cos 26; (k and K are defined below).
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Step 1: The asymptotic solutions for the particle motion are:

) = 14+ [s_%ﬁ_) 220y +(§ s_uz%m>”

_(k+3
24k

Sn(7)S:(7)
2L?

+ (M - %) sin 200 +5z(f)] +0(Y),

) cos 20;] +0(e%),

(t,m8;) = 6o(t, 1 6i) +c§1(r) +é [ cos 26,

4L

where 0o(t, 7, 0;) = 2kt + (5£2) 7 cos 26; + 8; and Sy, S, are functions of the vortex motion and
hence vary on the slow time alone. L is an invariant of the vortex motion. These terms are
therefore independent of both 7T'/£2 and £ and do not play a role in our derivation. To simplify
notation we define F = $,5;/4L? and G = (5} — 5?)/(4L?)—1/3. r and t are defined as in (4.9)

and:
£ r
=4d= =—
=D k= freg?
where § = wD;/a, a is the inter-vortex spacing for the unperturbed configuration and D; is the

initial inter-vortex spacing for the perturbed configuration (see §2.5). k (which depends on 4) is
the modulus of the elliptic integrals that appear in the vortex solutions.

Step 2: The (dimensional) time period of the vortex motion is given by T = (16kK/nT)a® =
(167kK/T6%)D? = aa D} where K (k) is the complete elliptic integral of the first kind. Defining

¢ = §%a, we write the above series in dimensional form at the end of time T

3
FT,) = €+ ﬁT_ [Fsin 269 — 2G cos 20y — (%I—:) cos 20,] + O(=—= \/_.
T Vg

6(T,€)

rrll +o+\/_91(5)

L& [2Fcos 200 + G'sin 20 + 02 + O( == \/_ ,

where: [‘ T
Bo( -,,5) = +0,+6;.

Differentiating with respect to £ we get the series:

dr 2cT . 1
E(T,E) = 1+ T[—FCOS200 —2GSID200]+O(-ﬁ),
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—%T-F 4 (65 + 6;)

-+-2—cE [G cos 205 — 2F sin 26,] + O( \/_)

dé

Therefore:

_do]? r 1 ?

- (e (o

where £ = —(cl'/x) [5F sin 205 — 4G cos 26p — (k + 3) cos 26;/(24k)] + £(d/dE)(64 + 6;). Hence:

S (g - e - {2} £ o)
'% [1 {r/is }1“’ (T\/_)]
el +0(\/‘)

I'T
Using (4.2) and (4.4) and writing out £ we then get:

13-}
AL(T) = / {"'-:: [51-" sin 200 — 4G cos 20, — ("Jﬁ) cos 29,]
A

do 1
- d—g +O(ﬁ)}d§. (4.18)

Step 3: As in the previous problems it is easy to show that the integrals of the first and second
terms vanish in the limit T — co. Making our assumption that all other (higher order) terms in
the integrand of (4.18) have a similiar form and hence vanishing limits leads us to the result:

. 81 dg, T [k
AL= Jim AL(T) = —/& [675_9_+c (2:k3)cos20]d£,
13:]
< )
£a
3]
= - d(&6y).
£a
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As in the previous problem, since 6, is independent of the vortex strength so is AL. In terms of

the initial angle 8; the result is:

€8 .
AL =/ - (2—'°-+—6) K cos 26; + (‘“’* 12) Ké€sin 20,-ﬂ] dt.
£a 3 d§

3

For an interface initially coincident with a ray from the parent vortex, we get:

AL = -8, | de,

Thus we have shown in this chapter that the geometric phase exhibited in the angle variable
of a passive particle in the three ‘canonical’ vortex configurations considered in Chapter 2 also
affects the evolution of an interface of passive particles in these flows. The interface wraps into
a spiral structure around the parent vortex with a slowly varying component induced by the
farfield vortices. An extra term appears in the length of the interface over long time periods
which depends on the geometric phase and, like the phase, is also geometric. It is the integral
over the initial interface of a perfect differential, or an exact form, of a function that is a weighted
geometric phase term. We believe that from the fluid dynamics point of view this result, based on
the results of Chapter 2, is a further step towards understanding the significance and implications
of the geometric phase in fluid flows. From a more practical point of view, the results in these
results may be useful as theoretical estimates allowing for future quantitative comparisons with

numerical and experimental work.
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Chapter 5

The geometric phase in an elliptical vortex patch model

In this chapter we calculate the geometric phase in a model of the motion of well-separated
vortex patches in the plane. We introduce the concept of a vortex patch briefly in §5.1, the

specific model in §5.2, then describe the phase calculation in §5.3.

5.1 Introduction to patches

A vortex patch is a desingularization of a point vortex in which the vorticity is a bounded function
over a finite, non-zero area A of the plane. It can thus be viewed as the perpendicular section
of an infinitely long rectilinear vortex tube of area A whose vorticity distribution is invariant
along the length of the tube. The induced velocity field is given by integrating the contribution
due to each infinitesimal vorticity element over the area of the patch. For a patch with vorticity

distribution w(z, y), the streamfunction is given by:
1 2
¥(z,y) = —;—"/ w(z',y')log [(z — )2 + (y — ¥)?] dA’. (5.1)
A

The velocity components (u,v) at a point (z,y) are related to the streamfunction in the usual
fashion u = 8y/dy and v = -3y /8.

A patch with w(z,y) = constant is termed a uniform patch. The simplest example of an
isolated uniform vortex patch is the Rankine vortex. This is a circular patch which rotates with
constant angular velocity about its center. The velocity field outside the patch is identical to that
of a point vortex at the center of the patch of strength wA while the velocity field inside the patch
is like that due to solid body rotation i.e. varies linearly with distance from the center of the
patch. Another example, which is the basis for the model we consider, is the Kirchhoff elliptical
vortex [48]. Here the uniform vorticity is distributed over an elliptical region with aspect ratio
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A = a/b (a major axis, b minor axis). The patch rotates about the center of the ellipse with

constant angular velocity given by:

wA _ ra (5.2)

=T 0 " Aa+ T

where ' = wA is the strength of the patch. As shown in Lamb (section 159) a fluid particle
on the patch moves in a circular orbit with twice this frequency. Deem and Zabusky [22] have
conjectured, based on numerical computations, that the Kirchhoff vortex is a member (m = 2) of
a class of rotating patches (constant frequency) with m-fold symmetry. Overman and Zabusky
(75, 76] have computed interactions of such m-fold ‘states.’

A system of N interacting patches is in general far more complicated than a system of N
interacting point vortices due to the internal structure associated with each patch. There is
a large body of numerical work documenting various complex processes associated with vortex
patches, such as merger and filamentation. A good overview of work done on patches can be
found in chapter 9 of Saffman [80].

It is well-known (see [68, 73, 58, 89] and references therein) that the Euler equations, and hence
N patch systems, posses a noncanonical Hamiltonian structure. The real-valued Hamiltonian is
now a functional of the vorticity field w of the domain. The dynamics of the vorticity field can

be expressed in the form:

dF
@ = R

where F is any functional of w, and { } are appropriately defined Poisson brackets. This rep-
resentation is equivalent to the dynamics represented by the Euler equations in the vorticity-
streamfunction form. For N patches in an unbounded domain, the Hamiltonian of the system is

given by:
L
Hw)= = Z/ wi(z, ¥)¥r(z, y)dA,
2 k=14

where w is the vorticity field of the whole domain and:

1 al ’ n2 2 /
onle) =33 [ o) og (e = =0 + (= 7]

Invariants of the N-patch system arise, as per Noether’s theorem, from the invariance of the
Hamiltonian (itself an invariant) to continuous transformation groups. Thus invariance to trans-

lations and rotations lead, respectively, to the conservation of:

N N
Yo xundd, ) / | x | widA,
k=17 A% k=1 Ak
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where x = (z,y) and | x |= 22 + y°. The first invariant can be used to define a global centroid
analogous to the center of vorticity of N point vortices, by dividing by the sum of the patch
strengths T = Y_n_, 'k, where [x = [ a4, WkdA is the strength of the kth patch:

N

N
Xs=3 / swkdAlT, Yo=Y / wwrdA/T.
k=1 A%

k=17 Ax

The centroid (Xk, Yi) of each patch is defined analogously.! The centroid of each patch has the
property that its velocity is affected only by the external velocity field (u.,ve). The external
velocity field is the total velocity field minus the velocity field of the patch. Thus in the case
of N patches it is the sum of the velocity fields due to the other N — 1 patches. The centroid

velocity is given by:

dXi dYx
7 ,/,;,, wittedA/Tg, 7 . wiVedA /T

The noncanonical structure of the Hamiltonian system implies that the following quantity, generi-
cally termed Casimir, is also invariant though not explicitly arising from invariance under a group

/n  Flw)da,

where F is any arbitrary functional of the vorticity.2

action:

5.2 The MZS model

Melander, Zabusky and Styczek [61, 60] derived a system of equations (henceforth referred to as
the MZS model) valid for N uniform vortex patches as long as they satisfy the following:

1. The maximum diameter of any patch is much smaller than the minimum distance between

any two patch centroids.
2. The centroid of any patch is within the patch itself.

The logarithmic integrands in the streamfunction are then expanded in an infinite series about

the centroids of the respective patches. This leads to an infinite system of equations in the patch

!Note that all invariants are generalized to the the invariants of a continuous vorticity distribution by integrating
over the plane.

2See [73, 89] for how such Casimirs arise. Note that in the 3-D Euler eqations the Casimir does not take this
form but is equal to the Aelicity [62].
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Figure 5.1: A schematic representation of well-separated vortex patches in the MZS model. The
local geometric moments for each patch are measured with respect to a moving frame &-1 fixed
to the centroid of the patch. Xi,Yx are the coordinates of the centroid of the kth patch in a fixed

X-Y frame.

centroids, measured with respect to a fixed frame, and the local geometric moments of all orders.

The local geometric moment of order m+ n (m,n = 0,1, 2....) for a patch is defined as:
Nwsjwfu,
A

where £ and 7 are local coordinates in a moving frame whose origin is at the centroid of the patch,?
as shown in Figure 5.1. On the basis of criterion 1, a small parameter can then be introduced:
€ = maximum patch diameter / minimum intercentroid distance. Defining the initial minimum

intercentroid distance as a characteristic unit length it can then be seen that:

J(m.n) = 0(€m+n+2) .

The higher order moments are thus viewed as higher order perturbation terms. Note that the
zeroth order geometric moment J(%9 is just the area of the patch which, as a consequence of
Kelvin’s circulation theorem, is conserved.

For the lowest order model all the moments of order greater than one are omitted. The local

geometric moments of order one represent the centroid of the patch in local coordinates. These

3Such a moving frame is attached to each patch.
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are zero by the choice of the local coordinate system. The truncated equations then show that
the patch centroids move like a system of N point vortices.

In the next order of truncation, the three moments of second order J(29), J{1:1) and J(®:2)
are included. These moments, by their definition, can also be viewed as the moments of inertia
of the geometric shape of the patch. The authors, noting that the isolated Kirchhoff elliptical
vortex is an exact solution of the Euler equation, then give the following reason to show that the
second order model is ‘mathematically consistent with an elliptical distribution of vorticity’ [60].
For an ellipse, the three moments of inertia satisfy the following geometric relation:

Al
= g(2:0) y(0.2) _ j(1.1) y(1,1)

1672

This geometric relation is satisfied at all times by the second order model as can be verified
by differentiating each side with respect to time. The time derivative of the left hand side is
zero. Substituting the time derivatives of the moments as given by the model shows that the
right hand side is also zero. Thus the assumption that an elliptical distribution of vorticity
remains elliptical for all times does not introduce any apparent inconsistency with the second
order model. As further reasons to justify an elliptical distribution, the authors [61] cite Kida’s
work [45] who showed that an elliptical vortex in a uniform shear flow maintains its elliptical
shape, and numerical and experimental evidence of elliptical vortices (see references therein).

The second order model thus treats each patch as a uniformly rotating Kirchhoff elliptical
vortex perturbed by the presence of the other patches. The perturbation keeps the patch elliptical
but changes its aspect ratio and rotation rate in general. The variables A := aspect ratio and
# := tilt of major axis, are introduced in place of the second order moments. For elliptical shapes
they are related by:*

J(2.0) 4‘1:\ (A2 + (1 = A?)sin?4),
J(°v2) = 41:\ (A2 + (1 - A'.’) COS:" 0) 3
Jan - _Sf;:\ (1 = A?)sin 20.

Thus for each patch we get a system of four variables X, Y, A and 4, where X, Y are the coordinates
of the centroid of the patch. As shown in [61], the system of N patches in the variables:

(\/rkx,\/r,‘y,,,r"A"&—‘—l—)l,zok . k=1,..N
167 Ak

then becomes a Hamiltonian system in the canonical sense.

4The apparent inconsistency in transforming from three variables to two is explained by the area-moments
relation above.
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5.3 The geometric phase in the second-order MZS model
for two elliptical patches

5.3.1 Asymptotic procedure

Consider a system of two elliptical patches of arbitrary strengths but of the same sign, as shown in
Figure 5.2. Each patch is a phase object while the background field is provided by the other patch.
The relevant phase is the orientation of the patch as measured by the inclination of the major
axis of the ellipse with respect to the horizontal axis. As in the point vortex problems the small
parameter ¢ in the MZS model defines a ratio of two time periods or frequencies in the following
way. As € goes to zero the size of the patches goes to zero with respect to the intercentroid
distance. The rotation and deformation of each patch would then be more influenced by its own
velocity field than by the background field. We would thus expect the patch motion to approach
the uniformly rotating, non-deforming motion of the Kirchhoff ellipse. If we assume that the
strength of each patch and its initial aspect ratio is unaltered as € varies, we can then, from (5.2),
associate a time period T, ~ A with each patch.® Simultaneously, we would expect the centroid
motion to approach point vortex motion as discussed in the previous section. There is also a
longer time period T; ~ D?, where D is the typical distance between the centroids. Assuming
for simplicity that A;/A; = C =constant for all €, we define the small parameter explicitly as

2 A1+ A
€ ———-D? ,

where D; is the initial intercentroid distance. We then see that €2 ~ T,/T;. Therefore small
values of ¢ define an adiabatic process just as in the point vortex problems in which there exist
two timescales, one associated with the rotation of the patch and the other with the (relatively)
slow revolution of the centroids. Using scaling arguments as in §2.1, one would expect that, as
€ — 0, there is an O(1) contribution to the angle change of the patches at the end of the time
period T;.

Referring to Figure 5.2, we denote by D the distance between the centroids, by ¢ the angle
with the horizontal axis® made by the line joining the centroids, by Ax (k = 1,2) the aspect ratio
of each patch and by 6x (k = 1,2) the angles made with the horizontal axis by the major axis of
each patch. The following equations are then obtained from the second order model:

5This means, in particular, that if ¢ is decreased by decreasing the area of the patches then the patches rotate

faster and faster.
8In this problem we stick to the sign convention for angles and circulations used by MZS, namely that angles

are measured in a counterclockwise direction from the positive X-axis and that counterclockwise circulations are
assumed to be positive. This is different from our sign convention in the point vortex problems.
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Figure 5.2: The motion of two well-separated uniform elliptical vortex patches of the same sign
in the MZS model. The patches have areas A;, A2 and like-signed strengths I';, I'>. The motion
of the centroids of the patches (small, filled circles) is, to leading order, the same as that of two
point vortices of strengths [y, ['>. This motion, shown by the concentric dashed circles, is about

the center of vorticity of the point vortices marked O.
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dD Ty 4T\ S~ , 1-A2 .
— = - - 0 L]
2= () 3 AT in(2(6 ~ 60

dé [+ <F1+I‘2) : 1-% ;
@ _ _ _ - A cos(2(¢ — @ s
- — > Z=:1 W (2(¢ — k)
d/\1 _ FZ :
- = A — sin(2(¢ — 61)),
dé, wiAg (1 +’\%) I
@ _ s+ ; 2690
2 PN %) 2 cos(2(¢ — 61)),
dy
d
dé- wWala 1+’\:1)'> L
db2  _ 2A2 — cos(2(¢ — 82)).
dt (1+ A2)? (1 =) ez <=0

One checks that this system is Hamiltonian in the canonical variables:

[‘11"3 PkAk(/\k ) —
() So lete el g o)

with the Hamiltonian:

= : _I;: (1 + /\k)z I, -~ | SR A 2 (1 _ ’\2) _
H= ,,Z=:1 8 log[ rsW + 5 log D + Ton2 D2 "Z=:1Ak_,\k cos(2(¢ — 6k)).

We make the following remarks about this system of equations:

1. The first two equations give the centroid motion and are obtained from equations (3.24) in

[61] (for two patches) after introducing the polar variables D, ¢:

Xg-—X1=bcos¢, Y- Y =ﬁsin¢.
These equations clearly show that for large D or small A, A, the centroids move like two
point vortices of strengths 'y and 'y respectively.

2. The Ak, 0 variables represent the patch deformation and rotation, respectively. Their
equations are the same as equations (3.19) and (3.20) in [61]. They show that for large D
or small A;, A» (equivalently large w;,w,) the patches rotate like Kirchhoff ellipses.

3. The Ak, 6k equations for a patch are not explicitly dependent on the Ak, 0x of the other
patch. The mutual interdependency comes only through the D and ¢ variables. However,

there is a direct dependency on the strength of the other patch.
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4. The 8,, 62 equations are not defined for A\, = 1 i.e. circular patches. As pointed out in [61]
this is because these variables are not defined for circles.

We now proceed to non-dimensionalize these equations and calculate the adiabatic phase in the
angle variables §; and @, at the end of one long time period 7} of the centroid motion.
Introduce the non-dimensional variables:

D .

D=— t=Qt

Di 3 3
where Q = (I'; + '2)/(A; + A2). Q is the mean strength over the mean area of the patches and
represents the timescale of the ‘unperturbed’ frequency of the patches. This gives the following

equations in the non-dimensional variables:

4 2

% - (525) - (555) gﬂf(xk)cos(zw - 00)),

‘% = A —prsin(2(6 —6),
d‘;\: - e'-’,\«_,-;Dl—,_,sin(2(¢—92))y
T = 2l atha) cgia(e - ),

where ox = Ap/(A1 + A2), ax = [x/(T1 + Ta), f(A) = (1 = A%)/A, g(A) = A/(1 + A)? and
h(A) = (1 4+ A%)/(1 — A2). The initial conditions for this system are:

D(0)=11 ¢(0)=01 01(0)! 02(0)1 /\1(0), ’\2(0)'

We now proceed to perform a multi-scale perturbation analysis on this sytem of equations.

With slow timescale T = €2, seek series solutions to the variables in the form:

o0 [o =)
Dt,r) = Y DGt r), o(t,7)=) e, 1),
j=0 j=0
[<5) .
be(t,r) = Y 08, r), (k=1,2)
Jj=0
oo . .
Me(t,7) = Nt ), (k=1,2).
j=0
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Note that we consider only even powers of € in the series since only even powers of € appear in

the coefficients of the equations.” The leading order functions in the series (D(®), (%) etc.) have

the same initial conditions as the variables. The initial conditions for all other functions are zero.

At leading order we get:

O(1):

aD©®)

8¢

A

86

= 69

O(€?):

D™  dpO

ot

962  da®)
¢ + ¢

0=> DO =DpO) Pl =1,

0=> ¢ =40(r), $00)=¢(0)=0,

0= AD =3, X90) = (0), (k=1,2)
a—:g(iﬁo)),

Q ~ -~ P
a—:g(,\,?))t +60(r), §(0) =6,(0), (k=1,2)

at dr
2 (0
AP | 4

at dr

267  00”
ot or

0,
1
27 (D(0))2
5(0)
Qs Ay . (0) _ 4(®
By i (206@ - 6()),

2k 5\ 1 -4 ak:hSX£°))
Tk (1+5¢°>)" 2n(D(0))2

cos (20619 — )

where k' =1ifk=2and ¥ =2ifk=1.
This gives the following solutions:

DO(r) = DO(0) =1, DA = HO)(z), HP(0) =0,
$r) = 5=, ¢ =6O(r), §20) =,
A7) = 30(0) = M (0),

“Indeed taking a series with all (positive) integral powers of ¢ leads to an incompatibility condition with the
initial conditions in the equations for the A; s at O(e).
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2y _ Twoi (14 Ae(0))

( (0) _ 4(® 3(2)
Ae 27 cos(2(¢ 0. ')) + A7(7),

@ _ _Dea (1 + Ae(0))?
A (0) = St cos26(0),

@ _ _ Criok 1- z\k(O) ) in(2(6(® — 0(0) 6(2)
6" = 27T xg(Ac(0)) (1+1\k(0) + h(Ae(0)) } sin(2(¢ (0)) + 63 (7).

The last equation is obtained by imposing the solvability condition which gives the equation for
the adiabatic phase 5,(:0)(7). Thus, corresponding to the ‘slow phase’ equation (in box, §2.2) in

the point vortex problems, we have here:

d@s)e _ d7(r) _ ax 1-X(0) 52

dr ~ dr - Ok (1 +’\k(0))3 k1 9_,(‘0)(0) = ek(O)

Note the similarity to the ‘slow phase’ equation in the point vortex problems. We find that here
too the rate of change of the adiabatic phase depends linearly on the a second order ‘slow’ term

of the conjugate variable. To solve for X,(f) we proceed to the Af:” p.d.e. at O(e%):

O(e?)
6,\,(‘4) ax}f’ _ o (2) _ 52 (0) _ 4(0)
-+ S = a0 (47 - 5) cos(2(® - 6))

+ (A2 - 22(0) D) sin(2(s® — 6))] .

This gives the solvability condition:

di{? _ 2y _ 3(2) Tieow (1 4+ A(0))°
£ =0, X =320 = - o cos 264 (0).
Hence,
(8s)e = 60 (r) = — 2 L= M0 o og(0) - 7+ 6(0), (5.3)

27 1+ A(0)

is the slow phase term. The change in 0.,(‘0) is now evaluated at the end of the time period T (to
leading order) of the centroid motion. This is obtained from the solution for ¢(®)(r) from the
condition ¢(°(T) — $(0) = 2r, giving T = 4. Hence, the geometric phase for each patch is:

6o = 6(T) - 6u(0),

1 - A (0)
T+ M (0)
Fer 1= 2(0)
Ty +T2 1+ A (0)

= - 2w cos 20, (0),

27 cos 20, (0).
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Proposition 2: The geometric phase for a system of two elliptical co-rotating vorter patches
evolving according to the equations of the second-order truncated MZS model is given by:

Bsh = - (1"11;21“2) (i;tgg;) 27 cos 26, (0),
(0g)2 = — ([‘11-;-11‘2) (i;::gg;) 27 cos 26,(0),

where the I's and As refer to the strengths and the aspect ratios of the patches respectively.

Remarks:

1. Comparing with the results of §2.3.1, we find that the geometric phase for each of the
two vortex patches is the geometric phase of a corresponding pair of point vortices in a
four-vortex configuration, where the sum of the strengths of the two vortices in a pair is
the patch strength, times the factor (1 — A¢(0))/(1 + Ax(0)) (k = 1,2). This factor can be
viewed as the contribution to the geometric phase of the internal structure associated with

each patch.

2. Note that to calculate the phase, the multi-scale analysis does not have to proceed to orders
higher than €* which is the order of truncation, in €, of the second order model.

5.3.2 Geometric interpretation

The geometric interpretation of the phases in the patches is identical to the interpretation in the
point vortex problems in Chapter 3. This is not surprising since the leading order behaviour of
each patch again displays the characteristic splitting into a ‘fast’ term and a ‘slow’ term in the
angle variable: 6o(t,7) = Op(t) + 0s(7), with no change in the conjugate aspect ratio variable.
The geometric phase in each is unaffected by the higher order terms of the centroid evolution.
Thus, analogous to the three- and four-vortex problems of Chapter 2, we can say that the same
geometric phase is obtained for each patch by approximating the centroid motion by its leading
order motion. This motion is that of two point vortices of the corresponding strengths and we
thus have well defined closed orbits in the plane associated with the phases.

Thus, in analogy with the interpretation of §3.1, U = R? — {0}, where o is the center of
vorticity of two point vortices of strengths I''(= w;A;) and Ta(= wyAs) respectively. The
motion of each point vortex is defined by ¢(r) = ¢®)(r) = 7/27 and hence the common angular
velocity of these vortices is wi(¢) = d¢/dT = 1/2x for all orbits. Hence w; = w (referring to our
notation in §3.1). Noting that (C;); = d(fs)1/d7 and (C;)2 = d(fs)2/dr are obtained from (5.3)
the geometric phase for each patch can be rewritten using (3.2) as:

(09),‘ = Ccos 201: (O),

_f YdX—XdY) Ter 1 —A(0)
XZ+Y2 )T +T051+ M(0)
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where X,Y are the Cartesian coordinates of either of the two point vortices and the contour is

its closed orbit. This defines the 1-form v, on U

YdX—XdY) Ci: l—z\k(O)coszak(o)

(e = - ( XZ2+Y2 ) T1+Tal+A(0)
In terms of the area and the circurnference of the circular point vortex orbit in U, we get:

@) = _2.4,, | Y 1—/\k(0)c
9k = T RITI+T2 1+ A(0)
872A, T 1= 2x(0)
T L2 T +Tal+ X(0)

0s 20, (0),

cos 26, (0),

where A,, R and L are the quantities defined in 3.1.1.

In analogy with the interpretation in §3.2, the unperturbed configuration space for each patch
(i.e. the configuration space for the Kirchhoff vortex) is diffeomorphic to S* and so also are the
closed point vortex orbits in U. The geometric interpretation in terms of connections is therefore
again given by Theorem la in Chapter 3 for the four-vortex problem with some minor rephras-

ing:

Theorem 3: The geometric phase in the MZS elliptical vorter patch model for two patches of
arbitrary strengths but of the same sign can be viewed as the holonomy of a flat connection on
the trivial principal bundle m : E = S' x S! x S — S'. E (the 3-torus) is diffeomorphic to
the product space of each unperturbed vortez patch configuration space (i.e. the Kirchhoff vortez
configuration space) and the closed orbit (for a given initial condition) in U corresponds to the
two-point-vorter motion of the patch centroids. The fiber at each point is diffeomorphic to the
product of the two configuration spaces. The vector-valued connection I1-form is given by

8 = (dby — vi(4)d¢, db2 — v2(4)dé),

where (0,82, 8) are the torus coordinates and vi (o) is the ratio of the constant slow phase ‘an-
gular velocity,’ d(6s),/dr, induced on patch k by the other patch, and the angular velocity, w(¢),
of the point vorter in the closed orbit.

The extension of this to the bundle with base space U is obvious. As in the point vortex problems

the connection on this bundle has non-zero curvature in general.
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