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Using Hessian in Optimization Algorithms
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• Using	Hessian	is	beneficial	if	possible	(why?)

• Hessian	is	huge	when	the	dimension	is	large

• How	should	we	use	Hessian	in	large	size	problems?

• (Block)	diagonal	Newton

• Conjugate	gradient	method

• Use	Hessian-Vector	product	approximation



Conjugate Directions
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Start	from	simple		convex	positive	definite	quadratic	optimization:

Solution:

Definition:

Lemma:	If	a	set	of	vectors	are	Q-conjugate,	then	they	are	linearly	independent	

There	are n	Q-conjugate	directions	and	they	form	a	(non-orthogonal)	basis	



Finding Solution Using Conjugate Directions
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Solution:

Idea:	Expand	using	conjugate	directions:

Alternative	approach	for	computing	coefficients:

This	iterative	procedure	finds	the	solution	in	finite	
number	of		iterations!

How	can	we	find	Q-conjugate	directions?

figure



Generating Q-conjugate Directions
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Gram-Schmidt	Procedure:

In	other	words,



A Simple Recursion for Generating Q-conjugate Directions
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Gram-Schmidt	Procedure:



Conjugate Gradient Method for Quadratic Optimization
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For	general	optimization:
• It	is	similar	to	approximating	the	function	with	second	order	Taylor	expansion
• The	Hessian	is	changing
• Do	not	stop
• Restart at	some	m	<n	(when	not	enough	decrease)

Solves	quadratic	problems	
in	exactly	n iterations



Other ways to use Hessian information
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For	Newton	step,	we	need	to	compute

• Approach	1:	Approximate	Hessian	with	diagonal	or	block	diagonal	matrices

• Approach	2:	Use	Hessian-vector	product
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Generative Adversarial Networks
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Neural	Network

Goal: Generate samples that look like real samples 



Generative Adversarial Networks
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Neural	Network

Applications of GANs:

Ø Simulated environments and training data

Ø Dealing with missing data [Dai et al. 2017]

Ø Super-resolution 

Yeh et	al.	2017



Generative Adversarial Networks
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Neural	Network

Applications of GANs:

Ø Simulated environments and training data

Ø Dealing with missing data

Ø Super-resolution 

Ø Text-to-image synthesis
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Abstract

Synthesizing high-quality images from text descriptions
is a challenging problem in computer vision and has many
practical applications. Samples generated by existing text-
to-image approaches can roughly reflect the meaning of the
given descriptions, but they fail to contain necessary details
and vivid object parts. In this paper, we propose Stacked
Generative Adversarial Networks (StackGAN) to generate
256⇥256 photo-realistic images conditioned on text de-
scriptions. We decompose the hard problem into more man-
ageable sub-problems through a sketch-refinement process.
The Stage-I GAN sketches the primitive shape and colors
of the object based on the given text description, yield-
ing Stage-I low-resolution images. The Stage-II GAN takes
Stage-I results and text descriptions as inputs, and gener-
ates high-resolution images with photo-realistic details. It
is able to rectify defects in Stage-I results and add com-
pelling details with the refinement process. To improve the
diversity of the synthesized images and stabilize the training
of the conditional-GAN, we introduce a novel Conditioning
Augmentation technique that encourages smoothness in the
latent conditioning manifold. Extensive experiments and
comparisons with state-of-the-arts on benchmark datasets
demonstrate that the proposed method achieves significant
improvements on generating photo-realistic images condi-
tioned on text descriptions.

1. Introduction

Generating photo-realistic images from text is an im-
portant problem and has tremendous applications, includ-
ing photo-editing, computer-aided design, etc. Recently,
Generative Adversarial Networks (GAN) [8, 5, 23] have
shown promising results in synthesizing real-world im-
ages. Conditioned on given text descriptions, conditional-

(b) StackGAN 

Figure 1. Comparison of the proposed StackGAN and a vanilla
one-stage GAN for generating 256⇥256 images. (a) Given text
descriptions, Stage-I of StackGAN sketches rough shapes and ba-
sic colors of objects, yielding low-resolution images. (b) Stage-II
of StackGAN takes Stage-I results and text descriptions as inputs,
and generates high-resolution images with photo-realistic details.
(c) Results by a vanilla 256⇥256 GAN which simply adds more
upsampling layers to state-of-the-art GAN-INT-CLS [26]. It is un-
able to generate any plausible images of 256⇥256 resolution.

GANs [26, 24] are able to generate images that are highly
related to the text meanings.

However, it is very difficult to train GAN to generate
high-resolution photo-realistic images from text descrip-
tions. Simply adding more upsampling layers in state-of-
the-art GAN models for generating high-resolution (e.g.,
256⇥256) images generally results in training instability
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Abstract

Synthesizing high-quality images from text descriptions
is a challenging problem in computer vision and has many
practical applications. Samples generated by existing text-
to-image approaches can roughly reflect the meaning of the
given descriptions, but they fail to contain necessary details
and vivid object parts. In this paper, we propose Stacked
Generative Adversarial Networks (StackGAN) to generate
256⇥256 photo-realistic images conditioned on text de-
scriptions. We decompose the hard problem into more man-
ageable sub-problems through a sketch-refinement process.
The Stage-I GAN sketches the primitive shape and colors
of the object based on the given text description, yield-
ing Stage-I low-resolution images. The Stage-II GAN takes
Stage-I results and text descriptions as inputs, and gener-
ates high-resolution images with photo-realistic details. It
is able to rectify defects in Stage-I results and add com-
pelling details with the refinement process. To improve the
diversity of the synthesized images and stabilize the training
of the conditional-GAN, we introduce a novel Conditioning
Augmentation technique that encourages smoothness in the
latent conditioning manifold. Extensive experiments and
comparisons with state-of-the-arts on benchmark datasets
demonstrate that the proposed method achieves significant
improvements on generating photo-realistic images condi-
tioned on text descriptions.

1. Introduction

Generating photo-realistic images from text is an im-
portant problem and has tremendous applications, includ-
ing photo-editing, computer-aided design, etc. Recently,
Generative Adversarial Networks (GAN) [8, 5, 23] have
shown promising results in synthesizing real-world im-
ages. Conditioned on given text descriptions, conditional-

This bird is white 
with some black on 
its head and wings, 
and has a long 
orange beak 

This bird has a 
yellow belly and 
tarsus, grey back, 
wings, and brown 
throat, nape with 
a black face 

This flower has 
overlapping pink 
pointed petals 
surrounding a ring 
of short yellow 
filaments 

Figure 1. Comparison of the proposed StackGAN and a vanilla
one-stage GAN for generating 256⇥256 images. (a) Given text
descriptions, Stage-I of StackGAN sketches rough shapes and ba-
sic colors of objects, yielding low-resolution images. (b) Stage-II
of StackGAN takes Stage-I results and text descriptions as inputs,
and generates high-resolution images with photo-realistic details.
(c) Results by a vanilla 256⇥256 GAN which simply adds more
upsampling layers to state-of-the-art GAN-INT-CLS [26]. It is un-
able to generate any plausible images of 256⇥256 resolution.

GANs [26, 24] are able to generate images that are highly
related to the text meanings.

However, it is very difficult to train GAN to generate
high-resolution photo-realistic images from text descrip-
tions. Simply adding more upsampling layers in state-of-
the-art GAN models for generating high-resolution (e.g.,
256⇥256) images generally results in training instability
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Zhang	et	al.	2017



GAN Formulation
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How	to	define	a	distance	between	two	distributions?

Many	“distances”	between	distributions:	
KL-divergence,	Jensen-Shannon	divergence,		TV	distance,	Wasserstein	divergence,…



Kullback-Leibler Divergence
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Definition:

Discrete	case:

This	divergence	is	zero	if	and	only	if	P	=	Q	almost	everywhere.

Drawbacks:	
Not	clear	how	to	optimize	it	based	on	samples	for	GANs
It	is	a	non-symmetric	divergence



Jensen-Shannon Divergence
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Definition:

Drawback:	 Not	clear	how	to	minimize	it	based	on	samples.

Lemma:

More	appropriate	formulation	for	optimization

Proof



Wasserstein Distance
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Definition:

Discrete	case:	

Intuition	and	earth	mover’s	distance



Wasserstein Distance
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Definition:

Issue:	Need	to	work	with	probabilities	directly	and	it	also	requires	!(#$) variables

Dual	formulation:

Proof



GAN Formulation
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Jensen-Shannon	GANs:

Wasserstein	GANs:

• How	to	solve	in	practice	over	the	set	of	functions?
• Parameterized	&, (, ) with	neural	network

• Why	do	we	call	it	Generative	Adversarial	Networks?	Discriminator	vs.	Generator



GAN Formulation
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Jensen-Shannon	GANs:

Wasserstein	GANs:

Parameterizing	the	functions:

How	to	make	it	unconstrained	optimization?



Ø How to solve? 

Ø Gradient Descent/Ascent used in practice

Ø Very unstable in practice (even its variants)

Resulting Optimization Problem

11

Many	other	GAN	
formulations	as	well



Ø Where should the algorithm converge to?

Ø Does the algorithm converge?

Should GDA Work?
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Which Training Methods for GANs do actually Converge?

(a) SimGD (b) AltGD

Figure 2. Training behavior of the Dirac-GAN. The starting iterate
is marked in red.

there is not even an optimal discriminator parameter vec-
tor for the Dirac-GAN. Indeed, we find that two-time scale
updates as suggested by Heusel et al. (2017) do not help con-
vergence towards the Nash-equilibrium (see Figure 22 in the
supplementary material). However, our example seems to
be a prototypical situation for (unregularized) GAN training
which usually deals with distributions that are concentrated
on lower dimensional manifolds (Arjovsky & Bottou, 2017).

We now take a closer look at the discretized system.

Lemma 2.4. For simultaneous gradient descent, the Ja-
cobian of the update operator Fh(✓, ) has eigenvalues
�1/2 = 1 ± hf 0(0)i with absolute values

p
1 + h2f 0(0)2

at the Nash-equilibrium. Independently of the learning rate,
simultaneous gradient descent is therefore not stable near
the equilibrium. Even stronger, for every initial condition
and learning rate h > 0, the norm of the iterates (✓k, k)
obtained by simultaneous gradient descent is monotonically
increasing.

The behavior of simultaneous gradient descent on our exam-
ple problem is visualized in Figure 2a.

Similarly, for alternating gradient descent we have

Lemma 2.5. For alternating gradient descent with ng gen-
erator and nd discriminator updates, the Jacobian of the
update operator Fh(✓, ) has eigenvalues

�1/2 = 1�
↵2

2
±

s✓
1�

↵2

2

◆2

� 1. (5)

with ↵ :=
p
ngndhf 0(0). For ↵  2, all eigenvalues are

hence on the unit circle. Moreover for ↵ > 2, there are
eigenvalues outside the unit circle.

Even though Lemma 2.5 shows that alternating gradient
descent does not converge linearly to the Nash-equilibrium,
it could in principle converge with a sublinear convergence
rate. However, this is very unlikely because – as Lemma 2.3
shows – even the continuous system does not converge. In-
deed, we empirically found that alternating gradient descent
oscillates in stable cycles around the equilibrium and shows
no sign of convergence (Figure 2b).

2.3. Where do instabilities come from?

Our simple example shows that naive gradient based GAN
optimization does not always converge to the equilibrium
point. To get a better understanding of what can go wrong
for more complicated GANs, it is instructive to analyze
these instabilities in depth for this simple example problem.

To understand the instabilities, we have to take a closer
look at the oscillatory behavior that GANs exhibit both for
the Dirac-GAN and for more complex systems. An intu-
itive explanation for the oscillations is given in Figure 1:
when the generator is far from the true data distribution,
the discriminator pushes the generator towards the true data
distribution. At the same time, the discriminator becomes
more certain, which increases the discriminator’s slope (Fig-
ure 1a). Now, when the generator reaches the target distri-
bution (Figure 1b), the slope of the discriminator is largest,
pushing the generator away from the target distribution. As
a result, the generator moves away again from the true data
distribution and the discriminator has to change its slope
from positive to negative. After a while, we end up with a
similar situation as in the beginning of training, only on the
other side of the true data distribution. This process repeats
indefinitely and does not converge.

Another way to look at this is to consider the local behavior
of the training algorithm near the Nash-equilibrium. Indeed,
near the Nash-equilibrium, there is nothing that pushes the
discriminator towards having zero slope on the true data
distribution. Even if the generator is initialized exactly on
the target distribution, there is no incentive for the discrimi-
nator to move to the equilibrium discriminator. As a result,
training is unstable near the equilibrium point.

This phenomenon of discriminator gradients orthogonal to
the data distribution can also arise for more complex exam-
ples: as long as the data distribution is concentrated on a
low dimensional manifold and the class of discriminators
is big enough, there is no incentive for the discriminator to
produce zero gradients orthogonal to the tangent space of
the data manifold and hence converge to the equilibrium
discriminator. Even if the generator produces exactly the
true data distribution, there is no incentive for the discrim-
inator to produce zero gradients orthogonal to the tangent
space. When this happens, the discriminator does not pro-
vide useful gradients for the generator orthogonal to the data
distribution and the generator does not converge.

Note that these instabilities can only arise if the true data
distribution is concentrated on a lower dimensional man-
ifold. Indeed, Nagarajan & Kolter (2017) showed that -
under some suitable assumptions - gradient descent based
GAN optimization is locally convergent for absolutely con-
tinuous distributions. Unfortunately, this assumption may
not be satisfied for data distributions like natural images to

Simple	example:



Ø What should we hope for computing?

Ø Finding the global min? 

Ø Finding a first order stationary point with respect to *, +
Ø Open problem in the general case.

How to solve?
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Ø Can we do gradient descent on , * ?

Ø Find	a	point	that	 |∇, * | is small enough?

Ø Danskin’s theorem requires solving the max problem exactly

Ø In practice, we may not be able to solve the max

Ø No hope for this approach when non-concave w.r.t. +. Even under concavity, we cannot 

solve the inner problem exactly

Another Point of View

14



Ø Simpler case: what happens if / *, + is strongly concave in +?

Another Point of View
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Theorem: Designing T and step-size carefully, the algorithm 

converges to 0 −stationarity in polynomial time.

Can	be	extended	to	stochastic	
setting	and	using	mini-batches

Experiments:	Sanjabi-Ba-Razaviyayn-Lee	NeurIPS2018



Thank You!
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