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Agenda
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• Review

• Regularization

• Cross	validation
• Parameter	tuning	
• Termination	criteria	of	optimization	algorithms

• Structure	of	ERM



Recap: Empirical Risk Minimization
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Expected	risk/Test	error:

Empirical	risk/Training	error:

Empirical	Risk	Minimizer

Best	we	can	hope	for



Recap: What Set of Hypotheses?

Underfitting Overfitting

Trade-offs	between	“number	of	samples”,	“Expected	risk	or	ERM”,	“Complexity	of	hypothesis	class”	
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Occam's	razor	(William	of	Ockham)



Recap: What Set of Hypotheses?
CHAPTER 5. MACHINE LEARNING BASICS
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Figure 5.3: Typical relationship between capacity and error. Training and test error
behave differently. At the left end of the graph, training error and generalization error
are both high. This is the underfitting regime. As we increase capacity, training error
decreases, but the gap between training and generalization error increases. Eventually,
the size of this gap outweighs the decrease in training error, and we enter the overfitting
regime, where capacity is too large, above the optimal capacity.

models, such as linear regression. Parametric models learn a function described
by a parameter vector whose size is finite and fixed before any data is observed.
Non-parametric models have no such limitation.

Sometimes, non-parametric models are just theoretical abstractions (such as
an algorithm that searches over all possible probability distributions) that cannot
be implemented in practice. However, we can also design practical non-parametric
models by making their complexity a function of the training set size. One example
of such an algorithm is nearest neighbor regression. Unlike linear regression, which
has a fixed-length vector of weights, the nearest neighbor regression model simply
stores the X and y from the training set. When asked to classify a test point x,
the model looks up the nearest entry in the training set and returns the associated
regression target. In other words, ŷ = yi where i = argmin ||Xi,: − ||x 2

2. The
algorithm can also be generalized to distance metrics other than the L2 norm, such
as learned distance metrics ( , ). If the algorithm is allowedGoldberger et al. 2005

to break ties by averaging the yi values for all X i,: that are tied for nearest, then
this algorithm is able to achieve the minimum possible training error (which might
be greater than zero, if two identical inputs are associated with different outputs)
on any regression dataset.

Finally, we can also create a non-parametric learning algorithm by wrapping a
parametric learning algorithm inside another algorithm that increases the number
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Optimal	Complexity Complexity

There	are	different	ways	of	measuring	complexity	of	a	hypothesis	class,	but	in	general	this	trade-off	exists
4



Regularization
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• Example:	regression

Regularizer



Regularization
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• Goal:	reducing	generalization	error	(expected	risk)	by	reducing	the	complexity	of	

Empirical	Risk	Minimization Regularized	Empirical	Risk	Minimization

• Examples:	Tikhonov	regularization,	total	variation	(TV)	regularization,	…

• What	happens	if	we	heavily	regularize?

• How	to	
• Find	the	correct	regularizer?
• Find	the	correct	hypotheses	class					?



Cross Validation
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• Goal:	avoiding	over/under	fitting

• Strategy:	leave	some	of	your	data	for	the	evaluation	of	your	fitted	model

• K-fold	cross	validation
• Partition	the	samples	to	K	partitions
• Use	K-1	partitions	for	training	and	one	for	validation
• Repeat	K	times	over	all	partitioning	and	take	the	average

• Leave-m-out
• Choose	m	out	of	n	samples	and	use	them	for	validation	and	the	rest	for	training
• Repeat	over	all	C(n,m)	partitions	and	take	the	average	(or	randomly	select)
• Case	m=1	is	equivalent	to	n-fold	cross	validation	à Leave-one-out

• Slightly	biased,	but	still	very	helpful!

Popular	Cross	Validation	Strategies:



Cross validation can be used for:
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• Choosing	model	fitting	strategy
• Example:	SVM	or	logistic	regression

• Type	of	regularization
• Example:	L2 or	L1 norm

• Weight	of	the	regularizer

• Stopping	criteria

• Many	other	examples



Remarks

How	to	estimate	expected	risk	and	select	models?	Cross	Validation!
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Structure	of	ERMs
• Summation/expectations	in	the	objective
• Stochastic	optimization
• Online	optimization
• Incremental	methods

• Large	number	of	blocks
• Block	optimization	methods

Regularization	reduces	model	complexity



Stochastic Optimization Framework

10

Assumption:	Uniqueness	of	minimizer

Different	names:	Empirical	Risk	Minimization,	Sample	Average	Approximation

Simplifying	notations



Sample Average Approximation (SAA)
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• For	any	fixed	w,	Law	of	large	number	implies	

Figure

• Under	some	regularity	conditions,	by	uniform	convergence	of	LLN:



Sample Average Approximation (SAA)
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• Under	some	regularity	conditions,	by	LLN:

Proof?

Training	error	is	typically	an	under-estimator	of	the	test	error



SAA: Rate of Convergence
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Assume	a	strongly	convex	quadratic	objective

Also	true	for	general	case	
(under	 some	regularity	condition)

Want	Hessian	with	large	eigenvalues	àAnother	justification	for	regularization

Slutsky’s theorem


